i fl pd PUC THA! (Téng Chti bién kiém Cha bién)
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ax+b / 3
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cx+d

(a# 0, ad-=bc>0)
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DO PUC THAI (Téng Chu bién kiém Chi bién)
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BIEU TUONG

DUNG TRONG SACH

‘ CAU HOI KHOI DONG
5. GgimG v8n A8, dan dét hoc sinh vao bai hoe

HOAT ®ONG
— _ Giuphoc sinh phén tich, kién tQo kién thdc mdi
vl s hudng dan cua giao vién

# 3y KHAM PHA KIEN THUC
<™ Phat hign kién thde mdi ti hogt Aéng

iii" KIEN THUC TRONG TAM
. N&i dung kién thic trong tém

® S LUYENTAP —VAN DUNG

— « S dung nhitng kién thdc wia hoc A8 lam
nhidng bdi tdp cd bon

« V&n dyng kién thic aé biét aé gidi quyét
van A8, adc biét nhing van Aé thuc tién

ﬁ' WUy
¥~ Nhing kKién thdc, Kinang cén luu ¥ thém

){ l_]' TIM HIEU THEM
~._ —~ GiUp hoc sinh tim hiéu thém nhing kién thic mdi
gép phdn md rdng ndl dung bai hoe

Cac em gitf gin sach cdn than, khéng viét vao sach dé sit dung dugc lsu dai.
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————————————————————————————
Gaic em hoc sinh lop 12 ”
yeuwquiy!

Nam hoc ndy. ching ta ki vul mdng gdp nhau qua cudn sdch Todn 12,
Sach Todn 12 tiép tyc gilp cac em ca thém nhidu hiéu bist vé mot s6 yéu
16 gldi tich (nhu: (ng dung dgo ham dé khdo s6t va vé dd th clia ham s6:
nguyén ham; tich phan), phuong phdp toQ do trong khong gian (nhu; toQ dd
clia vecto frong khdng gian; phudng tinh dudng thdng. mat phdng. mat cdu
trong khong gian). Cac em cidng dugc tiép fyc Idm quen vdi thong ké va
xAac sudt: tién hanh nhiing hogt déng thyc hanh va &l nghlém: dac biét vé
nhing hogt ddng tai chinh don gldn; s dung phdn mém todn hoc trong
thyc hanh tinh todn va vé hinh Hinh hoc. Qua da glup cac em hidu bidt thém
nhing céng cu quan trong cua todn hoc trong viée gldi quyét cac van dé
thyc tién.

N&m hoc ndy cling 1d ndm hoe cubi cing clia cde em 3 cap tung hoc
phd théng, sGch Todn 12 sé giip cac em nhin nhan lgi nhdng hoc van todn
hoc cét 16i & nhing I8p trudc, chudn by t6t nhGt cho cde em & nhing ki thi
cubi cap, cdng nhu budc vao nhiing bdc hoc cao hon.

Toon bd nhing didu frén duge thé hién qua nhing franh dnh. Hinh vé, bai
tap Adc ddo va hap dan; qua nhiing cdu chuyén i thi vé khoa hoc hif nhién,
vé van hod va nghé thudt. kién tric. thé thao va du lich. Tl da. cac em duge
tién thém maot budc trén con dudng khdm pha thé gidt bi dn va dep dé clia
todn hoc, Adc biét 1d duge “lam gldu” vé vén van hod chung va cd cs hdi
“Mang cudc sdng vao bdi hoce - Bua bdi hoc vao cude séng”.

Chiu kha suy nghi, trao a8i véi cac thdy cd gido va ban bé, nhét dinh cac
em s& ngAy cang tién bd va cam thdy vui sudng khinh@n ra y nghia: Hoc todn
r6t c& ich cho cudce sdng hdng ngdy.

Chlc céc em hoc tap that t6t. say mé hoc todn va cd thém nhiéu
nlém wui.

Cac tac gia

3
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UNG DUNG BDAO HAM
PE KHAO SATVAVE po THI

CUAHAM SO

Trong chuong nay, ching ta sé tim hiéu nhitng ndi dung sau:
tinh don diéu cua ham s&; gia tri ldn nhat, gia tri nhd nhat cua
ham s6; dudng tiém can cua do thi ham s6; khao sat su bién

thién va vé dé thi cia ham so.

§1 | TiNH DON PIEU CUA HAM $O

L |

. . - 4 000 000+
Mot doanh nghiép du Kién lon nhuin
khi san xudt x san pham (0 < x < 300)
duoe cho bor ham sb Y- X'+ 300x°

(don vi: dﬁng} va duoc minh hoa l‘.tfing E

d6 thi o Hinh 1.

Su thay dai lgi nhudin theo sd sdan pham sdn xudt ra va
ddu cia dao ham y' ¢ moi lién hé vai nhau nhut thé nao?

I. NHAN BIET TINH DON DIEU CUA HAM $O
BANG DAU CUA PAO HAM

a) Néu dinh nghia him s6 dong bi€n, ham sd nghich bién
trén tip K < [, trong dé K 1a mdt khodng, doan hoiic
nifa khoing.

b) Cho ham s y = f(x) = x* ¢6 d6 thi nhu Hinh 2.

» Xdc dinh khodng dong bién, khodng nghich bién cla
ham sd dé.
= Xét diu ctia dao haim f'(x) = 2x.

200 300 ¥
Hinh [

Hinfi 2

b
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« Néu mdi lién hé gidia su ddng bién, nghich bién clia ham s& f(x) = +* va diu cia dao
ham f'(x) = 2x trén mbi khodng (= o0 ; 0), (0 : + %0).
» Hoan thanh béng bién thién sau:

X — oo 0 + >

7' @

Trong triding hdp tong qudt, ta ¢6 dinh 1f sau:

I Cho ham s6 y = f(x) ¢6 dao ham trén tip K < R, trong d6 K 12 mot khoing, doan

hoic nita khoang.
« Néu f'(x)> 0 vdi moi x thudc K thi hiaim sd f(x) déng bién trén K.
* Néu f'(x) < 0 v6i moi x thuge K thi ham so f(x) nghich bién trén K.

— — I —— . L0 A
Chii ¥: Néu ham s6 v = f(x) ddng bién trén tip K hoic nghich bién trén tip K thi ham s
y = fix) con dugc goi la don diéu trén tap K < R,
Vidul & Xét didu ' roi tim khodng dong bién, nghich bién cta ham so

}'=—2x2+4x+3.

s 71 Xé ddu ¥ rdi tim khodng
« Ham s6 di cho ¢6 tdp xdc dinh 1a R. dbng bién, nghich bién cua
ham s&
eTach: y'=-4x+4; 4
y':ﬂﬁ:}—4x+4=ﬂ@x=l_ }'=?.¥3“2I2+.I-[.

Ta c6 bang xét dau cia y' nhy sau:

x — o0 1 +.00

y' + 0 -

Viy hiim s6 dong bién trén khodng (- o ; 1); nghich bién trén khodng (1 ; + o).
Vidu2 | Tim céc khoang don diéu cia ham s6

y=x -3 -9x+ 1.
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Giai

« Ham s6 da cho c6 tdp xéc dinh 1A R. 2 Tim cic khodng don di¢u
: cta hiim s0
*Tacd: y'=3xr"-6x-9; y=t422-3

y=0&3r-6r-9=0<x=- | holicx=3.

Bang bién thién cta him s& nhu sau:

x |-® -1 3 +o
y' + 0 o= 0 +
fy + &0
ot - 26

Viiy hiim s6 ddng bién trén moi khodng (— oo ; — 1) v (3 ; + «); nghich bién trén khodng
(—1:3)

a) Xdc dinh tinh ddng bién, nghich bién clia ham s6 f(x) = x°.
b) Xét diu cia dao ham f'(x) = 3x°.

¢) Phudng trinh f'(x) =0 ¢6 bao nhiéu nghiém?

Trong trudng hdp tong quit, ta ¢ dinh 1i sau:

I =

ho ham sd y = f(x) ¢6 dao ham trén tip K < R, trong dé K 1a mdt khoang, doan
hoiic nita khodng. N&u f'(x) = 0 (hoic f'(x) £ 0) vdi moi x thudc K va f'(x)=0
chi tai mét s& hitu han diém cta K thi ham s6 f(x) ddng bién (hodc nghich bién)
trén K.

= , . . T—— - [
Vidu 3 & Tim cic khodng don di¢u cia ham s6 y = —gf +x*—x+5.

Gidi
« Ham s dd cho c6 tdp xdc dinh 1a &, “8 Ching minh riing ham s6
sTach: y'==x2+2x—1==(x-1)} y=vx*+1 nghich bién trén
) ) nita khoing (= = ; 0] va dong
y'sOvéimoixe Rviy'=0ex=1 bién trén nita khodng [0 ; + ).
7
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Bing bién thién cta ham sO nhu sau:

o — o0 1 +m

+ o
.1F \
— a0

Viéy ham s6 nghich bién trén &,

X+ 4
—

Vidu4 | Tim céc khoing ddn diéu cia ham s6 y =
Cridi
« Ham sd di cho ¢6 tip xdc dinh 1a B\ {0},
2

-r'l"au::«ili:y':J1r v x=(;

X
y=0er-4=0<x=-2hoicx=2

Bang bién thién cia him s6 nhu sau:

x |—eo -2 0 2 +@ 75- .

‘4 Tim cic khoing don diéu
|y
¥

= [ clia hiim s6
+ o0 + 0 2x—1

PN Tl

Viy ham s6 dong bién trén moi khodng (— o ; — 2) va (2 ; + «); nghich bién trén moi
khodng (- 2 ; 0) va (0 ; 2).

Nhiin xéi

DE xét tinh dong bién, nghich bién clia ham s& y = f(x), ta ¢6 thé thyc hién cdc budc sau:

Butde 1. Tim tip xéc dinh ctia him s8 y = f(x).

Butdc 2. Tinh dao ham £'(x). Tim cdc diém x (i = 1,2, ..., n) ma tai d6 ham s6 c6 dao ham
bing () hodic khong ton tai.

Butde 3. Sip x&p cdc diém x, theo thd ty ting din va I3p bing bién thién.

Butde 4. Cin cid viio bang bién thién, néu két ludn vé cdc khoang ddng bién, nghich bién
ctia hiim s,
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Il. DIEM CUC TRI, GIA TRI CUC TRl CUA HAM $&

PP Dua vio dd thi him s8 y = f(x) = - x* = 32> + 3 & Hinh 3, hiy so sdnh:

a) f(—2) vdi mbi gid tri f(x), ddéx e (=3 :—1)va
xe—2:

b) f(0) vii mdi gid tri f(x), Gd6x e (= 1: 1) vax=0.

Nhdn xét

D&i vdi ham s y = f(x) = —x° - 3x° + 3, ta thiy:

» Ton tai khodng (- 3 ; — 1) chida diém — 2 sao cho
fX)>f(=2)vBimoire (-3 ;- Dvix=-2
Ta néi x = — 2 1a diém cye tiéu chia him s6; f(- 2) 14
gid tri cue tiéu ciha him sé.

« Ton tai khodng (- 1 ; 1) chia diém 0 sao cho
flixy<f0)véimoixe (—1; 1) vax+0.

Ta néi x = 0 1 diém cwe dai cha him s&; £(0) 1a
gid trj cue dai cia ham so,

Hinh 3

Trong trudng hop tong quét, ta ¢é dinh nghia sau:

Cho ham sd y = fi(x) lién tuc trén tip K < R, trong dé K 12 mdt khodng, doan hoiic
nifa khoang viix, € K, x, € K.
» x, dude goi 1a mot diém cue dai cia him sd di cho néu tdn tai mot khodng (a ; b)
chita diém x, sao cho (a ; b) = K va flx) < flx) véi moix € (a; b) vix = x,.
Khi dé, f (x”} dude goi 1a gid tri cue dai cha him s di cho, ki hiéu 1a fm'
« x, dugc goi la mot diém cuc fiéu cua hiim s& di cho néu ton tai mot khodng (¢ ; )
chita diém X, 520 cho (¢ ; d) = K vaf(x) ::-f(.rl} védimoix e (c:d) vax #X.
Khi d6, f(x,) dudc goi 12 gid tri cye tiéu ciia ham s8 d cho, ki higu 13 f .

» Diém cuc dai vi diém cuc tiéu duge goi chung la diém cwe tri. Gid tri cyc dai va
gid trj cuc tiéu dude goi chung 1a gid tri cue tri (hay cue ).

Chui ¥
Néu x, 1a mot di€m cuc tri ciia him sO y = f(x) thi ngudi ta néi riing ham s6 v = f(x) dat
culc tri tai diém X, Khi d6, diém M (x,: f(x,)) dudgc goi la diém cde tri cia do thi ham s&
y =[(x).

9
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Vidu 5 | Dya vio @6 thi him s8 y = f(x) = — x° + 3x & Hinh 4, hiiy chi ra cdc diém

cifc tri cua ham so d6.

Gidi

« Xét khoang [—JE; () chifa diém x = — 1. Quan sat
dd thi ctia ham s& y = f(x) = — 1 + 3x & Hinh 4,
ta thily: f(x) > f(— 1) véi mqixE[—wﬁ:ﬂ}vhx#—L & /\ﬁ
Viy x= - 1 1a diém cyc tiéu cila ham s6 y = f(x). T IERE

(o]

« Xét khoing (0 : +/3) chida didm x = 1. Quan st /- nt
db thi ctia ham s6 y = f(x) = —= x + 3x § Hinh 4,
tathﬁ'}':ﬂx}{ﬂl] vdi moi x e (0 NE} vix=1l.

Hink 4
Viy x = | 1a diém cuic dai ctia hiim s8 v = f(x).

Quan sdt cdic bang bién thién dudi diy vi cho bit:
a) x, c6 I diém cyc dai ciia ham s& f(x) hay khong;

b) x, 6 la diém cye tiéu cia ham s6 h(x) hay khong.

c 2l 2 b x la X

£'(x) - " ' (x) - +

fxy) ' ' |
fx) h(x) \ /
h (x| )

Trong trudng hop téng qudt, ta cé dinh I sau:

Gid sit ham s6 v = f(x) lién tuc trén khodng (a ; b) chita diém x, vi c6 dao ham trén

cdc khodng (a : x ) va (x;; b). Khi d6

a) Néu f'(x) <0 véi moi x € (a %) va f'(x)> 0 v8i moi x € (x,; b) thi ham s0 f(x)
dat cuc ti€u tai diém X

b) Néu f'(x)>0 véi moix € (a LX) va fl(x)<0véimoixe (x5 b) thi ham s f(x)
dat cyc dai tai diém x .

10
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Vidu 6 @ Tim diém cue tri cha ham s&
_v=.r7‘—312—9x+ 11.
Gidi
« Ham s6 dd cho ¢6 tap xdc dinh 1a R,
e Tacé: y'= 3% — 6 - 9;
yV'=03xr-6r-9=0&x=- 1 holicx=3.
Béng bién thién cda hiim s& nhu sau:

X — &0 =1 3
y' + 0 = 0

16

— o0 =16

Viy hiim s& dat cue dai tai x =— 1 va dat cuc tidu tai x = 3.

Vidu 7 @ Tim diém cue tri ciia him s6 v =M.
x+1
Cridi
« Him sﬁ'dﬁchﬂcﬁtépxécdinh AR {=1).

-
.

(x+ 1)°
¥V=0&r+2r=0sx=—2hojcx=0.
Béng bién thién ctia him s& nhu sau:

viixr=—1:

» Tach: y'=

x |- -2 -1 0 + o0
y' + 0 0 +
-3 + o0 + o0
— o0 — o0 1

=

5 Tim diém cyc trj cia moi
ham sd sau:

A y=x'—62 +8x + 1

Viy ham s6 dat cyc dai tai x = — 2 va dat cyc tiéu tai x = 0.
Nhdn xér: B tim diém cuc tri clia ham s f(x), ta ¢6 thé thuc hién cic bude sau:

Butgc 1. Tim tip xdc dinh cha him s& f(x).

Butdic 2. Tinh dao him f'(x). Tim cdc diém X (i=1,2, .. n) mita d6 ham s6 c6 dao

ham biing 0 hoiic khéng tdn tai.

n
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Butde 3. Sip x&p cic diém x, theo thi uf ting din va 1ap bing bi€n thién.

Butde 4. Cin ¢ vio bang bién thién, néu két ludn vé cdc diém cuc tri clia ham s6.

Vidu & & Ming trugt cia mit
ciu trugt cho tré em (Hinh 5a)
dude udn tir mot tim kim loai
cé bé rong 80 cm, miit ciit dudc
mé ta & Hinh 5h. Nha thiét ké
khuyén cdo, dién tich clia mit
cit cang 16n thi cang dim bio
an toin cho tré em. Hinh 5

a) Goi S 1a dién tich mit cit. Tim didu kién cha x vi viét cong thic tinh S theo x,
b) Vi x dat gid tri bing bao nhiéu thi ciu trigt dam bio an toin nhit cho tré em?
Cricii
a) Do tdm kim loai ¢é bé rong 80 cm nén ta c6: 2x + y = 80 < y = 80 - 2x.
Dé ¢6 thé thidt k& dude méng trugt thi v >0 <> 80 — 2x >0 <> x < 40. Suy ra 0 <x <40,
Dién tich ctia mit cit méing trugt 14 § = xy = x(80 = 2x) = - 247 + 80x.
b) Ta cé: S(x) = — 2x> + 80x vdi x e (0 ; 40);
S'(x)=—4x+ 80;
Sx)=0-4+80=0x=20.

Bing bién thién cta hiam sd S(x) nhd sau:

x |0 20 40
§'(x) ¥ 0 .
800

S(0) / \
0 0

Do d6, him s6 S(x) dat cuc dai tai x = 20 va Sep = 800.

Viy dé ciu trugt dim bdo an toin nhit cho tré em thi x = 20 (cm).

12
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B eairie

1. Cho ham s y = f(x) ¢6 bang bién thién nhu sau:

X |- -1 0 1 +w
f'(x) - 0 - 0 + -
2 2
flx)
|~ —
Ham s6 di cho ddng bién trén khodng niao dudi diy?
A. (1 : + o). B.(~1:0). C.(-1:1). D.(0; 1),
2. Cho ham s6 y = f(x) ¢6 bing bién thién nhu sau:
X |=w 0 3 + o0
f'(x) + 0 — 0 +
2 +x
fix) / \ /
—® -4
Gid tri cuc tidu cia hiim sd di cho bing:
A2 B. 3. C.—4. D. 0.
3. Tim cic khodng don diéu ctia moi him so sau:
a)y=—-x +2%-3; byy=x*-2x" +5;
3x+1 x*-2x
C) y= 3 = ‘
L L d) y="r
4. Tim cuc tri cia moi ham sd sau:
a) y =20 + 3% - 36x - 10; byy=x*+2-3; c}y=x—l.
x

13
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0.

14

Cho hai ham s0 v = f(x), v = g(x) ¢6 do thi Lin lugt duge cho & Hinh 6a, Hinh 6b.
Néu khodng ddng bién, nghich bién vi diém cuc tri ctia mbi ham s d6.

¥ E=T1ix)

-
=

Hinh 6

Thé tich V (don vi: centimét khoi) ciia 1 kg nudc tai nhigt dé T (0 °C € T <30 °C)

duge tinh bdi cong thic sau:

V(T)=999,87 - 0,06426T +0,008504372 - 0,00006797T",

(Nendn: J. Stewart, Calewlus, Seventh Edition, Brooks/Cole, CENGAGE Learning 2042)

Hai thé tich V (1), 0°C < T < 30 °C., giam trong khodng nhiét d6 nio?

Kinh vién vong khong gian Hubble ducc
dua vio vii tru ngay 24/4/1990 bing tiu
con thoi Discovery. Vin téc ctia tiu con
thoi trong st ménh nay, tif lic ¢t cdnh tai
thiti diém ¢ = 0 (5) cho dén khi tén lda dfi}-‘
duge phéng di tai thdi diém 1 = 126 (s),
cho bdi him so sau:
vit) =0, 0013024 - 0,09029¢° + 23,

(v dudc tinh bing ft/s, 1 feet = 0,3048 m)

(Newdn: J. Stewart, Calculus, Seventh Edition,
Brooks/Cole, CENGAGE Learning 2012).

{Neudn: https:fen.wikipedia,orgtwiki/

Hubble_Space_Telescope)

Hdi gia tdc cha tau con thoi sé ting trong khodng thdi gian ndo tinh tif thai diém cit

cdnh cho dén khi tén Iifa diy dudc phong di?
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§2 ' GIA TRI LON NHAT VA GIA TRI NHO NHAT
CUA HAM sO

Cho mét tim nhém ¢é dang hinh vudng canh T *
6 dm. Bic Anh cit 6 bon gc bon hinh vubng ¢ o

cling ¢6 dé dai bing x (dm), rdi gip tim nhém I s
lai nhut Hinh 7 d& duge mét cdi hdp c6 dang J/ E

khai hop chit nhat khéng ¢é ndp. Goi V i

thé tich ctia khéi hop dé tinh theo x.

v -

Hinh 7

V ditgie tinh theo x bdi cong thitc nio? Cé thé
tim gid tri ldm nhét cia V bdng cdch nao?

‘%!{ RV

I. DINH NGHIA

@ B Cho hiim s& v = f(x) lién tuc trén doan [- 1 ; 1] va VA
¢6 d6 thi 1a duding cong & Hinh 8. Quan sét do thi va cho biét:
a) Diém nio thude dd thi ham s6 ¢6 tung d6 16n nhat;

b) Piém nio thube d6 thi ham s6 cé tung dd nho nhat.

Ta ndi: Trén doan [— | ; 1], him 56 v = f(x) .}'?.
dat gid tri lon nhdt bang 3 tai x = 1, dat gid tri : @
nhé nhdt béang — 1 tai x = 0. E 4

Hinh &

Mot cdch tong qudt, ta cé dinh nghia sau:

[ﬂ_

Cho ham s8 y = f(x) xéc dinh trén tip D.
« S6 M dudc goi la gid tri lon nhdt ciia ham s6 v = f(x) trén D, ki higu M = mgxf{x},
néu f(x) < M vdi moi x € D va thn tai x, € D sao cho f(x,) = M.
« S6 m dugc goi 14 gid tri nho nhdt cla him s6 v = f(x) trén D, ki hiéu m = mgn Sfix),
néu f(x) = m vdi moi x € D v ton tai X, € D sao chnf{xl} =M,
Cui v: Khi tim gid trj 16n nhat (hodc gid tri nhd nhit) ctia him s& mé khéng chi rd tip D
thi ta tim gid tri 1dn nhét (hodc gid tri nho nhit) cia ham s& do trén ca tip xdc dinh cia né.
15
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Vidu I | Tim gid tri Idn nhiit va gid tri nho nhat cla ham s8 f(x) = 1 + 1 trén doan [0 ; 2].
Gridii

S

Do0<¥<4vdimoixe[0;2Inén1<1+2<5 |7 § Tim gid tri on nh va
véi moi x € [0; 2], tde 1a 1 € f(x) £ 5 vdi moi gid tri nho nhat clia ham s6
x e [0;2]. Taco: f(2) =5 nén lr&agf{xhﬁ;f{ﬂ}:l flx)=v9—x* tén doan

nén min f(x)=1. [=3:3].
[0:2]
II. TiM GIA TRI LON NHAT, GIA TRI NHO NHAT
CcUA HAM SO BANG DPAO HAM
Cho ham s £(x) =x+$ vaix> 1.
a) Tinh lim f(x), im f(x).
=17 X—%4+m

b) Lip biang bién thién ciia hiim s& f(x) trén khodng (1 ; + =).
¢) Tim gid tri 16n nhat va gid tri nho nhit (néu cd) ciia ham sd f(x) trén khoang (1 ; + x).

Dé tim gid tri 16n nhdl, gid tri nhd nhét clia him s6 f(x) trén mdt khodng, doan hay
nifa khodng, ta cé thé 1ip bang bién thién ctiia ham sd trén tip hdp d6. Cin ci vio
bang bi€n thién, ta tim dudc gid tri 1dn nhit va gid tri nhd nhat (néu ¢6) clia ham so.

2 +9

Vidu2 & Tim gid tri 16n nhil va gid tri nho nhil (néu ¢6) ctia him s8 f(x) =
trén khodng (0 ; + o).
Gidi
« Xét ham s6 f(x) =

=9

T Khi d6, f'(x)=0<>x=3(dox>0).
X

12+

viix € (0;+eo).

o Tach: f'(x)=

Ngoaira lim f(x)=+00, lim f(x)=+on.
x—=0" x4

Béng bién thién ctia him s& nhu sau:

¥ 0 3 + 00 ' )
. ® Tim gis wi 10n ohit va
f'(x) - 0 ¥ gid trj nho nhét (néu ¢6) ciia
+ o0 b h‘a,mﬁy:h-ls trén nila
-

14
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Cin cif biang bién thién, ta ¢é: min f(x) =6 tai x = 3 vi hiaim s6 f(x) khong ¢6 gid tr
- 0+ =)
ldn nhit.

PP Choham sy =f(x) =2¢' - 6x,x e [-2: 2]

c6 db thi 1 duting cong & Hinh 9.

a) Dua vio d6 thi & Hinh 9, hiy cho biét cdc gid tri
M= maxlf{xj: m =l_n1i;nj|f[x} bﬁng bao nhiéu.

[-2:2

"

b) Gidi phudng trinh f'(x)= 0 véix € (-2:2). 5

¢) Tinh cédc gid tri clha ham s6 f(x) tai hai ddu mat
- 2; 2 vitai cic diém x € (- 2 ; 2) ma & d6
f(x)=0.

d) So sanh M (hoidic m) vdi s& 16n nhit (hojic s6 bé
nhit) trong cdc gid tri tinh dugc ¢ céu c. Hinh 9

Nhgn xér: Nguo ta chimg minh duoc Iﬁng: Moi ham s6 lién tuc trén mot doan déu co
gif tri nho nhit va gia tri lon nhat trén doan do.
Gia sir ham sd f(x) lién tuc trén doan [a : b] v co dao ham trén khoang (a : b), co thé tnr
mot 6 hitu han diém. Néu ['(x)="0chi tai m¢t s0 hifu han diém thude khoang (a . b) thi ta
€6 quy tic tim gid tri lém nhat va gia tri nhé nhat cia ham 6 /(x) trén doan [a ;. b] nhr sau:
&
Butdc 1. Tim cic diém x,, x,, ..., x, thude khodng (a ; b) ma tai d6 ham 56 c6 dgo ham
béing 0 hoiic khong ton tai.

Butdc 2. Tinh fi (x,), flx,), ,,.,,f{,x"}. fla) va f(b).
Buede 3. So sédnh cic gid tri im dude & Bude 2.

S6 16n nhit trong cdc gid trj d6 1 gid tri 16n nhit ctia ham s6 f(x) trén doan [a ; b],
s0 nho nhét trong cdc gid tri d6 13 gid tri nhod nhit cia ham s6 f(x) trén doan [a ; b].

Vidu 3 | Tim gid tri 16n nhit va gid tri nho nhat cha mbi ham s6 sau:

3
a) f(x) =x?- 2x2 #3x+1 trén doan [~ 3 : 2]:

55 gl i doa T
X

17
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Giai K
a)e Ta cé:jf {x,} =x - 4_.r + 3. Khi d06, trén khoing ,r’! Tim gid trj 16n nhét va
(=3:2), fi(x)=0khix=1. gid tri nho nhdl ciia ham s&

f(1) = %.f{ -3)=-35, f(2)= % Slx)=sin2x=2x trén doan
? 3:2]
Viy max fl[.::]=§ tai x=1, 2 2
=3:2]

Irrun fx)==35taix=-3.

b)« Taci: g'(x) = —];11‘1 Khi d6, trén khodang (1 ; 4), g'(x)=0khix=e.
X
In4 In2
a { ] 1 Tt 1- 4 = S
g 0, gle)= g( )= -

Viy max g(:r}-— tai x=e, l:'1:ur1| glx)=0tix=1.

Vidu4 © Vi bai todn md diu, tim x (dm) d€ khéi hdp tao thanh ¢6 thé tich 16n nhat.
Gidi
Ta thily do dai x (dm) ctia canh hinh vudng bi cilt phii thod man diéu kién 0 < x < 3.
Thé tich ctia khéi hip 1a V(x) = x(6 — 2x)* vdi 0 < x < 3.
Ta phai tim x, € (0 ; 3) sao cho V(x,) ¢6 gid tri 16n nhit.
Ta ¢6: V'(x) = (6 — 2x)* — 4x(6 — 2x)

= (6 — 2x)(6 - 6x) = 12(3 = 2)(1 - x).

Trén khoding (0 : 3), V'(x)=0khi x = 1.
Béng bién thién ciia ham s& V(x) nhu sau:

x |0 1 3
V'ix) + 0 -
16
Vix) / \
W] 0

Ciin cii bing bién thién, ta thiy: Trén khodng (0 : 3), hiim s6 V(x) dat gid tri 16n nhét
bing 16 tai x = 1.

Viy dé khdi hop tao thanh cé thé tich 16n nhit thi x = 1 (dm).
18
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Vidu 5 © Trong mot thi nghiém y hoc, ngudi ta ¢fly 1 000 vi khudn viio méi trdding dinh
dudng. Biing thuc nghiém, ngudi ta xdc dinh dude s6 lugng vi khudn thay d6i theo thai gian
bdi cong thic:

100t
100 +1*

trong d6 7 la thai gian tinh bing gidy (Ngudn: R. Larson and B. Edwards, Calculus 10, Cengage
2014). Tinh s6 Iugng vi khudn 16n nhat ké tif khi thyc hién cdy vi khudn vio méi
triding dinh dudng.

N(r)=1000+

(con),

Gidi
100¢

00+1

(r>0).

2

Xét hiaim s6 N(t)=1 000+ :

100.. (100+1*)~100¢ . 2t _ 100.. (100—1%)

Tach: N'(t)=
100+ 1) (100+1%)°
Khi d6, v8i 1> 0, N'()=0 100- £ =0 F =100 1= 10,

Béing bién thién ciia hiim s& N(1) nhu sau:

t _‘ﬂ 10 ;mw
N'(#) + 0 i |
' 1 005 '

N(t) |
1000 1000

Cin ct bang bién thién, ta thdy: Trén khodng (0 ; + =c), hiim s& N(r) dat gid tri 16n nhét
biing 1 005 tai ¢ = 10.

Viy s0 ludng vi khudn Idn nhét k& tit khi thuc hién cdy vi khuin vio mai trudng dinh
dudng la 1 005 con.

B saitir

1. Néu him s v = f(x) ¢6 dao him trén R thod min f'(x)=sinx -2 023, ¥x € R thi
gid tri 1dn nhat cia ham s6 v = f(x) trén doan [1 ; 2] bing:

A. £(0). B. f(1). C. f(1.5). D. f(2).

12
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Tim gid tri I6n nhit cia moi ham s6 sau:

a) f(x)= 2 b) flx) =x—i trén ntta khoang (0 ; 3].
x

5 4

I+ x°

Tim gid tri nho nhit cia moi him s6 sau:

a) f[x}:x+% trén khodng (0 ; + oo); h}f{x]:r‘- 12x + 1 trén khodng (1 ; + =).
Tim gi4 tri 16n nhit va gid tri nho nhit cta moi ham so sau:

a) f(x)= X —%.rz trén doan [— 1 ; 2];

b) f(x)=x*-2x"+x*+1 wéndoan [~ | ; 1];

¢) fix)=e" (x> = 5x +7) trén doan [0 ; 3]:

d) f(x)=cos2x+2x+I trén doan |:_2—I n}

Trong 5 gify diu tién, mdt chét diém chuyén dong theo phudng trinh

.sft:l=—i‘j+ﬁf1+.*+5.
trong d6 ¢ tinh biing gidy va s tinh bing mét. Chit diém c6 vin tdc tic thai 16n nhat
biing bao nhiéu trong 5 gifiy ddu tién d6?
Ngudi ta bom xéng vio binh xiing clia mot xe 6 t6. Biét ring thé tich V (lit) cha lugng
xiing trong binh xing tinh theo thdi gian bom xdng ¢ (phit) dude cho bdi cong thiic

V() =300(F =) +4 véi0 <1< 0,5,
(Ngudn: RA. Charles et al., Algebra 2, Pearson)
a) Ban diiu trong binh xdng c¢6 bao nhiéu lit xing?
b) Sau khi bam 30 gidy thi binh xéing diy. Hoi dung tich ctia binh xéing trong xe li bao
nhiéu lit?
¢) Khi xiing chily vio binh xiing, goi V'(£) 1a the do ting thé tich tai thisi diém ¢ véi
0 < <0.,5. Xiing chiy vio binh xiing & thdi diém nio 6 toe do ting thé tich 1a 16n nhit?
Ho ép khi quin co lai, dnh hudng dén toe dj ciha khong khi di vio khi quéan. Tée do
cua khong khi di vao khi quin khi ho dude cho bdi cong thiic
V=kR-r)r véi0<r<R,

trong d6 k 12 hiing sd. R 14 bdn kinh binh thuting ctia khi quan, r 1 ban kinh khi quin

khi ho (Neudn: R. Larson and B, Edwards, Calculus 10e, Cengage 2014). H6i bin kinh cia
khi quén khi ho biing bao nhiéu thi té¢ d6 ctia khong khi di vao khi quén 1a 16n nhit?
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§3 | PUGNG TIEM CAN CUA PO THI HAM sO

S& dan clia mot thi trin sau x nim ké i nim 1970 V' 4 8
dugic udc tinh bdi cong thiic - -
y=f(x)= 26x+10
x+5
(f(x) dugc tinh hﬁng nghin ngudi) (Ngudn: Gidi rich 12
Néing cao, NXBGD Viét Nam, 2020)). Xem y = f(x) la 24

e

mot hiim s8 xdc dinh trén nita khodng [0 ; + o), [
do thi ciia ham s6 do6 la duding cong méu xanh & Hinh 10
Hinh 1.

Khi x = + oo, dé thi ham s& y = f(x) ngay cang o
“tién gdn" tdi dudmg thing ndo? | @5

B
— -

I. DUGONG TIEM CAN NGANG

@ B Xéthaim sé v = f(x) = Zﬁx"';rﬂ , ¥éi x e [0 + o) ¢6 do thi la dudng cong &
x+

Hinh 10 trong bai todn md diu. Tim  lim f(x).

X =t

Puimg thdng v = 26 goi la duomg ti¢m cdn ngang ciia do thi

26x+10

ham sd'y = f(x) = vai x € [0 + ).

Trong truding hdp tong quét, ta ¢6 dinh nghia sau:

I Puding thing y = ¥, dude goi la dudng tiém cdn ngang (hay tiém cdn ngang)

clia do thi ham s6 y = f(x) néu: lim f(x)=y, hodic lim fix)=y,.

2]
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Nhén xér: Gia sit dudng thiing v = y, la tiém cfin ngang ctia d6 thi ham s6 y = f(x). Liy
diém M(x ; v) thude dd thi ham s8. Goi MH 1a khodng céch tit diém M dén dudng thing
v = ¥, Khi dé, d6 dai MH tién t6i 0 khi x — + e (Hinh I la) hay x — — oo (Hinh 11b).

Vi Vi

i) b
Hinh 11
v £ " " A S, & 2x—1
Vidu I | Tim tiém cin ngang cta do thi ham s6 y = f(x)= 5"
+
Gridii
Ham s& di cho c6 tap xdc dinh 1A R\ {-2}.
Tacé: lim f(x)= lim =ik =2,
Tpbm xpsm x4+ 32 V“:.‘I_:—:“J
o 1 Tim 4 cin ngang cua
B o) i =L o .
L X=X +2 d6 thi ham s6 y = =
2 a A A » b1 a X
Viy duding thiang v = 2 la tiém ciin ngang cia do thi 2 L
ham s di cho.
- - - - ¥y
Il. DPUONG TIEM CAN DUNG i

GEPP Cho ham s6y = f(x) =~ ¢6 db thi la
X

dudng cong nhu Hinh 12.

0 ¥
Tim hm f(x), im f(x)
=07 =0
_ ‘gtf Putimg thing x = 0 goi la duimg ti¢m can dimg
Hinfi {2

O | ciia db thi ham s6'y = f(x) = L
X
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Trong truding hdp tong qudt, ta ¢6 dinh nghia sau:

I BEuiding th?mg x=x, duge goi la duomg tiém cdn ditng (hay tiém cdn édimg) cta do thi

him s& y = f(x) néu it nhit mdt trong cdc didu kién sau dude thoa man:
lim f(x)=+0cc im _f(x)=-o! lim_f(x)=+ec; lim_f(x)=-co.
I—}.Iu_ E e 2 XX, X=r3,
Nhan xér: Gia sit duding thing x = X, 1a tiém cin diing cua dd thi hiim s6 v = f(x). Liy
diém M(x ; y) thude dd thi ham s&. Goi MH la khoang cich tit di€ém M dén dudng thing
x = x,. Khi d6, d6 dai MH ti€n tdi 0 khix — xﬁ (Hinh 13b, d) hay x — x, (Hinh I3a, c).

Vi Vi
ol & =& i 0 3
]
-t
i) )
VA o ¥
o o
Il Il
'-'. "
7] % ] 0 2 3
v=r | MY H|
¢l d)
Hinh 13

Vidu2 | Giai thich vi sao duding thing x = 1 la \;pE
3x-2 :

tiém cin ding ciia d thi ham s6 y = f(x) = =2 2 Tim ti¢m cin dfng cia
x_
a thi ham s& y=2 +;x.
s

Gidi
Ham s6 di cho ¢6 tip xdc dinh la R\ {1},
Vi lim f(x) =+ nén dudng ﬂ'ﬁing v =1 la tiém ciin ding ciia d6 thi hiim sé di cho.
x=alt
23
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1
Fidu 3 = Tim tiém cin ding va tiém cin ngang cGa d6 thi him s6 y= f(x) = f——t-z-

Gidi

Ham s6 di cho c6 tip xdc dinh 13 R\ {2}.

Ta co:
« Tom o bm Xrlal 4
X+ x+mx—2
By e B 27wl
X —p= o0 X —p= 00 - !
Viy duding thiing y = 1 lii tiém ciin ngang ctia dd thi — 13 -
ham sé di cho.

+1
« lim f(x)= lim 2T lim []+—3I ]:—m,
X =2 427 x-20 22 x—

Hinh 14

x+1 3
]. = ]. = ]. 1 — A
im_f(x)= 3 im ( +x—2) +00

=2t 2t x— x—=2°

Viy duting thing x = 2 li tiém céin ditng ctia d6 thi ham s di cho.

Chyi v: D6 thi ham s6 y = f(x)= +; vil hai duding tiém can dudc cho & Hinh 14.

IIl. PUGNG TIEM CAN XIEN

“SP» Cho ham 3 y:f(x}=x+1+Ll 6
lx_

a6 thi 1a (C) va dudng thing y = x + 1 (Hinh 15).

Tm Ilrn [f{x} (x+ 1] hm [f{x] (x+1)).

Hinh 15

@—ﬂ- DButimg thang v = x + | goi la dwdmg tiém cdn xién
L =

ciia do rhfh&msﬁ’y=f(x}=x+l+%.
x_

24
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Trong truding hdp tong qudt, ta ¢6 dinh nghia sau:

Pudng thing v = ax + b (a # 0) dudc goi 1a diong tiém cdn xién (hay tiém cdn xién)
clia dd thi hiim s8 y = f(x) néu:

lim [f(x)—(ax+b)|=0 hodc lim [f(x)—(ax+b)]=0.

X —s40m K==

Nhdn xér: Gia sit duding rhﬂng y=ax+ b (a=0) latiém cin xién cha do thi ham sd v = fx).
Ldy diém M thude dd thi ham s& y = f(x) va diém N thude duding thiing y = ax + b ¢6 ciing
hoanh do x. Khi d6, do dai MN tién tdi 0 khi x = + oo (Hinh 16a) hay x = — oo (Hinh 16b).

Vi Ya

y= lx) =

/\Mn N
/ |
i 0

L
—
o
-y

il IJJ
Hinh 6

Vidu 4 | Ching minh ring duong thing y = 2x — 1 la tiém ¢in xién cta dd thi ham s&
|

y=flx)=2x-1- - )
X4 i‘/"
Gidi '3 Chiing minh riing duéing
thiing v = — x 1i tiém ciin xién

Do lim [f(x)=(2x=1)]= lim ——=0 ciia A0 thi ham s6

X—r4 m X—4m p* 4 l 2

. . -x =2x+3

nén duding thing v = 2x — | la tiém cin xién y=f(x)= i

cuia d6 thi him s6 da cho.
Clui ¥: D€ xdc dinh hé s6 a, b cha dudng tiém cin xién y = ax + b cha db thi ham s&
y= f(x), ta c6 thé dp dung cOng thiic sau:

a= lim fx) vi b= lim [f(x)-ax] hodc a= lim J(x) va b= lim [f(x)-ax].

X=»+m X e ] I—=—o X X —»—0
{Khi ¢ = 0 thi ta ¢6 tiém cin ngang y = b).
25
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x? +3x

Vidu35 | Tim tiém cén xién cla dd thi hAim s8 y = f(x) =

=2
Gridi t "
Taco: a= lim S(x) P X2 +3x =1 '4. T‘lm tlem cdn xién clia 46
Iyt X I_,|.£.x{x_2} th] him bﬁ
) 34 Ay
vib= lim [f()-x1= lim -2 =5. il
X =4 4an =4+ X—
Viy duting thing y = x + 5 14 tiém cin xién clia db thi him s& di cho (khi x — +0).
Tudng i, do lim M=l vid lim [f(x)=x]=35 nén dudng thing y = x + 5 ciing |2
X —» | _x X —F =10

tiém ciin xién cha do thi him s @i cho (khi x = - =).

Vidu6 @ Mot bé chia 5 000 lit mide tinh khiét. Ngudi ta bom vao bé d6 nude mudi co
nong déd 30 gam mudi cho méi lit nude vdi toe do 25 lit/phiit.
a) Chiing 16 ndng dd mudi trong bé sau ¢ phiit (tinh biing ti s6 ctia khéi lugng mudi rong

g n A e o . - - n
bé vi the tich mide trong be, don vi: gam/lit) la f(r) = 23[] : :
+
b) Xem y = fir) la mdt him sd xdc dinh trén nita khodng [0 ; + oc), hily tim tiém cin ngang
ciia do thi ham so do.

¢) Néu nhin xét vé nong dé mudi trong bé sau thdi gian 7 ngay cang I6n.

Cricii

a) Sau 1 phiit, ta c6: khéi lugng mudi trong bé 1a 25 . 30 . ¢ = 750f (gam); thé tich cta
lwdng nudc trong bé 14 5 000 + 25¢ (lit). Viy ndng d6 mudi sau ¢ phit 12

50 _ 30

1) =— 2 - (gam/lit).
f@) S5000+25 200+¢ (8 }
b) Ta cé:
lim f(t)= lim 2 Y4
f=pob t=4m 200+t v=130
30 —
; 6000
= lim | 30 - = 30.
1=+ 200+t

Viy duding thing y = 30 la tiém cén ngang
ctia do thi ham s6 (1) (Hinh 17).

c) Tu‘ ¢t d6 thi him s6 y = f(r) nhiin dudng - >
thing v = 30 lim uém cin ngang, tic la Hinh I7
khi 1 ciing 1dn thi ndng dd mudi trong bé sé tién gin dén muic 30 (gamy1it). Lic d6, nong do
mudi trong bé s& gin nhu biing ndng dd mudi trong nude mudi dude bam viio bé,

26
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B eiitar

K

4.

L

x+2

Tiém céin ding cha do thi him s6 y= ] lix:
x+
Ax=-1. B.x=-2. C.x=1. D.x=2.
2
Titsm cfh xilit ciia 83 thi han 86 y = =22+
xX+2
Av=x B.y=x+1. C.y=x+2. D.y=x+3.

Dd thi hiam s6 & Hinh 18a, Hinh 18b déu ¢6 duding tiém cin ngang 13 duding thiing
mau do. Hoi dé 14 d6 thi cia hiim s6 nio trong cic him so sau?

Vi Vi

It

N

b Y

i

1

.

e
P

=y

il .‘.i']

Hinlt 18
2 +2x-1 g 2’ -2
a) }’=-x—:,x—: b}y=—2x +x+l: C) Yse——.
241 x—1 42

Tim tiém céin ding, tiém céin ngang, tiém ciin xién (néu cé) ciia d6 thi moi hivm s6 sau:

_2xP-3x+2

X
a) y= ; b) ¥

c) }-‘=I-3+i..:
2-x x=1 i

S6 ludng sin phiim bdn dude clia mdt cong ty trong x (thang) dude tinh theo cong

9

thific S(x) = Zm[i —~2——-J, trong dé x = | (Ngudn: R. Larson and B. Edwards, Calculus 10e,
+Xx

Cengage 2014).

a) Xem v = S(x) 1a mdt him s6 xdc dinh trén nia khodng [1 ; + o), hiy tim tiém cin
ngang ctia do thi hiim s6 dé.

b) Néu nhiin xét vé s6 lugng san phiim bdn duge clia cong ty do trong x (thdng) khi
x i 16n.

27
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S4 | KHAO SAT sy BIEN THIEN
VA VE PO THI CUA HAM SO

Trong 20 phit theo ddi, luu lugng nude cila
mot con song dude tinh theo cong thiic

0i1) = —%F +56% +100,

trong d6 Q tinh theo m*/phuit, 1 tinh theo phuit,

0 <1 = 20 (Neudn: A. Bigalke er al.. Mathemarik, B : + ]
Grundkurs ma-1, Cornelsen 2016). Khi luu ldgng —
nudc cua con song 1én dén 550 m/phit thi (Ngudn: hitps://shuttersiock.com)
canh bido 10 dude dua ra.

?

Trong thai gian theo dai, haw luong mitde ciia con séng ldn nhdt
ﬁé@ la bao nhiéu? Cdnh bdo lii dude dua ra vao thii diém nao?

I. SO PO KHAO SAT HAM $O

Lip bing bién thién va vé db thi ciia ham s8 y = x> — 2x - 3.
Trong tniding hgp tong quat, dé khao sdt va vé db thi him s6, ta €6 thé thuc hién cdc
budc sau:
i
Bute 1. Tim tip xdc dinh clia hiim s0.
Bitde 2. Xét su bién thién ciia ham s&
« Tim ciic gidi han tai v6 cuc, gidi han vo cue va tim tiém cén (néu c6).
« Tinh dao ham y' vi tim céc diém mé tai d6 dao ham bing 0.
« Lip bang bién thién; xdc dinh chiéu bién thién, cuc tri cia him s6 (néu cd).
Butde 3. VE do thi him s6
« V& cic duding tiém ciin (néu cd).

« Xic dinh cic diém diic biét ctia db thi: cuc tri, giao diém cia db thi véi cic
truc toa dd (trong triéing hgp don gian), ...

« Nhin xét vé diic di€ém ctia d6 thi: chi ra tim d6i xing, truc dbi xidng (néu ¢d).
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Chii v: D6 thi hiim s6 v = f(x) giao vdi truc hoanh tai nhitng diém cé hoanh d6 1a nghiém
cia phudng trinh f(x) = 0, giao vdi truc tung tai diém c6 wng d6 1 £(0) néu 0 thude
tfip xdc dinh ctia him s dé.

Vidu I | Khao sdt su bién thién va vé dd thi ctia him s8 y = x° — 3% + 4.
(Gidi
1) Tap xdc dinh: R,

2) Su bién thién

» Gidi han tai vécue: lim y=+, lim y=-oo.
X —+ed X —p—od

oy =37 - 6x;

y=03-6r=0<x=0hodicx=2.
« Béng bién thién:

X |—ao 1] 2 + oo
' + 0 - 0 +
4 + oo
}I
— 20 ]
Hiam s& ddng bi€n trén mbi khoang (— o ; 0) va (2 ; 4 %), nghich bién trén khoang (0 ; 2).
Him s6 dat cue dai tai x=0, Yep= 4: hiim s0 dat cuc tiéu Vi
taix=2,y..=0.
Yer
3) DA thi
« Giao diém cta d6 thi vdi truc tung: (0 ; 4). ;
73
« Giao diém cia do thi véi truc hoanh: o
Xét phucng trinhx — 37 +4=0< (x+ D(x—-2Y =0 : -
0 1 5 =
s>x=—1hoicx=2. =
Viy a0 thi ham sd giao vdi truc hoanh tai hai diém Hinh 19

(- 1:0) va (2 ;0). |‘7
2 i i "1 Khio sdt sy bién thién va
* D6 thi hiim s6 di qua cde diém (- 1:0),(2:0),(0:4)  yz4a thi ciia ham s
va (1 :2), =x-[

Viy d6 thi hiaim s8 y = x° — 3x% + 4 dwoc cho & Hinh 19, x+1
Quan sdt dd thi & Hink 19, ta thiy dd thi d6 ¢6 tim déi xing 1a diém I(1 ; 2).
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Il. KHAO SAT SU BIEN THIEN VA VE DO THI CUA HAM SO BAC BA
Sit dung sd d6 khio sit hiim s, ta ¢6 thé khio sét sy bién thién vi vé do thi ciia ham s&
bic ba. Ta sé tim hiéu qua mot 50 vi dy sau diy.
Vidu2 | Khio sit su bién thién vi vé db thi ctia him s6 v = - + 32" — dx+ 2.
Gidi
1) Tép xdc dinh: R.
2) Sy bién thién

« Gidi hantai vo cye: lim y=—-oe, lim y=+cc,

oy =—3x7 4+ 6x -4 ?
¥ <0 vimgixe R 2 Khio sét su bién thién va
« Bang bién thién: vE di thi ciia mdi him s6 sau:
r : i
o* =i +uu~‘ 1)y = r"':];-’-' 4
p J b) y=x + 327 + 3x+ 1.
1 o —

Ham sd nghich bién trén khodng (— o0 § + ).
Ham sd khong e6 cyc tri.

3) Do thi

» Giao diém cta d0 thi védi truc tung: (0 ; 2).

* Giao diém ciia dd thi véi truc hoinh:
Gidi phudng trinh — x* + 3x° —4x+ 2=0tadude x = 1.
Viy d6 thi him s8 giao vdi truc hoinh tai diém (1 ; 0).
« D& thi ham s& di qua cdc diém (1;0),(0;2),(2; - 2).
Viy db thi him s8 y = — X + 32 — 4x + 2 dudc cho &
Hinh 20, Hinh 20
Tam d6i xing cta A6 thi ham sd d6 1 diém (1 ; 0).

Nhén xér: Trong tniding hop tdng quét, d thi ciia ham s6 bac ba y=f(x) =ax’ + b +cx + d

(@ # 0) c6 tim d6i xdng 1a diém [ 2 i _2 ||, sosn do = . chia tim d6i xing
3a 3a 3a

d6 1a nghiém cia phudng trinh y" = ().
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INl. KHAO SAT SU BIEN THIEN VA VE DO THI cUA MOT S HAM PHAN
THUC HUU Ti
o R e " ax+ b
1. Khio sat su bi€n thién va vé di thi cia ham si y = id (c=0,ad-bc=0)
ox
Sif dung so @b khio sdt him s, ta ¢6 thé khdo sdt sy bién thién va v& db thi ctia him sg
ax+b

(¢ # 0, ad — be # 0). Ta sé& tim hidu qua mét sd vi du sau diy.

cx +d
L ¥ rl v - - -~ A & 5 n - z-lx + I
Vidu 3 = Khao sit sif bién thién va vé do thi cia ham s6 y = o
_x—
Gt
1) Tap xdc dinh: R\ {1},
2) Su bién thién

+ Gidi han tai vo cye, gidi han vo cue vi cic dudng tiém cén:

lim y=—o0, lim y=+00. Dodd, duding thing x = 1 la tiém cin ding cta dd thi him sé.

=" ="

lim y=2, lim y=2. Do d6, dudng thing vy =2 la tiém cin ngang ctia d6 thj ham so.

X =+ X—p—cn

=2 _<0 vdimoi x 1.

-

(x-1)

« Bing bién thién:

‘ x s ] Lo |E P‘ A
- 3 ¥ 3 Khio st sy bién thién vii
Y - - vé db thi ham s&
3 : _2x+6
2 |+ a0 ¥ —I+2+
. \
- 00 2

Ham so nghich bién trén moi khoing (= oo 1) va (1 ; + o).
Ham s6 khong ¢6 cuc tri.

3) Db thi

« Giao diém ctia d6 thi vdi truc tung; (0; - 1).

* Giao diém cia do thi véi truc hoanh; [_El : EI].

K]
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+ D6 thi ham s6 di qua cdc diém (05— 1), [—% : {]]_

(-2;1),(2;5), [5;4] va (4 :3).

2x+1

diroe cho o Hinh 21, :
X1 AN

Quan sdt d6 thi & Hinh 21, @0 thi d6 nhén giao diém " K :

(1 ; 2) cia hai dudng tiém cin cia d6 thi lam tim doi

xiing vi nhin hai dudng phin gidc cla cdc goc tao bai Hinh 21

hai duding tiém ciin d6 1am truc d6i xidng.

Viy d thi hiim s6 y =

I3

t-u.tl'_n Py
Fa
o

x=2

Vidu4 @ Khio sit su bién thién vi vé d6 thi ciia him s6 v = T
X+

Gidi
1) Tip xdc dinh: B\ {-1].
2) Su bién thién
» Gidi han tai vo cuce, gidi han v cuc va cdc dudng tiém cin:
lim y=+o0, lim y=-om, Do d6, dudng thing x = — 1 13 tiém ¢iin ddng cia b thi

== x—=—17

ham sd.
lim y=1, lim y=1.Dodé, duiing thing v =1 la tiém cfin ngang ciia dd thi ham s,
=3+ A —3—a
3 ok ¥
»y'= =>0 vii moix#— 1.
(x+1)
« Bing bién thién:
X — o0 -1 +
v 63 + E 4 Khio sit sif bién thién va
T ] vé 348 thj him s&
¥ / / = x—3
I —w g

Hiam s& dong bién trén mdi khodng (— o0 — 1) v (=1 ; + ).

Ham sd khong ¢6 cuc tri.
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3) Db thi

* Giao diém cua db thi vdi truc tung: (0 ; - 2).

» Giao diém ctia do thi véi truc hoanh: (2 ; 0),

* Do thi thﬁdiquﬂcﬂcdié’m 0:=,2:0),(-2:4)
va (-4 2).

« D6 thi ham s6 nhin giao diém /(- 1 ; 1) ctia hai duding

tiém cfn clia d6 thi lam tim déi xdng v nhin hai
duting phén gidc cla cic gde tao bdi hai duding tiém
cin d6 lam truc d6i xing. Hinh 22

x=2

Viy do thi him s6 y = duroc cho o Hinh 22

x+1

Nhén xér: Trong truding hgp tong qudt, do thi ctia him 6 y = s +j (c =0, ad = bc =)
cx +
nhin giao diém 1 [ =4 . EJ ciia hai duéing tiém cin cia do thi lam tim d6i xdng vi nhin
¢ g

hai duding phiin gidc cla cic goc tao bdi hai duding tiém cin d6 lam truc d6i xing.
2. Khio sat sy bién thién va vé do thi ciia ham sd

?
& thxte g 20,m=0)
mx+n
St dung so d6 khdo sdt hiim s6, ta ¢6 thé khéo sdt sy bién thién vi vé do thi cla him sd

2
_ax"+hx+c

y=————(az0m=0,- £ khong la nghiém cia da thic ax® + bx + ¢). Ta sé tim
mx+n m
hiéu qua mot s6 vi du sau déy.
Vidu 5 | Khio sit sy bién thién va vé d thi ciia him s8 y =" "‘:]f’—l .
'1' P

Gidi
1) Tap xdc dinh: R\ {1}.
2) Su bién thién
* Gidi han tai vo cue, gidi han vo ce va cde dudng tiém cin:
Ta viét ham so da cho dudi dang: y = I+L].
lim v=4+22, lim y=-oo. T

X =+ X ==

lim y=—on, ]in}+}'=+m, Do d6, duding thing x = | 1a tiém céin ding ctia dd thi ham sé.
I=¥

=31
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lim (v—x)= lim —I-=ﬂ', lim (y=x)= lim -L=B.Dadﬁ,duﬁngﬂ1§_ngy=x

X=p o0 N T | X =3 =a Fep-mx—1]
l4 tiém can xién ciia d6 thi ham so. v
. x2=2x 5 Khao sdt sy bién thién va
= 3 vé db thi ham sd
(x—1) 2
—X
Yy=0&x-x=0&x=0holicx=2, G
* Bang bién thién:
X — oo 0 1 2 + oo
¥ + 0 = . 0 +
-1 - oo + o
— o0 — oo 3

Ham si dong bién trén mdi khodng (— oo ; 0) vt (2 ; + =); nghich bién trén mdi khodng

(O:1D)va(l;2).

Ham s& dat cyc dai tai x=0, y ., == 1: dat cue tiéu tai x =2,y = 3.
3) Db thi vy
» Giao diém cta db thi vdi truc tung: (0 ;= 1).
» D6 thj him 56 khong cit tryc hoinh.

* Do thi hiam s6 di qua cdc diém (0 ; - 1), [% - —%]

B s (O Vsl 2 A
[41’“5]‘{2‘3}'(5*5]”[3'5} 0 2

L b~

-3 i1 d2 3 X
. M| 2
Viy db thi ham s& y = ""—"‘]” ducc cho & Hinh 23. /“\
= -
Quan sét do thi & Hinh 23, db thi d6 nhin giao diém K1 ;1)
ctia hai dudng tiém ciin ctia do thi lam tim doi xdng va nhin Hinh 23
hai dudng phiin gidc cha cdc goc tao bdi hai duting tiém ciin
d6 lam tryc déi xidng.
Vidu 6 ] Khdo sét su bién thién va v& @8 thi ham sy =—** 1.
X

Gidi

1) Tap xdc dinh: R\ {0}.
2) Sy bién thién
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» Gidi han tai vo cye, gidi han vo cye vi cdce duding tiém cén:
Ta viét ham s8 dd cho dudi dang: y=—x +l :
X

lim y=-o0o, lim y=+o0.

b X —p=10
lim y=—oo, ]in:} v =+o0. Do d6, duting thiing x = 0 1a tiém cin ding ciia d6 thi
x—»F x —
ham sd.
lim (y+x)= lim 1=0, lim (y4+x)= lim - =0. Do d6, dudng thing y = — x 12

E— -+ —»ta X X—p—0 X——0

tiém cin xién cha do thi hiim s6.

y' <0 vdi moi x = 0.

« Bing bién thién:

X —on 0 + o0 w !
P “ 6 Khido sit sif bién thién va
) - A _ v& dd thi ham s

T o it Fx-3
\ \ pag A2
y x-1
— a0 — o0 — -

Him s& nghich bién trén méi khodng (— o0 5 0) vii (0 ; + ).
3) Do thi

« Db thi ham s6 cit truc hoanh tai cdc diém (— 1 :0), (1 3 0).
« D4 thi him s6 khong cit truc tung.

* D4 thi him s6 di qua cdc diém (— 1 ; 0), (1 ; 0),

(=33

« D4 thi hiim s6 nhin giao diém O(0 ; 0) ctia hai duting
tiém cfin ctia d6 thi lam tim d6i xidng va nhin hai
dudting phin gidc cha cac goc tao bdi hai dudng tigm
ciin d6 lam tryc di xdng,

—x2 41

Viy db thi him s& v = dudc cho & Hinh 24.

Hinih 24

X
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behr (a=0.m=0, .=

my +n m
khong la nghiém cua da thifc ax” + bx + ¢) nhin giao diém [ cha hai duting tiém cin cla do
thi lam tdm déi xidng vi nhiin hai duding phin gidc cla cdc gbe tao bai hai duding tiém cin
d6 lam truc doi xing.

Nhiin xét: Trong triing hop tong quét, dd thi ctia hivm s§ y =

- - - - - af = - .
IV. UNG DUNG DAO HAM VA KHAO SAT HAM SO DPE GIAI QUYET
- ar - F - - x
MOT SO VAN DE LIEN QUAN DEN THUC TIEN
Pao hiim 13 mGt khdi niém todn hoc xudlt phat tif nhiéu vin dé trong khoa hoc, ki thudt va
cong nghé. Vi thé, dao ham va khao sdt ham s6 1a mot cong cu quan trong d€ gidi quyét
mot s bl todn trong thyc tién. Ta xét mot s6 bai todn cy thé sau diy.,

Vidu 7 © Mot hé ndée nhin tao duge xdy dung trong mdt cdng vién gidi tri. Trong
mé hinh minh hoa (Hinh 25). n6 dude gidi 4
han bdi cic truc toa d6 va d6 thi cia ham s6

1
y=fx) = ﬁ{—f +9x% —15x+56). Pan vi do gk

dd dai trén mdi truc toa do 1 100 m (Neudn: A. Bigalke

et al, Mathematik, Grimdhrs ma-1, Cornelsen 2016). SE

a) Pudng dao ven hd chay doc theo true Ox dii
bao nhiéu mét?

b) Tai nhitng diém nio trén duting di dao ven hd 0

(chay doc theo truc Ox) thi khodng cich theo Hinh 25
phudng thiing ding dén bis hd d6i dién 1a 16n nhit? Tim khodng cdch 16n nhit d6.

¢) Trong cong vién cé mét con duding chay doc theo db thi ham s6 v = — 1,5x + 18,
Ngudi ta dy dinh xiy dyng bén b ho mdt bén thuyén dap nudc sao cho khodng cich tir
bén thuyén dén con dudng nay 1 ngiin nhit. Tim toa do cia diém dé xéy bén thuyén nay.

Gidi
Noave g g 1 g ;
a) Trong Hinh 25, 40 thi cia hiim 56 v = f(x) = m-{—f +9x% —15x+ 56) ciit tia Ox tai
diém c6 hoanh d6 x = 8. Viy dudng dao ven hd chay doc theo truc Ox dai 800 m.

b) Ta khio sdt him s6: f(x) = %{-f +9x7 —15x+56) vdi 0<x <8.
. 1 2
(x)=—I(-3x" +18x-15);
/ 10

flix)=0%= x> +6x-5=0< x=1 holic x = 5.
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Bing bién thién:

x |0 1 5 8

f(x) - 0 + 0 =

5,6 8.1
) \ / \

Ciin cif bang bién thién, ta cé: }Efigif{x] = f(3)=8,1taix=35.

Viy khoang cdch 1dn nhét theo phudng thing ding tit mdt diém trén duong di dao ven
hd (chay doc theo truc Ox) d&n bi ho d6i dién l1a:

mu.[maxf(_x}) =100. f(5)=100. 8,1 =810 (m)
[0 8]
vi dat dudc tai diém trén dudng di dao ven ho cdch goc O mdt khodng cach 1a 500 m.

¢) Xét diém M(x ; f(x)) thude dd thi ham s6 y = f(x) = %c-ﬂ +9x% —15x +56) vdi

0<x<8.

Khodng céch tit diém M(x; f(x)) dén duding thing vy =—1,5x+ 18 <> — 1.5x—y+ 18=01a;
—l,.'ix—%(-f +9x° —15,1:+5E.~J+13‘

MH = 2
J(=1,57 +1 10y/3,25

-9+ 124]

Ta khdo sdt haim s&: h(x)= ¥ -9x" +124 vdi 0¥ <8.
h'(x)=3x" —18x;

h'(x)=0¢ x* -6x=0< x=0 hoiic x=6.
Béng bién thién:

x 0 6 B
Hix) | 0 - 0 -
124 60
hix) \ /
16

b 7
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Ciin cii bang bién thién, ta ¢6: A(x) >0 v 0 <x < 8;
minh(x)=h(6)=16 taix=6.
[0:8]

12! —92° +124‘ | 16
Do d6, min MH = min = min h(x) =

0:81  1043,25 104325 [0:8 104/3,25

vi dat dugc tai x = 6. Khi dé, fi6)=74.

= 0,8875

Viy trong miit phiing toa dd Oxy & Hinh 25, diém d& xiy bén thuyén c6 toa di 1a M(6 : 7.4).

Vidu 8 | S& din ciia mot thi trin sau ¢ ndm k& tif nim 1970 dude udc tinh bdi cong thic
261 +10

f(t)= (f(r) dugc tinh bing nghin ngudi) (Ngudn: Gidi tich 12 Ndng cao, NXBGD

Viér Nam, 2020).

a) Tinh s0 dén cta thj triin viio nim 2022 (1am tron két qua dén hang phin nghin).

b) Xem y = f() la mot ham sd xédc dinh trén nita khodng [0 ; + o). Khio sdt va vé d6 thi
hiam sé f(1).

¢) Pao hiim cla ham s& v = f(1) biéu thj téc d ting din s6 cua thi trin (tinh bing nghin
ngudi/nam).

» Tinh toc d ting din s& viio ndm 2022 eha thi trin do.
» Vio nim nio thi toc do ting din s6 14 0,192 nghin ngudi/nim?
Gidi

26.52+10 1362
5245 57

Viiy s6 déin ca thi triin viio ndm 2022 khodng 23 895 ngudi.

a) Ta cé: f(52)= = 23,895 (nghin ngudi).

b) 1) Su bién thién

= Gidi han tai vo cue va dudng tiém cin ngang:

lim f(t)=26. Do dé, dudng thing y = 26 1 tiém ciin ngang ctia d6 thi ham sd.

e e

() = 120

= 2:--wtl vdi moi 1 =0.
(t+5)
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« Bing bién thién:

o =

' | +

£) //
.2

Ham s& dong bién trén niia khodng [0 ; + o).
Ham s6 khéng ¢6 cuc tri.
2) Db thi )
* Giao diém ciia dd thi véi tryc tung: y=26
(0:2).
« D6 thi ham s6 di qua diém (1 ; 6).
260 +10
+5

26

Viiy db thi him s6 y= f(r) =

T

t = 0 dudgc cho & Hinh 26.
¢) » Toc @6 ting din s6 vao nim 2022
ctia thi trin li:

£(52)= 120 _ 40 ‘ H
(52+5)* 1083 Hinh 26
= Ta ot
fli(n=0,192 < ]2;]1 =0,192 = {I+5]2 =625 < 1=20(do = 0).
(t+3)

Viy vio nam 1990, thi toc d6 ting din s6 1a 0,192 nghin ngudi/nam.
PEé vin dung dao ham va khio sat him s6 viio gidi quy&t mot s3 bai todn trong thyc tién,
tridc hét ta cin xiy dyng mé hinh todn hoc cho bii todn, trong d6 khiu then chét 1a dua ra
mot hiim s& mé phong dude mdi lién hé gilia cde dbi tigng, hién tigng trong bai todn dé.
0 cic vi du trén, nhiing hiim s& nhu viy dude cho siin. Trong cde vi du dudi diy, ta sé
tim hi€u mot vai cich xiy dung don gidn cho nhitng hiim s6 nhu thé,

Vidu9 = (Bai todn thiéi ké mo hinh duomg giao théng) D€ thiét k&€ mo hinh cla mot
doan duding cao t6c ndi hai sudin d6i véi sy khéc biét vé do cao ¢ vi trf hai sudin dbi giao
nhau 1a 30 feet (Hinh 27), ngudi ta co thé lam nhu sau:

« Chon hé tryc toa d6 Oxy vdi gde O 1a vi tri hai sudn ddi giao nhau, phudng niim ngang

li truc Ox, don vi trén moi truc toa d6 1a feet (1 feet = 0,3048 m).
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+ Chon hai vi trf A, B lin lugt trén hai sudn ddi. Biing cdch do dac tai thyc dia, ta xdc dinh
dudc toa d6 cha hai di€ém A, B va géc doc a (don vi: d) tai diém B cia sudn ddi. Gia
st ta cd A(— 1 000 ; 60). B(1 000 ; 90) va tana = 0,04 (Hinh 27) (Neudn: R. Larson and
B. Edwards, Calculus 10e, Cengage 2014,

« Trong hé truc toa 6 Oxy, quan sit dudng cong (vE bing nét diit) mé phong doan duding
cao toc ndi hai sudn d6i, dudng cong dé gdi nén hinh dnh db thi cha ham s6 béc ba.
Vi thé ta c6 thé chon him s bic ba y = f(x) = ax’ + bx® + ex + d (a # 0) sao cho trong
hé truc toa d6 Oxy, db thi cta him s6 d6 wrén doan [~ 1 000 ; 1 000] mé phong doan
duting cao téc cin thiét k& Ta chon theo nguyén tic: He s6 gbe cha tiép tuyén tai B clia
dd thi him s6 dé bing 0,04

Hay xdc dinh ham s& bic ba d6.

Gidi

Do d thi ham s& bic ba y = f (x) = ax® + bx” + ex + d (a = 0) di qua diém (0 ; 50) nén

d =50, suy ra y=f(x) = ax’ + bx> + cx + 50. Do dd thi di qua cdc diém A(— 1 000 ; 60),
o o =10

BC1 000 : 90) i ta o6 1000 000 000a +1 000 000b =1 000c =1
1 000 000 000a +1 000 0005 + 1 000c = 40,

1
b {-ll}ﬂﬂﬂi}ﬂ{]ﬂaﬂﬂﬂﬂm.h—lmc:l , b
ay .5

uyra{ 40000
100 000 000a + 100 0005 + 100c = 4 {5000 B 0 <&

1 X
20000

Tacé: f'(x)=3ax® + 2bx + ¢ = 3ax” + +c.

Do hé sd géc ciia tiép tuyén tai B cha dd thi ham s& dé biing 0,04 nén

f1(1000)=3 {)I)Dﬂ{]{]a+é+c=ﬂ.04, tdc i 3 000 000a + ¢ =-0,01.
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Ta cé hé phudng trinh sau:
1

100 000 000a-+100c =15 _ |~ 50000 000 ?
3000 000a+c=—-0,01, 1 7 Trong Vi du 9, gée die
c=—: cia con dudng rén doan
400 [~ 1000 ; 1 000] 16n nhit
Viy hiim s6 bic ba cin tim la tai diém nio?
1 WEE: B ©

flx)=- X+ X+ 50,

X+
80 000 000 40 000 400

Vidy 10 (Bai todn thiét ké mé hinh ddnh gid ki ndng) M6t trung tim day nghé cin
thiét k& md hinh dénh gid ki ning ciia mdt hoc vién theo hoc nghé ddnh mdy. Negudi ta
¢6 thé lam nhy sau:

« Bé xiy dung mé hinh todn hoc cho bii todn
trén, ta sii dung thong ké. Biing cdch khio
sdt 16c dd ddnh mdy trung binh S (tinh bing =~ | ~ i |
tit trén phiit) ctia hoc vién do sau 1 tudn hoc = 32 .56 |79 | 90 | 93 ‘ 04
(5 <1< 30), ta thu thip cdc s6 lidu thong ké -
ducic cho trong Bdng I (Ngudn: R. Larson and Beng |
B. Edwards, Calculus I0e., Cengage 2014).

{ 5 |10 15| 20 25‘3{]

« Ta céin chon ham s v = f () d€ biéu dién cdic s6 lidu & Bdng 1, tic 13 & hé truc toa
dd Oxy, db thi ciia ham s6 d6 trén khodng (0 ; + o) “gdn” véi cdc diém A(5 ; 38),
B(10 ; 56), C(15 ; 79), D(20 ; 90), E(25 ; 93), G(30 ; 94). Ngodi ra, do t6c do dinh
mdy trung binh cua hgc vién ting theo thdi gian 1 vi chi dén mot gidi han M nao do
cho dii théi gian r 6 kéo dii dén vo cling nén ham s v = f (1) phai thda mén thém hai
diéu kién; Him sd d6 dong bién trén khoang (0 ; + oc) va lim f(H)=M e R, M > 94,

I=p+>

Vi cédc hiim da thic (véi bic 16n hon hoiic bing 1) khdng thda min hai diéu kién d6 nén
ta chon mdt hiim phén thite hitu ti d& biéu dién cdc s6 liéu & Bdng 1. Ta ¢6 thé chon ham

s0 co dang f(1) = a: +f: (ac # () cho muc dich d6. Dua vao Bdng I, ta chon ham s&
ot +

110r —280
= 0).
f(r) T (t>0)

a) Dua theo mé hinh d6, dy dodn téc dd danh méy trung binh ctia hoc vién dé sau 40 tudn
(lam tron két qua dén hang don vi cia tit/phiit).

b) Xem y = f(7) la mt ham s6 xdc dinh trén khodng (0 ; + o), hily tim tiém ciin ngang
cia d6 thi hiim s& dé.

¢) Néu nhin xét vé toc dd dinh may trung binh cla hoc vién dé sau thisi gian ¢ ngay cing 16n.
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Giai

; 110. 40 - 280
a) Ta c6: f(40) = ——
40+ 2
sau 40 tuin 14 khodng 98 tit/phut.
Rt >
b) Tac6: lim f(z)= lim M= Iim [1 10 ———
1=+ =+ 42 F=¥+m

00
]=llﬂ'.

t+2

Viy duing thiing v = 110 14 tiém cdn ngang ctia db thi hiaim s& v = f(r).

¢) Do duding thing v = 110 la tiém cén ngang clia
dd thi hiim s6 y = f(1) nén khi 7 cing 16n thi
toc d6 ddnh mdy trung binh cha hoc vién do sé
tién gan dén midc 110 t/phiit.

Chii v: DG thi ham sd v = f(r) = @ (t=>0)
t+

ducie cho & Hinh 28. D4 thi d6 giao vdi truc tung
tai diém c6 toa do 1a (0 ; — 140).

B zaitae

¥

110

&

= 98. Viy tdc do dinh mdy trung binh ciia hoc vién dé

v= 110

Hinh 28

1. DA thi ham s6 y=x" - 3x — 1 la duding cong nao trong cdc duding cong sau?

A.

Vi

2. Pudng cong & Hinh 29 12 d thj ctia ham so:
Ay=r+2+2+2.
E.}'=—r‘—4x2—.r+ 2.
C.y=x+3"-4x+2,

D.y:r’+3_r2+4x+2.

42
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Hinh 29
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b - = . » n I e
3. Duding cong nao sau diy 1a d6 thi ctia ham s6 y = oY) ?
X+

A. M B. \
1

..;-'""'.; [
- 1/1/'] X
C ¥ D. y
o
2 _.._I-—ld""] D X
0 //:
= I'-'I i X
/ |
4. Dudng cong 3 Hinh 3014 dd thi cla ham sd: vy
2
“42
Ar }r=LI.+2‘
-x—1
B. y=x‘+1x+2.
x+1 ()

=.!:2—2.::+2 _It\r‘ '

s \

D. y= X' —-2x+2
x+1 Hinl 30

5. Khio sét sif bién thién va vé db thj clia cic him sd sau:

a)y=20 =32+ 1; byy=-x +32-1;
Q) y=(x-2)+4; dy==x +37=3x+2;
e) _v=%.r"+xz+2x+l: g)y=—x -3x.

6. Khao sat sy bién thién va v& do thi cha cac ham s0 sau:
i.l:] }':I__I; I‘_',]}‘:_h_zx.
x+1 x+1
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c};:.ﬂ; d}y:ﬂ:
x-=1 x=2
E”_thax—s, } _x*-2x-3
’ x+2 RN il

Mot tau d6 bo ti€p can Mit Trang theo cdch tiép cin thing ding va dot chdy céc tén
lita him & d6 cao 250 km so véi bé mit cia Mt Tring.

Trong khoing 50 gidy diu tién ké tif khi dot chdy cdc tén lita hiim, d6 cao h ctia con
tau so vdi bé mit ciia Mt Triing dudc tinh (gin dang) bdi ham
h(t) = = 0,018 + 1,1F = 301 + 250,

trong d6 ¢ 1a thisi gian tinh bing gidy va h 14 d6 cao tinh biing kilémét (Ngudn:
A. Bigalke et al., Mathematik, Grimdkurs ma-1, Cornelsen 2016).

a) V& do thj ctia hiaim s& v = h(r) vdi 0 < 1 < 50 (don vi trén truc hoanh 1a 10 gidy, don
vi trén truc tung 1a 10 km).

b) Goi v(£) I vin tdc tic thdi cha con thu & thai diém ¢ (gidy) k& it khi dot chiy cic
tén lita him vdi 0 < ¢ < 50. Xidc dinh him s6 (7).

¢) Viin t6¢ tdc thoi clia con thu lic bit diu him phanh 1i bao nhiéu? Tai thii diém
r =25 (gidy) la bao nhiéu?

d) Tai thosi diém r = 25 (gidy), viin tde tic thai clia con tiu vin gidm hay dang ting
trés 1ai?

¢) Tim thi di€m ¢ (0 < ¢ < 50) sao cho con tau dat khodng cdch nho nhét so véi bé
miit ctia Mit Triing. Khodng cich nhé nhét nay 1 bao nhiéu?

Xét phin ting hod hoc tao ra chiit C tir hai chiit A va B:

A+B->C
Gid sit ndng dd clia hai chit A va B biing nhau [A] = [B] = a (mol/l). Khi d6, ndng
2
dd clia chit C theo thdi gian 7 (1 > 0) dude cho bdi cong thiic: [C] = t;fml (mol/l),
aKr +

trong do K la h;’fing s dudng (Ngudn: B3 Pt Thei (Chii bién) vi cde dong tde gid, Gido trinh
Phép tinh vi tich phdn ham mor bién, NXB Bqi hoc S pham, 2023),

a) Tim toc dd phan tng & thai diém ¢ > 0.

b) Chiing minh néu x = [C] thi x'(1) = K(a - x)".
¢) Néu hién wigng xdy ra véi nong do cic chit khi 1 — + .

d) Néu hién nidng xdy ra véi toc do phin ding khi 1 — + oo,
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BAI TAP CUOI CHUONG |

Cho hiim s6 y= f(x) c6 dao ham trén R va him s6 y= f'(x) ¢6 db thj nhu

Hinh 31.
L
=
3
_In'
o -
o N~ X
Hinh 31
Ham 56 y = f(x) ddng bién trén khodng:
A. (—oo;0). B.(0:1). C.(0:2). (1 ; 2).
- s - a . T & - % - 4x+ 4 a
2. SO dudng tiém ciin ddng va tiém cdn ngang cia do thi ham 86 y= —— la:
X +2x+1
AL, B. 1. .2, D. 3.
3. Him s nio ¢6 d6 thi nhu Hinkh 327
R 1
WA
t/ % i
Hinh 32
A y=—x"+3x-2. B. y=—x"-2.
C. }‘:-x3'+3x3—2. D. y=x3—3.1:-2.
45
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H

Puiing cong & Hinh 33 13 d6 thi cha ham so

X i VA
nao sau day?
x+1 =x+1
A y=——o0. B. y= ; -
x=1 x+1 x
x-1 -X
C.y=——1! D y=—-.
x+1 x+1

Hinkh 23

Cic a6 thi him s& & Hinh 34a, Hinh 34b @éu cé dudng tiém cin ding va dudng
tiém cin ngang (hodc tiém cin xién). Hoi d6 1a do thi ciia ham s& nao trong cic
hiim s sau?

4

b

)

Hinh 34
a}y:zx-l-:]; h] Jrzzx_s:_ C}}r:.z.-r_-{‘.:_}{
x+1 x=1 x+1

Sx+1 " 2 -3x

Tim céc duding tiém cin ding va tiém cin xién cha d6 thi méi him so sau:

1 2x% —3x 42 2x% —x+3
ﬂ}}‘=l'3+“;‘; b) y=——; B) Y= —————
x* xr=1 2x+1
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10.

1L

Tim gid tri nho nhat va gid tri 16n nhit cha méi ham s6 sau:
a) f(x)= 2x° —6x trén doan [- 1 ; 3];

i
h}j(x)=% trén doan [1 ; 5:

¢) £ =D yran doan [0: 3):
x
: . -n m
d) f(x)=2sin3x+7x+1trén doan [T : 5}
Khio sét su bién thién va vé db thi clia cdc him sd sau:
51:'}'=r$—3-1'1+2; h}:-*=—r"+ 3 - 6x;
Ix-2 -
W= g d)J’-E“a.
X +2x+4 x*+4x+43
e y=IT 1211 Thea
x x+2

MGt trang sdch ¢6 dang hinh chii nhét vdi dién tich la 384 ¢cm”. Sau khi d€ 1€ trén
va |& dudi déu li 3 cm, dé 1€ trdi va 1€ phai déu 14 2 cm. Phin con lai cta trang sich
dugc in chil. Kich thudc t6i uu cia trang sdch la bao nhiéu d€ phén in chil trén trang
sdch c6 dién tich 16n nhat?

MOt ngudi nong dén ¢é 15 000 000 dong dé lam mdt hing rio hinh chii E doc theo
mét con sdng bao quanh hai khu dét trong rau c6 dang hai hinh chif nhit biing nhau
(Hinh 35). D6i vdi miit hiing rio song song véi bij song thi chi phi nguyén vit liéu
14 60 000 ddng/mét, con dai vdi ba mit hiing rio song song nhau thi chi phi nguyén
viit liéu 1a 50 000 dong/mét, mit gidp véi bi song khong phii rio. Tim dién tich 16n
nhét cia hai khu dét thu dude sau khi lim hang rio.

Hinfh 35

a7
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12. Mot bdc nong din cé ba tim 1udi thép B40, mdi tim dai @ (m) v mudn rio mdt
minh vudin doc b séng ¢6 dang hinh thang cin ABCD nhu Hinh 36 (bd song la
duding thing CD khong phai rio). Hoi bic d6 cé thé rao dude manh vudin ¢d dién
tich 16n nhit 14 bao nhiéu mét vudng?

A a {m) R

a (m)

Hinh 36

13. C6 hai xi A, B cing 6 mot bén bd soéng Lam, khodng cédch tif hai xi d6 dén b song
lin Iugt 14 AA” = 500 m, BB® = 600 m vi ngudi ta do duge A"B’ =2 200 m (Hinh 37).
Cic ki su mudn xiy mot tram cung ¢dp nude sach ndim bén bt séng Lam cho ngudi
déin hai xa. D€ tiét kiém chi phi, cdec ki su cdn phéi chon vi tri M cla tram cung cip
mudc sach do trén doan A°B” sao cho !ﬁng khodng cich tif hai xi dén vi tri M la nho
nhét. Hiy tim gid trj nho nhét cia téng khodng cdch do.

Hinh 37

14. MOt cong ty kinh doanh bat dong sin ¢6 20 ciin hd cho thué. Biél riing néu cho thué
mdi cin hd véi gid 2 triéu dong/1 thing thi tit ca cdce cin hd déu c6 ngudi thué.
Nhutng cit m3i I4n tiing gi4 cho thué m8i cin ho thém 200 nghin ddng/! thing thi c6
thém mét ciin hd bi bo tréng. Hoi cdng ty nén cho thué mdi ciin hd bao nhiéu tién
mét thing d€ tong s6 tién thu dudc 14 16n nhat?
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HOAT DONG THUC HANH
VA TRAI NGHIEM

4 CHU DE 1. MOT SO VAN BE VE THUE

I. NOI DUNG CHINH CUA CHU bE

1. Mot s6 khai niém co ban vé thué

{(Ngudn tham khdo: Hién phdp ndm 2013; Ludt si 14/2008/0H12 vi Ludgt 56 322201 3/0H 13 vé thué thu
nhdp doanh nghigp: Ludgt 56 38201 %0H 14 va Ludt sé 106/201 /0 1 3)

a) Thué 1a nhirng khoan tai chinh ma nha nwde quy dinh cac 8 chic, cd nhén khi ¢6
du diéu kién phai c6 nghia vy nop cho nhi nude, gop phin ddm bido ngan sdch nhi nudc,
ddp ting nhu ciu chi tiéu va thuc hién chic ning quén Ii kinh & = xa hdi clia nha nude.
Nhu viy, thué li khodn thu ndp mang tinh bit budc ma céc td chde hodc cd nhin phai
ndp cho nha nude khi ¢6 di nhiing diéu kién nhit dinh.

b) Do thué 14 mét khodn thu quan trong béc nhit ciia ngén sdch nha nuéc nén thué cé
vai tro dic biét quan trong d6i vdi mbi quic gia v nhis nude. Vi vy, khi tham gia giao
théng, chiing ta thuéing gip cdc biéu ngit nhu: “Ngp thué la quvén Igi va nghia vu ciia
moi cong déin”. DO véi nudc ta, vai trd ctia thué dude thé hién § nhiing khia canh sau:
* Thué dim bdio phic Igi xa hdi cho cic doi tigng chinh sich va dﬁng thdi 1i nguon lye
quan trong dé trién khai xdy dyng ha ting xa hdi nhu dién, duding, truding, tram, ... trén
cd muide phuc vu nhu ciu thiét yéu eta ngudi din.

* Thué phiin bd, ciin biing lai thu nhip, lam giam, han ché khodng cich giu nghéo trong
xd hoi hién nay. Bdi 1€, thu€ ddnh chi yéu vio nhiing d6i wigng ¢6 thu nhép, thu nhip
cao vi ngudc lai nha nude ludn c6 chinh sach mién, giam thué cho cic déi tudng 6 thu
nhip thip, déi wigng chinh séch, ...

» Thué ting cuding phdt trién kinh t& — xi hi va cudc sOng cha ngudi din. Dong thoi
thu€ ciing dam béo sy canh tranh cong biing, binh ding trong xi hdi néi chung.

¢) Ciin e vio déi tigng ddnh thué, ta ¢6 thé phiin loai thu€ thanh cic nhém thué pho
bién nhu sau:

* Cic loai thué dude ddnh thu€ trén tai san, dién hinh nhu thu€ st dung dét, thué xuét khiu,
thué nhiip khiu, thué tiéu thu dic biét, thu€ gid tri gia ting, thué bdo vé mdi truding, ...

« Cic loai thu€ ddnh vio thu nhip, thuc hién déi véi nhiing ddi wigng c6 gid tri thiing du
phdt sinh tif ti sin, dién hinh nhu thué thu nhiip doanh nghiép v thu& thu nhép cd nhén.
49
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Vidul & Mot doanh nghip sdn xudt ddc quyén mot loai sin pham. Gid st khi sdn xuft
va bidn hét x sin phim d6 (0 < x < 2 000), tong s& tién doanh nghiép thu duge (don vi:
chuc nghin ddng) 1a £ (x) = 2 000x — x* va téng chi phi (don vi: chyc nghin ddng) doanh
nghiép chi ra li g(x) = + + 1 440x + 50. Gia sit mdc thué€ phu thu trén mdt don vi sin
phim bén duge 14 1 (chuc nghin dong) (0 < 1 < 300). Tim mic thué phy thu  (trén mét
don vi sin phim) sao cho nhii nude nhin dudce s6 tién thué phu thu I6n nhit va doanh
nghiép ciing thu dudec 1¢i nhudn I6n nhét theo midc thué phy thu d6 (Newdn: Newvén Huy Hoang
(Chui bién), Hudng dén gidi bai tdp Todn Cao cdp cho cde nha kinh 18 phin 2: Gidi tich todn hoc,
Nhé xudr bein Thing ké 2007),

Gridi
Khi sin xudt vi ban hét x sin pham dé (0 < x <2 000), 1¢i nhudn doanh nghiép thu dugce
1a h(x) = (2 000x — x7) — (" + 1 440x + 50) — 1x
=— 2 + (560 — 1)x — 50, vdi 0 <.x < 2 000.
Xé hivm hix) = - 20 + (560 — Hx =50, véi 0 < x < 2000,

Ta céd: h'(x) = - 4x + (560 - 1),

hix)= H@IZSE:G_I

€ (0 ; 2 000).

Béng bién thién ciia ham s6:

L&V 0 560t 2 000
4

h(x) + 0 -

o |~ 2] L0

Ciiii it biiing bifia thilh, 18 ¢6: max h(x}:h[smq"]min 560—t Khi 46, s6 tidn

[1;20dM1] 4

(560 1)t
g

- L A e 560 —t
thué thu dude tit doanh nghiép 1a k() =( 2 ]-f

Ta co: k(1) = [Sﬁli_l_-r_]

J =—-;{r -EEII}}2 +19 600 =19 600, ¥r e (0 ; 300).
Vi viiy, ta ¢6: max k(r) =19 600 tai r = 280. Khi d6, x = 70 (sin phﬂm‘_l.
{1 ; 300y

Viy miic thué phu thu trén mdt don vi sin phim sao cho nhi nude nhin dude s tién
thué phu thu Idn nhit 1a 1 = 280. Khi d6, mic thué phy thu 1a 2 800 000 dong/ sin phim,
doanh nghiép san xudt vi ban hét 70 san phim.
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Sau diy, chiing ta s& im hiéu siu hon hai loai thu@ 1a: thu€ thu nhép ¢4 nhin, thué gid
tri gia ting.

2. Mot so khai niém co bian vé thué thu nhip ci nhin
(Ngudn tham khde: Lugt s6 042007/0H 12 va Ludr 56 26/2012/0H13 vé thué thu nhdp cd nidn)

a) Thué thu nhdp cd nhan (goi tit 1a thué TNCN) la khodan tién ma ngudi ¢ thu nhip
cd nhin phai ndp vio ngin sich nha nude. Khoan tién thué nay duge tinh trén thu nhip
ctia ngudi ndp thué sau khi di trif cic khodn thu nhiip dude mién thué va cdc khoén duge
giam tril theo quy dinh cta phédp luit. Thong thudng, cic khoan dude giam trif bao gdm:
* Gidm trif ban thin;

* Gidm trif ngudi phu thude.

b) Thu& thu nhép cd nhin cé nhiing diic di€ém sau;

» Thué TNCN la thué trye thu, tie li nha nude sé trye tiép thu mdt phin thu nhip cia
ngudi ndp thu€ va dua vio ngin sich. Vi vay, ngudi ndp thu€ khong thé chuyén giao cic
khoin thu€ ciia minh sang cho ngudi khic.

* Viéc ddnh thué TNCN thuiing dp dung theo nguyén tic thué suit luy tién tilng phén,
¢6 nghia la dp dung cdc thué sudt ting din d6i véi cdc nhém ddi tigng chiu thué hodic
toiin b cdc d6i tigng chiu thué. Diéu niy nghia la thu nhip ciing cao thi thué suil sé
cing cao.

¢) D& tinh thué thu nhiip ¢d nhin, ta ¢6 thé thuc hién céc budc sau:

Butde 1. Xdc dinh cdc khodn thu nhdp chiu thué, ching han cdc khoan thu nhip sau:
tit kinh doanh; tit tién ludng, tién cong; tit ddu wt vOn, chuyén nhugng von; tif
chuyén nhugng bt dong sin; tif tring thudng; tif ban quyén; tif nhén thita k&; tif
nhin qua ting.

Chui ¥
Phap luit ciing quy dinh cic khodn thu nhdp mién thué, ching han: Khoin tién ludng
lam thém gid, lam viéc ban dém dugc trd cao hon so vdi tién luong lam viée trong thai
gian hanh chinh.
Butde 2. Xic dinh cdc khodn gidm trit. Céc khoan gidm trif bao gdm:
+ Gidm trif gia canh ddi véi bin thin ngudi ndp thué.
Ch:ing han: Mie gidm trif gia canh niim 2023 dugc thuc hién theo Nghi quyét
954/2020/UBTVQH 14 14 11 triéu dong/thdng (hay 132 triéu dong/ndm) dbi vdi
ngudi nop thué; 4.4 triéu dong/thdng d6i v6i mdi ngudi phu thude.

+ Giam trif ¢dc khoan déng bao hiém, déng gép tif thién, khuyén hoc, nhin dao
vit quy huiu tri td nguyén.

Butde 3. Xdc dinh thu nhip tinh thué theo cong thiic sau:
Thu nhdp tinh thué = Thu nhdp chiu thué — Cdc khodn gidm trit (1)
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Nhu chiing ta da biét, thué sudt thué thu nhip cd nhan 13 ti 1& phin trim ding dé tinh
50 thué phai ndp ciin cif viio phin thu nhip tinh thué ciia méi ngudi. Ching han, theo
Nghi quyét 954/2020/UBTVQH 14, biéu thué luy tién ting phin nim 2023 duge quy
dinh nhu sau:

Bic thué| Phin thu nhap tinh thué€/nam | Phin thu nhap tinh thué/thing | Thué suit
(triéu dong) (triéu ding) (%)
I Pén 60 Pén 5 5
2 Trén 60 dén 120 Trén 5 dén 10 10
3 Trén 120 dén 216 Trén 10 dén 18 15
4 Trén 216 dén 384 Trén 18 dén 32 20
5 Trén 384 dén 624 Trén 32 dén 52 25
i Trén 624 dén 960 Trén 52 dén 80 30
7 Trén 960 ~ Trén80 35
Being |
Bude 4. Can et vao cong thite (1) v Bdng 1, xdc dinh mide thu€ sudt ma thu nhip tinh
thué phai chiu.

Butde 5. Xdc dinh thué thu nhip cd nhin cin ndp theo cong thic sau:
Thué thu nhdp cd nhédn cdn ndp = Thu nhdp tinh thué x Thué sudt (2)
Vidu2 & Nim 2022, anh Chung lam viéc cho mdt cong ty cong nghé vdéi midc thu nhip
chiu thué€ déu din 1a 25 triéw/thdng v c6 hai con nho dudi 10 tudi. Vao thiang 10/2022,
anh Chung c6 thém khoin thu nhip cd nhin 1a 100 triéu dong tit bin quyén séng ché.
Tinh s thué thu nhép ¢d nhiin ma anh Chung phdi ndp trong nim 2022.
Cricii
Trong niim 2022, ta théy:
+ Thu nhip chiu thué ctia anh Chung Li:
25. 12 4 100 = 400 (triéu dbng).
+ Do anh Chung dugc gidm trit cho bén thén 14 11 triéu dong/thdng va duge gidm trit cho
mdi con nho 13 4.4 triéu ddng/thdng nén cdc khoan giam trif ciia anh Chung 1a:
(11 +2.44). 12 =237,6 (triéu dong).
Suy ra thu nhép tinh thu€ ciia anh Chung trong nim 2022 la:
400 - 237.6 = 162,4 (triéu dong).
Vdi midc thu nhip tinh thué nhu trén, anh Chung phai chiu thué sudt 1a 15%.
Viy s6 thué thu nhiip ¢4 nhin mi anh Chung phdi ndp trong nim 2022 1a:
162,4. 15% = 24,36 (triéu ddng).
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3. Mot s0 khai niém co bin vé thué gia tri gia ting
(Newdn tham khdo: Lugt s6 132008/0H 12 va Lugr 56 317200 3/0H 13 vé thué gid trf gia tdng)

a) Thué gid tri gia tdng (ti€ng Anh: value-added tax, goi tit 1a VAT) la thué tinh trén
gid tri ting thém ciia hang hod, dich vy phit sinh trong qud trinh tlf sdn xudt, Iuu thdng
dén tidu ding (Theo Diéu 2, Ludt Thué gid tri gia ting 2008, sia d6i nim 2013, 2016).

Nhut viy, bin chit ciia thué gid tri gia ting 1a mot loai thué thu gidn ti€p. Cédc nha san
xudt, kinh doanh va cung cip dich vu la ngusi ndp thu& nhung ngudi tiéu diing mdi 1a
ngudi chiu thué thong qua gid ca hang hod dich vu.

Ching han: Hod don thanh todn cho mét ngudi mua mot chiée do sé mi & mot cita hang
co dang:

Gid sdn phdm: 200 000 dong

Thué VAT: 20 000 dong

Tong cong: 220 000 dong

Nhut viiy, ngudi mua da chiu thué gid tri gia ting (20 000 ddng) thong qua gid ca hiing hod,
dich vu (200 000 dong).

b) O Viét Nam, thu gid tri gia ting dude quy dinh & miic thué sudt 10% a6i véi hiu hét
cic hang hoa, dich vu.
Vidu3 | (Tinh gid ban bao gdm thu€ gid tri gia ting — VAT):

Bdc An mudn mua mot thiét bj ndi thit ¢d gid 1a 15 triéu ddng (trudc thué). Gia sit thué
VAT lia 10%. Tinh s6 tién bdc An phai tra dé mua thiét bi néi thit nay.

Ciidii

Ta cé: thué VAT = % % 15 000 000 = 1 500 000 (déng).

Viiy s0 tién bic An phdi trd dé€ mua thiét bi ndi that dé la:
15000000+ 1 500000 =16 Sﬂﬂ[m{dﬁng},

Nhut ta di biét, trong nhiéu truting hgp khi thanh todn cho mét hang hod, ciia hang giam
gid cho khdch hang. Phiin gidm gid nay con dude goi 1a chiét khdu v thuding cho & dang
mot sO phén trim nhit dinh clia gid niém yét. Do dé,

Gid bdn ctia mot hang hod = Gid niém vét — Phan dugc chiét khau.
Vidu4 = (Bai todn co chida chiét khiu, phi dich vu va thué VAT):

Mot nhém khdch hing diing biia t8i tai mdt nh hing vdi gid niém yét 2.3 triéu dong.
Biét riing biia i d6 ¢6 mic chiét khiu i 10%, phi dich vu 1a 7% v thué VAT 14 10%.
Tinh t6ng tién ma nhém khich hing d6 phii thanh todn cho nhi hang (Iam tron két qua
dén hang trim dong).
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Gridi

10

Tacod:  Chiét khiu = e 2 300 000 = 230 000 (ddng).

" 7 — .
Phi dich vu = 06 » (Gid niém yét — Chiét khiu)

=% x (2 300 000 — 230 000) = 144 900 (ddng).

Thu€ VAT = 1::33 « (Gid niém yét — Chiét khdu + Phi dich vu)

= % x (2 300 000 — 230 000 + 144 900) = 221 490 (dong).

Do do;

Tong tién thanh todn = Gid niém yét — Chiét khiu + Phi dich vu + Thué VAT

= 2 300 000 = 230 000 + 144 900 + 221 490 = 2 436 390 =~ 2 436 400 (dong).
Viy tong tién ma nhém khéch hiing d6 phéi thanh todn cho nhi hing 13 2 436 400 (ddng).
Chii y: Ta ¢6 cdc quy tic sau:

Phi dich vu = (% phi dich vu) % (Gid niém yét — Chiét khéu);

Thué VAT = (% thué VAT) x (Gid niém yét — Chiét khiau + Phi dich vu);

Tﬁng tién thanh todn = Gid niém }fﬁ't — Chiét khiu + Phi dich vu + Thué VAT.

Il. GOI Y TO CHUC CAC HOAT PONG

Thuic hanh tinh todn thué thu nhip cd nhin vi thué gid tri gia ting.

Tién trinh td chic cdc hoat ddng bao gdm: phin chudn bi; phin thyc hién; phiin tong két,
1. Phén chudin bi

@ 4 B Gido vién thuc hién nhiém vy sau: Chia Idp thanh nhiing nhém hoc sinh va giao
nhiém vy cdc nhém tim hiéu thong tin vé thué thu nhip cd nhéin va thué gid trj gia ting &
nudc ta, ddc biét la cdch tinh thué thu nhép cd nhén vi thué gid tri gia ting.

@ ¢ Moi nhom hoce sinh trao d6i, thio ludn dé xdc dinh 6 nhiém vu ciia nhém va
thuc hanh tinh todn thu€ thu nhip ca nhin v thué gid tri gia ting.

a) Nhié¢m vy 1: Tinh thué thu nhip cd nhin

Théng nhit cdc cong viéc cin lam sau diy:
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« Dua ra tinh hudng gid dinh vé muic thu nhip chiu thué déu din hing thing vi gidm trit
gia canh hing thing cla mdt ngudi nio do, dong thdi dua ra tinh huéng gia dinh vé thu
nhép chiu thu€ dot xudt trong ndm clia ngudi da.

« Tinh thué thu nhip cd nhén cho ngudi d6  nim ndi trén.

b) Nhi¢m vy 2: Tinh thué gid tri gia ting

Théng nhit cdc cong viée cin lam sau diy:

« Chon mit ciia hang (hodc siéu thi) va xdc dinh gid cda niim loai hang hoi 6 cua hang do.
« Tinh thu€ gid tri gia ting cho mdi loai hing hod di chon.

« Tinh tong s6 tién phai thanh todn khi mua méi loai hiing hod do.

2. Phén thyc hién

« Bido cdo vé tinh thué thu nhiip c4 nhén.

« Bdo cdo vé tinh thu€ gid tri gia ting.

3. Phiin téng két

Lam viéc chung ca 16p dé thie hién cdc nhiém vu sau:

o Ciic nhém bdo cdo vé tinh thué thu nhép ¢4 nhén va tinh thué gid tri gia tiing cia nhom.
Tir d6, ca 16p gop ¥ cho hai bdo cdo ciia mdi nhém.

+ Téng két vii riit kinh nghi¢m.

lil. DANH GIA

Hinh thiic ddnh gid cia hoc tip du an.

1. Panh giia hoat dong ¢a nhin

« Mdi cd nhéin ty ddnh gid vao phiéu cd nhin.

« Nhém dinh gid titng thanh vién trong nhém viao phi€u ddnh gid cd nhén.
2. Panh gia hoat dong va san pham cia nhom

« Nhém tu danh gid lai hoat ddng ciia nhém v cho diém vio phigu ddnh gid hoat déng
cla nhém.

+ Gido vién va cic nhom ddnh gid, roi cho diém phin trinh biy cia titng nhém vio phiéu
ddnh gid hoat dong nhom.
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TOA BQ CUA VECTO
TRONG KHONG GIAN

Trong chuong nay, ching ta sé tim hiéu nhimg noéi dung sau:
vecto va cac phép toan vecto trong khéng gian; toa dé cua vecto
trong khéng gian; biéu thifc toa dé clia cac phép toan vecta.

g1 VECTO VA CAC PHEP TOAN VECTO
51 ' TRONG KHONG GIAN

Cédc miui tén chi dudng trong khu tham guan
vudn thia (Hinh 1) gdi nén hinh dnh cdc vectd
trong khing gian.

Vecte trong khing gian li gi?
Cdc phép todn vé vecto trong
khidng gian dugc thiee hién nhue thé nao?

(Nguin: hitps://shutterstock.com)
2 Hinh |

@D

e

I. KHAI NIEM VECTO TRONG KHONG GIAN

Trong mit phing., hay néu dinh nghia:

a) Vectd, gia va d0 dai cia vectd, hai vectd cing phudng, hai vectd cling hudng;
b) Vectd-khong;

¢) Hai vectd bing nhau, hai vectd ddi nhau.

Tudng t nhu trong mit phiing, ta c6 khéi niém vectd trong khéng gian:
Fﬁ
~ Vectd trong khong gian 1a mdt doan thiing ¢6 hudng.

56
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Chi y
* Cho doan thiing AB trong khong gian. Néu ta chon diém diu 13 A, di€ém cudi 12 B thi ta
o mot vectd, ki hiéu la AB, doc la “vectd AB™.

* Khi khéng ciin chi r6 diém diu va diém cudi cia vectd, vectd con dudge ki hiéu 1 4,
BB Vs

Céc khdi niém ¢6 lién quan dén vectd trong khong gian nhu: gid cla vectd, do dai
clia vectd, vectd cing phudng, vectd cling hudng, vectd-khdng, hai vectd bing
nhau, hai vectd déi nhau, ... dude dinh nghia tudng tf nhu trong mét phing.

Vidu 1 = Cho hinh hip ABCD.A'B'C’'D’. Hily chi ra ba vectd c6 diém diu va diém cudi
li cdc dinh cia hinh hdp sao cho ba vectd da:
a) Bling vectd AD;
b) La vectd dbi cia vectd AD.
Giiai. (Hinh 2)

— o _f ' . r
) Docée vectd BC, BIC, A'D i - E_; Cho hinh  hop
ciing hudng vdi vectd AD ’ ABCDA'B'C'D'.
viAD=BC=B'C'=A'D" & Hiy chi ra ba vecto cé
(tinh chat hinh hop) nén diém ddu va diém cudi 13
—_— — — —— ciic dinh cia hinh hip sao
AD=BC= B'Ciﬁ’ﬂ'. . cho ba vectd dé:
"H"I_iy‘ ba vectd BC, B’_(-", a) Biing vectd H -
A'D' c6 diém ddu va diém b) La vectd ddi cla vectd
cudi 1 cdc dinh ciahinhhop A B AR,
vi biing vectd AD. Hinh 2 -

b) Do cdic vectd CB, CB', DA’ ngugc hudng vai vectd AD vaAD=CB=C'B’ =

(tinh chét hinh hdp) nén ba vects CB, C B D' 4 I4 ba vectd ddi cua vectd AD
Chii ¥: Cho diém O v vectd a. Khi dé, ton tai duy nhit diém M trong khong gian sao
cho Q—M =q.
Pé xidc dinh diém M. ta lam nhu sau (Hinh 3):
* Qua O ké dudng thiing d song song hofic tring vdi gid /f/
cla vectd d.
* Ly diém M trén duding thing o sao cho hai vectd OM, d
d la ciing hudng va do dai doan thang OM biing do dai
vectd d.

Hink 3
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Il. CAC PHEP TOAN VECTO TRONG KHONG GIAN

1. Tong va hiéu ciia hai vecto trong khong gian

@ F® Trong khong gian, cho hai vectd @, b. Liy a

mot diém A tuy .

a) Vé AB=a, BC=b.

b) Téng ciia hai vectd @ va b bling vectd nio trong ;
Hinh 47 Hinh 4

Trong khong gian, cho hai vectd @, b. Liy mot diém A tuy ¥, vé AB =d, BC =b.
Vectd AC dugce goi la téng cia hai vecta @ va b, ki hiéu la AC=i+b.

Chui v

* Phép liy tong clia hai vectd con dude goi lia phép cing vecta.

* Phép cong vectd trong khong gian ciing ¢6 céc tinh chit nhu phép cdng vectd trong
mit phéng, ching han: Phép cing vectd trong khong gian ciing c6 cdc tinh chit giao hodn,
két hop, cong vdi vectd-khong.

* Khi thuc hién phép cong vectd trong khong gian, ta vin c6 thé dp dung quy tic ba diém,
quy tic hinh binh hanh nhu déi véi vectd trong méit phiing.

Déi vdi vectd trong khong gian, ta cling ¢ cdc quy tic sau;

* Vi ba diém A, B, C trong khong gian, ta c6: AB+ BC = AC (Quy tdc ba diém);
* Néu ABCD 14 hinh binh hanh thi AB+ AD = AC (Quy tdc hinh binh hanh).

Vidu2 = Cho ti dién ABCD. Ching minh ring AB+CD = AD +CB.
Gidi. (Hinh 5)
Theo quy tic ba diém, ta cé:

AB = AD + DB.

Do dao: i : .

=g R SR T S o P S ) | o

AB+CD=AD+DB+CD " > 8 Cho i dien ABCD.
ey el Chtar mich i
= AD+(CD + DB) it S
s ) AC+ DB = AR + DC.
=AD+CB. Hinh 5
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Cho hinh hop ABCD.A'B'C'D’ (Hinh 6).
Tim lién hé gitta: AB+AD va AC; AC+AA’ va AC".
Tir d6, hay suy ra ring

el —l,  —

AB+AD+ AA' = AC".

[ Néu ABCD.A'B’C’D’ 1a hinh hop thi

AB+AD+AA" = AC’ (Quy tdc hinh hip). B <
Hinh 6

Vide3 | Cho hinh hdop ABCD.A'B'C'D’ (Hinh 6). "F) -
Chiing minh riing: 3 Cho hinh hop

ABCDA'B'C'D’, Chiing

AB+B'C'+DD = AC.. minh ring:
Gidi B'B+AD+CD = BD.
Tacé: BC' =AD, DD =AA". .
Do d6: AB+B'C’+DD’'=AB + AD+AA' = AC', b

Trong khong gian, cho hai vectd a, b.

Liy mot diém M wy ¥.

a) VE MA=d, MB=b, MC=-b.

b) Téng cia hai vectd d@ va — b biing vectd nao
trong Hinh 77

I Trong khong gian, chu hai vectd d, b. Hiéu clia

vectd @ va vectd b 1a tdng clia vectd @ va vectd
déi cha vectd b, ki hidu la d—b.

& 4

Phép ldy hidu cua hai vectd con ducge goi 1a phép trit vecto,

Vidu4 = Cho hinh hop ABCD.A'B'C'D’ (Hinh §8). Hinh &
Chiing minh riing: B'B-DB=BD. p
e ® Cho hinh hop
o ABCDA'B'C'D",
BB- DB:H_'B+(- ﬁ} Ching minhrﬁ.ﬁi
=BB+BD=8'D, BB - C'B' - DC = BD.
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Péi vdi vectd trong khéng gian, ta ¢é quy tic sau:

Vi ba diém 0, A, B trong khong gian, ta c6: OA—OB = BA (Quy tde hi¢u).

2. Tich ciia mot sé véi mot vecto trong khong gian

@ =P Néu dinh nghia tich cia mdt sé thuc & # 0 vi vectd d £0 trong mit phiing.

Tuong tf nhd trong miit phiing, trong khong gian ta ciing ¢é dinh nghia sau:

_
Cho s6 thuc k = 0 va vectd @ = 0. Tich cia & k véi vectd @ 12 mdt vectd, ki hiéu

la ka, dudge xdc dinh nhu sau:
* Cuing hudng vdi vectd d@ néu k > 0, nguge hudng vdi vectd @ néu k< (;
* C6 a6 dai bing k| . |al.

Quv wde: 0d =0, k0=0. Do d6, ki =0 khi va chi khi k = 0 holic 4 =0.

Chii v

* Phép ldy tich ctia mit s6 véi mot vectd goi 1a phép nhdn mét 56 vdi mét vecio.
* Phép nhéin mét sd véi mot vectd trong khdng gian ¢6 cdc tinh chat sau:

Vi hai vectd bit ki @, & vi hai s6 thuc h, & ta c6:
+ k(@ +b)=ka+kb; kid—b)=ka—kb;

+ (h+k)a = ha + ka;

+ hikd)=(hk)d:

+lda=a; (-d=-a.

Vidu 5 © Cho ui dién ABCD ¢6 G 1a trong tim cia tam &
gidc BCD. Goi H, K lan ligt 1a trung diém cia céc canh Hinh 9

AB, AC (Hinh 9). Chiing minh rﬁng: R :
Cho tii dién ABCD, Goi

a) BC =2HK; M, N 1in ot 13 trung diém

b}E+E+E=3¢E. clia cdc canh AD va BC,
o Ia trung diém MN. Chiing

Giai minh riing:

a) Do HK la dudng trung binh cﬁaﬂm gidc ABC nén ) MN = l{ﬁ + DO):
BC // HK va BC = 2HK. Suy ra BC cimg huéng voi ;.

HK va |BC|=2|HK|. vay BC =2HK. b) IA + IB + IC + ID = 0.

&0
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b) Ta co;

AB =AG +GB, AC =AG +GC, AD=AG+GD.

Suy ra AB+AC+AD =3AG+GA+GB+GC.

Vi G la trong tim cia tam gidc BCD nén GA+GB+GC =0.

Do d6, ta coé: AB+AC +AD =3AG. .

3. Tich v6 hudng ciia hai vecto trong khong gian y v

- Trong khong gian, cho hai vects @, b khic 0. U-<: B

Liy mot diem O tuy y. : 2
a) V& hai vectd OA =d, OB =b. =i

[%"ar

Hinh 10

b) Khi d6, hai vectd OA, OB c6 gid niim trong cling mit
phﬁng (P) (Hinh 10). Néu dinh nghia g6c gitia hai vectd

OA, OB trong miit phing (P).

I Trong khdng gian, cho hai vectd da, b b khéc ﬂ LE};

mot diém O wy ¥ va vE hai vectd OA=a. OB = b.
Goc gu‘ia hai vectd d, b trong khﬁng gian, ki hiéu
(d, b), 1a géc gilia hai vectd OA, OB.

Chii ¥: 0° <(d, b) <180°, Hinh 11

Vidu 6 = Cho hinh ld[J phudng ABCDA'B'C'D’. Tinh
6 Cho i dién déu ABCD,

gdc gida hai vectd BD B (- Goi M. N lin It 13 trung
Gidi, (Hinh 11 diém céc canh AB, AC,
Tacé: BD=B'D'". Do do, Hay tinh géc giila hai vecto

' . " . MN: BD.
(BD, BC)=(B'D,BC)=D'BC.

Vi B'C=CD' = D’B’ néntam giic B'CD’ 1a tam gidc déu. A’ D’
Suy ra D'B'C =60°, S
Viy (BD, B'C) = 60", |

Trong khong gian, cho hinh lip phuong
ABCDA'B’C'D’ ¢6 46 dai canh bﬁng 3cem (Hinh 12).

a) Tinh géc gifa hai vects AC, A'D'. H"" r
b) Tinh |AC| . |A'D). cos(AC. A'D'). Hinh 12

”f-.::,--...... ........... D
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Trong truding hop tong qudt, ta ¢6 dinh nghia sau:

Trong khcrng gian, cho hai vectd a, b khéc 0. Tichvo hu‘ﬁng ctia hai vectd a vi’& b
ki hiéu a . b, 1a mét sd thuc dudc xic d;nhb&lcnng thic: @ . b= lal . |b| cos(d, b)
a do (d, b] lia g6e gilta hai vectd 4, b,

Quy wde: Tich vo hudng ciia mdt vectd bit ki véi vectd 0 hﬁng 0.
Chii ¥
* Tich vo hudng ciia hai vectd trong khdng gian ¢6 cdc tinh chit sau:
Vi cdc vectd bitki d@, b, & vi s thuc k tuy ¥, ta cé:
+d.b=>b.a (tinh chit giao hodn);
+d.(b+&)=a.b+ad.¢ (tinh chit phin phdi):
+ (kd). b =kia.b)=d . (kb);
@ 20,a=0oa=0. )
2 : o -3 i.h
* Néu d. b 1a hai vectd khdc 0 thi cos(d, b) = W
Vidu7 @ Cho ni dién OABC ¢6 cic canh OA, OB, OC 461 mdt vubng gdc va
OA =0B=0C = 1. Goi M1a trung diém clia canh AB. Tinh géc giiia hai vectd OM va AC.
Gidi. (Hinh 13)
Dit OA=ad, OB =b, OC =
Khi 6, lal =|bl=l¢|=1 va a.b=d.c =b . =0,
— — OM.AC 8

Ta co: cosiOM, AC) = —'7
lom| . |ac)

c

o
Mt khic, do DM-—{GA+GH}“% +b) M
va AC=0C-0A=¢-d A
OM . AC h Hinh 13
én () .AE:%{E-'-b]‘[E_&) [
ooy B e o B e I
=5[a.c—a +bh.c—-b.d)=——.
Ta lai c6: §ﬁ|=c}M-I = AC=+2. \S _
5 -1 "2 Cho hinh lip phuong
Do 86, cos(OM, AC) = 2M - AC ABCDA'B'C'D’ ¢b canh
o do, cos ___ g s SRR
biang a. Tinh A'B. D'C";
oM |AC 3 st R b
oM. D'A . BC.

Viy {GM' AC] =120°.
&2
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Vidu 8 @ Mot chiéc dén tron dude treo song song vdi mit
phing nim ngang bdi ba sgi diy khong déin xudit phat tif
diém O trén tran nha va lin lugt bude vaﬂ ba dlem A B C
trén dén tron sao cho cic luc cing FI, r F lan lugt

trén mdi diy OA, OB, OC dbi mdt vudng géc vai nhau va

F =|F| = F,|=15 (N) (Hinh 14),

Tinh trong lugng ctia chiéc dén tron do.
Gidi
Goi A, B, C, lan lugt la cdc di€m sao cho OA, = F,,
OB, =F,, OC,=F,.LiycicdiémD,, A, B/, D], sa0
cho OA,D,B,.C\A;D,B; la hinh hop (Hinh 15). Khi d6, dp
dung quy tic hinh hop, ta cé:

OA, + OB, +0C, = 0D,

Mit khic, do cdc lgc cing F, F, F, d6i mét
=|F,|=15(N) nén hinh hop
OA D B,.C,A/D/B] ¢6 ba canh OA , OB, OC, doi mjt
vudng géc va biing nhau. Vi thé hinh hép d6 14 hinh lap
phudng c6 d6 dai canh bing 15. Suy ra dé dai duding chéo i
OD ciia hinh 1iip phudng d6 biing 15v3 . Hinh 15

vuong gdc vi

Do chiéc dén & vi trf ciin bing nén F +F +F P 3d6 P trong Ifc tic dung 1én
chiéc dén. Suy ra trong lucgng ctia chiée dén la: lPl = ‘{]D |— le}'r_ 3 (N).

B eaitie

I. Chohinhhép ABCD.A'B'C'D'". Vectd ii = A'A + A'B'+ A'D’ biing vectd nio dudi diy?
A. AC. B. CA". C. AC'. D. C'A.

2. Cho ti dién ABCD. Chiing minh riing:

a) AC+BD = AD + BC; b) AB-CD = AC + DB.
3. Cho hinh lip phudng ABCD.A'B'C’D’ ¢6 canh biing a. Tinh:
a) A'B.D'C; D'A . BC; b) Ciic gée (A'D, B'C'); (AD', BD).
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Ban mau gép v



4. Cho hinh hip ABCD.A'B'C’'D’. Goi G 1 trong tim
tam gidc AB'D’. Chiing minh riing A'C =3A'G.

5. MOt chiée 6 16 dudge dit trén miit ddiy dudi cia mat
khung sit c6 dang hinh hop chit nhit vdi ddy trén
li hinh chi nhijl ABCD, mit phi’ing (ABCD) song
song vdi mit phing nim ngang. Khung sit dé dugc
bude viio moc E cta chiée cin ciu sao cho cic doan
diy cdp EA, EB, EC, ED c¢6 d6 dai bing nhau va
ciing tao vdi mit phing (ABCD) mot géc bing 60°
(Hinh 16). Chiéc cin ciu kéo khung sit 1én theo
phucng thiing diing.

Tinh trong ligng cta chiéc xe 6 t6 (lam tron df:n
hang ddn vi), biét ring cdc luc cing F ﬂ, E

E déu c6 cudng do 1a 4 700 N va trong lugng cuia
khung sit 1a 3 000 N. Hinh 16

I_E.T ' ITIM HIEU THEM B

Ba vecto dong phang

Trudc hét, ta cé dinh nghia sau: Trong khong gian, ba vectd dudc goi la dong phdang néu
cdc gid cia chiing cling song song vdi mdt mit phiing.

Vidy | Cho hinh hop ABCDA'B'C'D'. Goi M,N, P,Q M
l4n lugt 13 trung diém clia cdc canh A’D’, D'C', AA", DD', A’
Goi E la trung diém cta doan thing DO, G la diém nim
trén canh CC" sao cho CC' = 4CG (Hinh 17). Do céc
duding thing MN. PQ, EG ciing song song vdi miit phing 7
(ABCD) nén gid coa ba vectd MN, !TQ EG cling clng
song song vdi mit phiing (ABCD). Vi vy, ba vectd MN, h
PO, EG la dong ;:rh.rfng_ ' Hink 17

Nhén xér: Ngudi ta ciing chiing minh duge mét s6 diéu kién sau ddy dé ba vectd trong
khéng gian la déng phing:

1. Trong khong gian, cho hai vectd a, b khong Lung phudng va vectd ¢. Khi dd, ba
vectd d@, b, ¢ ddng phiing khi va chi khi ¢6 cdp s6 m, n sao cho ¢ = ma +nb. Ngoii ra,
ciip s6 m, n 1a duy nhit.

2. Trong khong gian, cho ba vectd d, .E* ¢ déu khic vectd-khéng. Tir diém O trong
khong gian, ta vé OA =a, OB =b, OC =c¢. Khi dd, ba vectd a, b, ¢ ddng phiing khi
vi chi khi bon diém O, A, B, C cing thudc mdt mit phing.

5
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TOA PO CUA VECTO

5)
d—

Biio Haiyan (Hai Yén) la mot con bio manh da do bo
viio nudc ta nhitng ngay diu thdng 11 nim 2013.

Pé theo ddi dudng di cia bio va viin toe gid, ngudi ta
st dung toa do cha cdc vectd chi vin t6c ciia nhiing
ludng gié xody vio tim bio (Hinh 18).

Toa di ciia vectd trong khang gian la gi?
Lam thé nao dé xde dinh dioe toq do cia
vectd trong khang gian?

Anh chup bido Haivan ngay ?
07/112013
(Negudn: https:iviwikipedia.org) 2 &

Hinh 18

I. TOA D& CUA MOT DIEM

1. HE truc toa dd trong khing gian

@ L Trong khong gian, hiy vé:

a) Ba truc 6 Ox, Oy, Oz vuéng gée véi nhau titng doi mot va ciit nhau tai gbe O cia mdi truc.

b) * Vectd i xuft phit tif diém gée O, theo chidu duong ctia true Ox vi ¢6 do dii biing 1.
* Vectd j xuit phat tit diém géc O, theo chiéu dudng ctia truc Oy va c6 do dai bing 1.
* Vectd & xudt phat tit di€m géc O, theo chidu dudng ciia true Oz vi c6 do dai bing 1.

Hé gém ba truc Ox, Oy, Oz d6i mdt vubng gée dudc
2oi 1a hé truc tog di vudng goc Oxyz trong khing
gian, hay don gian goi la hé toa dd Oxyz,

Chii ¥: Ta goi i, j, k 14n ligt 1a cdc vecto don vj trén céc 147
truc Ox, Qy, Oz.

Trong hé toa 0 Oxyvz (Hinh 19). ta goi: diém O 1 goc toa
dd; Ox la tryc hodnh, Oy 1a tryc tung, Oz la truc cao; cac
mit phiing (Oxy). (Ovz), (Ozx) 1a cic mit phiing toa do.

Khdng gian vdi hé toa dd Oxyz con dudce goi 1a khdng gian

Chxyz, Hinh 16
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Nhidin xér: Ciac milt phfing toa dd (Oxy), (Ovz), (Ozx) d6i mdt vudng gée vai nhau,
Vidu I & Mot sin tennis véi hé toa do Oxyz dugc

chon nhu & Hinh 20.

a) Hoi mit san niim trong mit phing toa d6 nao?

b) Truc Oz ¢é vudng géc véi mit sin hay khong?

Gidi |
a) Miit sin ndm trong mit phiing toa dd (Oxy). Hinh 20
b) Truc Oz vudng gbc vdi miit phing toa do (Oxy) ‘jh"

nén truc Oz vudng gde vai mit sin, “ 1 MGat ciin phong vdi hé

tog d§ Oxyz duge chon
nhi & Hinh 21. Cho biét
bific tng phia sau cua
ciin phong nim trong miit
phﬁng toa dd nao.

Hinh 21

2. Toa dd clia mot diém i BT
Cho diém M trong khong gian véi h¢ toa P
d6 Oxyz. Goi M, 1a hinh chi€u cta diém M trén mit | N Al 54131
phiing Oxy (Hinh 22). K ¥
a) Trong miit phiing Oxy hay cho biét: A . M,
* Hinh chiéu H cia diém M trén truc hoinh Ox «
iing vdi s6 nito trén truc Ox? Hinh 22

* Hinh chiéu K ctia diém M trén tryc tung Oy ting zp

véi sO nao trén truc Oy?
b) Hinh chiéu P ctia diém M trén tryc cao Oz ting vdi i \

-~

50 nao trén truc 027

E
0 -
Nhén xéi: Bo s (4 ;5 ; 3) goi la tog dé cha diém M /f’ y

trong khdng gian véi hé toa d6 Oxyz. s e

Ta ¢6 dinh nghia sau (Hinh 23):

Hinh 23
(s’
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[ Trong khong gian vdi hé toa dd Oxyz, cho diém M.

* Xdc dinh hinh chiéu M, cia diém M trén mit phing Oxy. Trong mit phing toa do

Oxy, tim hoanh d6 a, tung dd b clia diém M,.

» Xdc dinh hinh chi€u P cta di€ém M trén truc cao Oz, diém P tng vdi sd ¢ trén truc

0z. S6 ¢ 1a cao do cia diém M.

B6 s6 (a: b ¢) 13 tog di cha diém M trong khong gian vdi hé toa dd Oxyz, ki hiéu 1a

Mia:b:c)

Chui ¥

* Toa dd cia mdt diém M wong khéng gian véi hé
toa 46 Oxyz ludn ton tai va duy nhét.

* Ngudi ta con ¢6 thé xdc dinh toa dd diém M theo
céich sau (Hinh 24):

+ Xdc dinh hinh chiéu H cia diém M trén truc hoanh

Ox, diém H dng vdi s0 a trén truc Ox, SO a 1a hoanh
d6 cha diém M.

+ Xdc dinh hinh chi€u K cta diém M trén truc tung
Oy, diém K iing vdi s6 b wén truc Oy. S6 b Ia tung
d6 cha diém M.

+ Xic dinh hinh chiu P ctia diém M trén truc cao
Oz, diém P tng vdi 6 ¢ trén tryc Oz. S6 ¢ 1a cao dd
clia diém M.

Khi d6, bd s6 (a ; b ¢) 1a toa dd cia diém M trong
khong gian véi hé toa d6 Oxvz.

lidu 2 = Trong khéng gian vdi hé toa dd Oxyz, cho
diém A(4:5:3).Goi A, A,, A, 1an Iuct 1a hinh chiéu
ctia diém A trén cdc mit phing toa dd (Oxy), (Ovz).
(Qzx) (Hinh 25). Tim toa d6 cia cdc diém A . P
Gridi
'G';H Al[xl ;_'ﬁr| ' Z|:'- Az(-xz !}’2 . Z:L -‘13(-"3 ;‘1}"3 : "‘7"3}'
Vai A4 :5:3), ﬂflt_‘l",_ = 4,}'A =3, I, = 3. Taco:
+X, =X, =£l;;|:I =y, =35 '."flz] = [v‘iﬂl nim trén
miit phiang (Oxy)). Dodé A (4:5:0).
+ Y, =Y, = B L, =L = 3va X, = 0 (vi A, nim trén
miit phing (Oyz)). Do d6 A(0; 5 ; 3).
+x3=x,=4; 2, =2, =3 v y, =0 (vi A, niim trén
miit phing (Ozx)). Do d6 A,(4 ;0 3).

P L
Mid:b:c)
= -
9 4
H
(7]
S
Hinh 24
o )
3 1
A Ald:5: 3)
g J‘ P
; 3 %
5 4 A,
Hinlt 25

VZTmng khong gian vdi
hé toa dd Oxyz, cho diém
A(3:2:4).0Goi H K, P
lan ligt 14 hinh chi€u cia
diém A trén cdc true Ox,
Oy, Oz. Tim toa d6 cia ciic
diém H, K, P.

&7
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Il. TOA B@ CUA Mf_lT VECTO

(“SF» Cho diém M ong khong gian véi hé tog do Oxyz.
a) Vé vectd @

h) Néu cich xdc dinh toa d6 cia diém M.

E Toa d ciia diém M dude goi 1 toa 4§ clia vects OM.

Néu GM cotoa dd (a; b c) thi ta viét OM ={(a; b;c), trong d6 a goi lid hoanh do cua
vectd GM b goi Ii tung do coa vectd OM va ¢ goi la cao d cua vectd oM (Hinh 26).

= & A |

c

Hinh 26 Hinh 27

Chui v: Trong khong gian vaéi hé toa d6 Oxyz, ta ¢o:
s OM =(a:bic) & Ma:b:c)
* Vectd ddn vi i trén truc Ox c6toadd 1a i =(1:0;0);
Vectd don vi j tréntruc Ov e toaddla j=(0;1;0);
Vecto don vi k trén truc Oz c6 toa dd 1a k =(0; 0: 1) (Hinh 27).

Vidu3 = Trong khong gian véi hé toa d6 Oxyz, cho hai
didm M(—4 ;3 :— 1) va N(2 ; — 3). Tim toa dd cia

cic vectd DM ON. Pe 9
Gidi 3 Trong khong gian

vdi h toa d§ Oxyz, cho
Tacé: M(—4;3;-1)vaN2;-1;-3). OA =(3;1;-2). Timtoa

Do d6, OM =(—4:3;-1), ON=(2:-1;-3). d diém A.

&8
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“SEY» Trong khong gian véi hé toa db Oxyz, cho vectd i (Hinh 28). Hay xdc dinh
diém A sao cho OA =i (Hinh 29).

z .
u "
,./"”' .-r"'f' i
‘J # A
0L 2 . £
x / X
Hinh 28 Hinh 29

[ Trong khong gian v6i hé toa do Oxyz, 10a d6 ciia mot veetd & 14 toa do cia didm A,

trong dé A 12 diém sao cho OA = ii.

—_— —_—

r,

Néu i c6 toadd (a:b;c)thitaviét i =(a;b;c), trong dé a goi 12 hoanh dd, b goi 1a
tung dd vi ¢ goi li cao d§ cha vectd u.

Vidu 4 | Tim toa dd clia cic vects A,A, A,A & Hinh 30.

-

T Eﬁ-ﬂmmdﬁcﬁacéc
vla ; = ¥4 A A
| 1 e A > vectd KA, A,A & Hinh 30,
O H
P Sy

Hinl 30

Gidi
Trong Hinh 30, ta ¢6: AA=0OL, A,A=OH ma L(0;0;3)vi H(4;0:0).
Do d6, AA=(0;0;3) va A,A=(4;0:0).

6%
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Trong khong gian véi hé toa d6 Oxyz, cho vectd i =(a b ; ¢) (Hinh 31).
Liy di€m A sao cho OA =ii.
a) Tim hoanh d6, tung dd va cao dd cla diém A.

b) Biéu dién vectd OH I qua vectd i vectd 0K
qua vectd j; vectd oP qua vectd k.

¢) Biéu dién vectd i theo cic vectd i, j, k.

Ta co dinh i sau;

[ Trong khong gian vdi hé toa do Oxvz, néu |

H=(a;b:ec) thi
ii =ai +bj +ck.

Hinh 31

Ngudc lai, néu ii = ai +bj +ck thi
u=(a;b;e).
.'L'I =x3
Chit y: Vi i =(xy sy sg)vav=(x iy Lk lach: i=v & ¥ =Y
L = 43-
Nhu viiy, mbi vectd hoiin toin dudc xdc dinh khi biét toa dé ciia no.

Vidu5 | Trong khong gian vdi hé toa d6 Oxyz, cho diém A(l ; 2 ; — 3) vi vectd
ii =(3:—4;2). Hay biéu dién theo cic vectd i, j vi k mdi vectd sau:

a) D—A;
b) u.
Gidi
a) VidiemA c6toaddla(l;2:—3)nén N
O0A=(:2:-3) /5 Trong khong gian vdi hé toa d9
Do da, D‘A=1F+2}+(—3}E=f+2f—3ﬁ Oxvz, cho vectd {Lﬁ'-—f +2k
v vectd v =—7j +k. Hay tim
b)Viii=(3:-4;2)nén toa dj cha:

G =31 + (- 4)] +2k =37 -4] +2E. a) biém 8; b) Vectd ¥.
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@ (P Trong khong gian vdi hé toa dd Oxyz, cho hai diém A(x, ; v, 2,), Blxg: v 2p)
(Hinh 32).

a) Biéu dién mdi vectd OA, OB theo cic vectd
i, j vak.

b) Tim lién hé gita
AB va (xg —x_,_].!"+ (¥g =4 Lf +(25 -2, k.

¢) Tu do, tim toa d6 coa vectd AB.

Ta co6 dinh Ii sau:

[ Trong khong gian véi hé toa d Oxvz, cho ‘

hai diém A(x,: v, :2,) v B(xy: vy 25). Khido,
tach: AB=(xg—Xx, 8 ¥g=Y,:25—24) |
J

Hinh 32

lidu 6 & Trong khéng gian vdi hé toa dd Oxvz, cho hinh binh hianh cé ba dinh
A(1:;1:;-2),B@4:3;)vaC(-1:;-2;2).

a) Tim toa d6 cua vectd AB.
b) Tim toa d6 ctia diém D.
Gidi

a) Ta cé:

AB=(4-1:3=1:1—(-2))=(3"Rud)

b) Goi toa d6 cha diém D 1a (x,, 5 v, 5 2,). ta ¢

DC=(-1-x5:-2-yp:2—2p) E 6 Trong khong gian vdi hé
toa d6 Oxyz, cho hinh hop

Tii gidic ABCD la hinh binh hanh khi va chi khi ABCDA'B'C'D' ¢

-1-x,=3 [x,=-4 A'(1;051),B'2:1:2),
DC=AB < {=2-y,=2&{y,=-4 D(t;=1;1),C4;5;-5)
2-z,=3 zp==1. Tim toa d dinh A cta hinh hip
ABCDA'B'C' DY,

ViyD(—4:-4:-1).
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Vidu 7 © Hinh 33a md ta mot sin cdu 16ng véi kich thude theo tiéu chudn quéc t&. Ta
chon hé truc Oxyz cho sin d6 nhu & Hinh 33b (don vi trén mﬁi_tp,lc la mét). Gia s AB la
mot tru ciiu 16ng dé cing ludi. Hay xéc dinh toa do cla vectd AB.

Hinh 33

Gidi

* Goi toa d) diém A 1a (x, ; y, : 2,). Vi chiéu rong ciia sin 12 6,1 m nén x, = 6,1. Do mjt
nita chi¢u dai ctia sin 14 6.7 m nén y, = 6.7. Diém A thude mit phiing (Oxy) nén z, = 0.
Vi vily, diém A ¢6 toa d6 12 (6,1 ; 6,7 ; 0).

* ) dai doan lhdngABlﬁ 1.55 m nén diém B c6 toa do 1a (6,1 ; 6,7 ; 1,55).
Viiy ta c6: AB—{fnl—ﬁI 6,7-6,7;1.55-0), tic 1A AB—{I'] 0: 1,55).

.BAI TAP y

Trong khong gian vdi hé toa dd Oxyz. cho diém A(1 ; 2 ; 3). Toa do cla vectd OA la;
Aol =2, B2 ; 0; 3). G D2 D01 250,

2. Trong khéng gian v6i hé toa dd Oxyz, cho veets i =(—1:4;2) va diém A. Biét
OA =ii. Toa d6 clia diém A la:

A.(1:4:2). B.(-1:;4;2). Celli—4:-2) D(=1;-4;-3)
3. Trong khoéng gian vdi hé toa 46 Oxvz, cho vectd E=—-i‘—_}:+3ﬁ. Toa d6 cha vectd

i la:

A(=2:-1:3). B.(2:;1:3). C.(—2:0:3). D.(-2:-1:;-3).

4. Trong khong gian iﬁi hé toa d6 Oxyz, cho hai difm A(1 : = 1:2)va B4 :-3:1).
Toa d6 cha vectd AB I
A.(-3:2;1). B.(3i~25~1) C.(5:-4:3). D.(3:-4:-1.
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Trong khong gian vdi hé toa dd Oxyz, cho vectd 1 =(4;2:3) va diém A(1 ;1 1).
Toa dd diém C thod mian AC =4 la
A (d:2:3) B.(1;1;:1). C.(5;3:4). B3] 2

Trong khéng gian vdi hé toa dd Oxyz, cho A(3 ;-2 : - 1). Goi A, A,, A, lan lugt
Ia hinh chi€u cla diém A trén cdc mit phiing toa d6 (Oxy), (Ovz), (Ozx). Tim toa 46
cha cdc difm A, A, A,

Trong khong gian vdi hé toa dd Oxyz, cho A(-2; 3 ; 4). Goi H, K, P lin lugt 1a hinh
chiu ctia di€ém A trén céc truc Ox, Oy, Oz. Tim toa 46 cha cdc diém H, K, P.

Trong khong gian véi hé toa do Oxyz, cho hinh hop ABCD.A'B'C'D’ c6A(4:6.-3),
B(5.7,-4),C5:6:-4),D(2;0:2), Tim toa 4§ cic dinh cidn lai cha hinh hp
ABCD.A'B'C'D’.

Ngudi ta cin lip mot camera phia trén sin bng dé phat séng truyén hinh mdt trin
bong dd., camera cé thé di dong dé ludn thu dude hinh dnh ro nét vé dién bién trén
san. Cdc ki su du dinh trdng bén chiée ¢t cao 30 m va sit dung hé thdng cdp gin
viio bdn ddu cot dé gill camera & vi tri mong mudn.
M6 hinh thiét ké dudc xdy dung nhu sau: Trong hé truc toa 46 Oxyz (ddn vi 40 dii
trén mdi truc la 1 m), cic dinh cia bon chiéc cot 1an lugt 1a cac diém M(90 ; 0 ; 30),
N(90 ; 120 ; 30), P(0 ;120 ; 30), Q(0; 0 ; 30) (Hinh 34).
Gia sit K 1a vitri ban diu clia camera c6 cao d6 biing 25 va KﬂM =KN=KF=KQ.
Pé theo doi qui bong dén vi tri A, camera dudc ha thip theo phudng thing diing
xut.’:fng diém Kl cao do bfmg 19 (Ngudn: hups:iwww.abiturloesung.de; Abitur Bavern 2016
Geometrie VI).

o

0 ;07 30) Pi0; 120 ; 30)

M{90 ;0 ; 30) : - ¥
Al - TTN{G0. 130 30)
y """‘--—:-s.qt‘-'-"' y
’ K iﬂ'f
: 4
T
Hinh 34

Tim toa d6 cla cic diém K, K va cia vectd K K.
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§3 ' BIEU THUC TOA PO CUA CAC PHEP TOAN VECTO

Mot chiéc mdy quay phim & dai
truyén hinh duge dit trén mdt gid
dd ba chin vdéi diém diat PO ;0 ; 4)
vi cdc diém ti€p xiic véi mit dit cla
ba chan 1an lgt 1a Q (0 ; - 1 0),

Qg[ﬁ‘l:{}]. QJ[-E:%:U] 0,(0;

" | B4 ) P ¥
2 2 2 4B 1
poon 2 y=110
(Hinh 35). Biét rling trong ludng ciia _ G773
mdy quay 13 360 N. ' Hinh 35
Lam thé nao dé tim dugc toa dd ciia cde lie F _: _1. 2

| 3
tic dung lén gid da? 1 @

I. BIEU THUC TOA DO GEIAL PHEP CONG HAI VECTO, PHEP TRU HAI
VECTO, PHEP NHAN MOT $O v6I MOT VECTO

@ L Trong khong gian vidi hé toa d6 Oxyz (Hinh 36),
cho hai vectd

d=(x sy ) vav=(x;:%:12)
a) Biéu dién cdic vectd i, v theo ba vectd i, j, k.

b) Bi¢u dién cic vectd w +v, i —v, mi (m € &) theo
ba vectd i, ,r k.

¢) Tim toa dd cac vectd u + v, i —v, mi (m € R). Hinh 36

Néw i =(x; 1y, :2) va v =(x,:y,:2,) thi

11+1'?=I:Jfl-i-Jr2 s IR L FL)

H=V=(X—X ¥ — Y25 -2

mii = (mx, ;my, ;mz)) véime R.
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Nhén xér: Hai vecto ai =(x; ;¥ 15 vV=(x,1%,:12,) (V# 5} cung phudng khi va chi

X, = Mmx,
khi ¢6 mdt s6 thuc m sao cho ¥y =my, .
L=ms

Vidul | Cho a=(-2:;3:2), }::=[2:];-I}, ¢=(1;2;3). Tinh toa @6 cia mdi
vectd sau;

a) 3 b) 2d - b: ¢) d+2b —%E.
Gidi \S
Ta ed: “ 1 a) Cho
= ) A i={=2:0:1),
a)3d=(3.(-2);3.3:3.2). Viy 3d=(=6:9:6). ;={ﬂ:6:—2},
b)Ta c6 2d=(—4:6:4) vah =(2; 1; - 1). Do 86, w2350,
2i—b=(-4-2:6-1L34—_(-1) ﬂmlﬂad{i{iﬁavei:lﬂ
A B i+ 2v = dw.
Viy 2a-b=(-6:5:5). b) Cho ba diém
c]Dn.:i:[u2;3;2]v£125:{4;2;-2]n€-n Al=1;-3;-2),
L s ¥y . 3 5 9 B(2;3:4),
d+2b =(2:;5:0). Ngoaira, vi —EE.‘= —E:—J:—E C(3:5:6).
e 8 ] 9 Ching minh riing ba diém
nén a+2b _EE =(E 4744 _E] A, B, C thiing hang.

Il. TOA DO TRUNG DIEM DOAN THANG. TOA DO TRONG TAM TAM GIAC

a) Trong khong gian véi hé toa dd Oxvz, cho hai diém A(x S VS 2 ) VR BIXG L Y, 12
Goi M(x_ :y,,: 2,,) & trung di€m cta dogn thiing AB.

» Biéu dién vectd OM theo hai vects OA va OB.

* Tinh toa d6 cia diém M theo toa d6 cla cic diém Alx, 3y, 2,0 vaBlx, vy iz,)
b) Trong khéng gian vdi hé toa d Oxyz, cho tam gidc ABC ¢6 trong tim G.

* Biéu dién vectd OG theo ba vectd OA, OB, OC,

* Tinh toa 4§ cia diém G theo toa d6 cia cdc diém ACx, $ 3,3 2.0 BOG i 5
Clxps Yo s 20
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I * Cho hai diém A(x, ; y, :2,) v B(x, 1 y, 1 2,). Néu M(x,, : y,, 1 z,) I trung diém

doan thing AB thi
” ity . Vit ¥s. & _ iyt
M 5 M > i
* Cho tam gidgc ABCeo A(x, 1y, 32,0 Blx, 1y, 52,0, C(x 5 ¥, 52,)- Néu Glx 1y, 5 2,)
la trong tim tam gidgc ABC thi
prataT g VAT IRTIE, o
G g 3 0 3

Vidu2 | Chotam gidc ABCc6A(-2:1:0),B(0:2:5), C(5:0:2). Tim toa d6 trung
diém M cia doan thing AB va trong tim G clia tam gidc ABC.

Gidi
Do M(x,, ; v,, : 2,,) 12 trung diém doan thiing AB nén
X —._2+ﬂ—_]- 1 —.I.'+_2-—§' - —U-I-_S—é
o il N
2 2 2 Cho ba diém
Do G{IG Y 30 la trong tim tam gidc ABC nén A{0;-1:1),
—2+0+0 - B(1;0:35),
ey G(l:2:0).
14240 a) Ching minh ring ba
Yo=——7 = I; diém A, B, G khong thing
0+5+2 7 prue.
6= 3 =§' b) Tim toa d6 diém C sao
cho G la trong tim cia
Vily G[] - I+ %J tam gidc ABC.

1l. BIEU THUC TOA PO CUA TICH VO HUGNG
@ P Trong khing gian vdéi hé toa d§ Oxyz, cho ciac vecto u=(x i1y 1)

FE{IE ;}12 ;32].

Hay bi€u dién cdc vectd i, ¥ theo ba vectd don vi i, j, k va tinh tich vd hwdng i . 7.

Néudi=(x sy :g) vav=(x,;y:2) thiid.V=xx+yy +32,.
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Nhdn xét

a) Néu d=(x:y;z) thila=ya.a=+x*+y +2%.

b) Néu A(x,iy,:z)vaB(x,;y,:z,) thi

AB :|Ei: J{-"z - X ¥ +(¥, —}'113 +(z, —;:l,'l:.
¢) Vdi hai vectd i =(x; ;¥ :g) vi v=(x, ;¥ | z,) khic vectd ﬁ.mcu

* i va v vudng goc vdi nhau khi vi chi khi x,x, + vy, + 2,2, =0.
. v XX, + ¥y + 23125

. [¥] fo oyt th +y;+12,

 cos(u, v) =

Vidu 3 @ Trong khong gian véi hé toa dd Oxvz, cho A(1:0:0), BO:0: 1)vaC(2:1:1).
a) Ching minh riing A, B, C khong thing hang.
b) Tinh chu vi ciia tam gidc ABC.
¢) Tinh cos JEI_T :
Gidi
a) Tacd: Eﬂl:l}:— 1), Ef={2:l;ﬂ}. Suyra Efi={1 10 - l}#kﬁ'ﬂik 1k 0)
vdi moi k € R. Viy ba diém A, B, C khong thiing hing.

b) Ta thiy:
2 . 02 2 ‘_) -

BA = \h +07 +(= 1) =2, '3 Trong khong gian vdi
BC =22 +1> +0% =45, B P ey
gric co i—13 1),
Af':-\“z.q..]z..'_[z =\1|r§_ E(l:_l'lz}v‘%-c[?'t{}tzj‘
" Chiing minh riing tam gidc

Viy chu vi ciia tam gidic ABC bing \E + \E + wE : ABC Euﬁng tai ,;g -

¢) Ta cé:
J10

— —  BA.BC _1.2+0.1+(-1).0 _
=

Cos EEE‘ =cos(BA, BC) =

2
|BAl. |acl V2.5 J10
Vidu+ | Hinh 37 minh hoa sd dé mdt ngdi nha trong hé truc toa 46 Oxyz, trong dé nén
nha, bén biic tudng va hai mdi nha déu 1a hinh chil nhit.

a) Tim toa d6 cla cic diém A, H va F.

b) Tinh géc doc ciia mdi nha, tic 14 im s6 do cla gde nhi dién c6 canh 1a dudng thing
FG, hai mit lin lugt 1a (FGOP) va (FGHE) (lam tron két qua dén hang phin mudi
cua do).
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Gidi 2:5:4)

a) Vinén nha 12 hinh chi nhit nén td gidc
OABClahinhchitnhdt, suyrax, =x, =4, Mt - ey Gi4:5:3)
Yo=Y = 5. Do A nam trén truc Ox :
nén toa do dim A la (4:0;0). Tuiing ;
nhi la hinh chil nhit nén ut giic OCHE B0 0 3) ] ‘
1a hinh chil nhat, suy ra y, = v, = 5, i [ —— L) Baisi0
z,=2z,=3. Do H nm wén. miit phﬁng
(Ovz) nén toa dd diém H1a (0 ;5 ; 3).
Tiit gidgc OAFE la hinh chir nhit nén ”'” o 4
(000 £
Xp=x =4z, =27,=3. Do F nim trén Hinh 37
miit phiing (Ozx) nén toa dd diém F 1a

(4:0;3).

.

b) Bé tinh gde déc chia mdi nhi, ta di tinh 56 do ciia gée nhi dién c6 canh 1a dudng thing
FG, hai mit lin ligt 1a (FGQP) va (FGHE). Do miit phiing (Ozx) vudng géc vdi hai
miit phing (FGQP) va (FGHE) nén géc PFE 1a géc phing nhi dién dng véi g nhi
dién d6. Tacé: FP=(-2;0;1), FE=(-4:0;0).

Suy ra c::-sf;F-:.i:? =c05[!-T'P. P"TEFE
7P| . FE|
(=2).(=4)+0.0+1.0 25

J22 402+ WJ- 42 +0? 402 S
Do d6, PFE = 26,6°. Viy géc dic clia méi nha khong 26,6°.

.....

Gidi

Theo gid thiét, ta c6 cic diém PO ;: 0 : 4), Q0 3 0), Qj[\f - 1 :{Zl],
oS3
3 2 "2" E
Su}rra:E={{]'—'[}:—l—ﬂ:ﬂ—4}haya={ﬂ;—l:—4];
Pﬂz—[g 0: l 0:0- 4Jhay PQ, (g-%;-ztj;

o e L ] —_[ﬁ.l. ]
P'Qj—[—?—ﬂ.i—ﬂ.ﬂ—-‘-‘ hﬂ}’ PQ;;— —?.5.—4 .
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suy ra [PQ; =|PQ,| =|P@;| = V7. Do a6 |F| =|F,|=[F5].
Vi vy, ton tai hiing s& ¢ # 0 sao cho:
F]=c*@l':{ﬂ;—r;—4{*];
= Vo ]

F:=::P_QI=[?"€;E{*;—4-:*

gwrgf[_%;%c;_ac}

Suy ra E+E+E=(H;D;m]2cr}.

Miit khdc, ta c6: F,+F, + F, = F, trong d6 F =(0:0; - 360) I trong luc tic dung lén
mdy quay. Suy ra— 12¢ =— 360, nic 1a ¢ = 30.

Vay F,=(0:-30; - 120); F,=(15J3:15;-120); F, =(~ 153 :15;-120).

IV. CACH TiM TOA PO CUA MOT VECTO VUONG GOC VOI HAI VECTO
CHO TRUGC

4
h‘mh lap phudng ABCD.A'B'C'D" ¢o A(0 : 0 0), B(1:0:0), DO ;1 ;0),
C'(1;1; 1). Hiy chi ra toa dd cha mdt vectd vudng gée vdi ¢a hai vectd AB va AD.
b) Cho hai vectd 4 =(x, ; ¥, 1 z,) v V¥ =(x, ; ¥, ; 2,) khong cling phuong.
Xétvectd W=(¥2) = Y33 i 3% — %) Xy — X0 ).
* Tinh w.u, w.V.

* Vectd w cd vuing goc vdi ca hai vectd w va v hay khong?

Ta cd dinh I sau:

Cho hai vectd & =(x, ; y, 1 3,) va ¥=(x,} ¥, : 2,) khong cling phudng.

Khi dd, vectd w =(y,2, = ¥,2; 1 3;%; — 3, X & X)), —X,¥,) vudng géc véi ca hai vectd
i va v,

Nhdn xét

= Vectd w trong dinh li trén con dugc goi li rich co hirdng cia hai vectd @ va v, ki hicu la
w=[a, v].

» D€ thudn tién trong cdch viét, ta quy udc:

b .
“ d‘= ad - be, véi a, b, ¢, d 12 céc s& thc.
'
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Khi d6, vo6i hai vectd s =(x, 1y, 1 5) va v=(x, 1%, %,), tach

+ Ll

fsl-{[)

}2 <7

S

]:UIZJ = V2T 3 Xy = LX) 5 5V, — X))

Eo ] rr"]

- -

T

« Hai vectd i, v khong cing phuong khi va chi khi vecto w = [ii, ¥] = 0.

Vidu 6 & Trong khong gian vdi hé toa dd Oxyz, cho hai
vectd t=(1;-2:3) vd v=(2;0;-3). Hiy chi ra toa
dé clia mét vectd w khiac 0 vudng géc vdi ca hai vectd

i VA 7. f‘/—V
¥ & Trong khong gian vdi
Giai hé toa 46 Oxyz, cho hai vectd
Ta co: u=(1:;0;-3)
oo fl=2 3 3 41 -2 3 =(0:0:3)
[u, v]= ‘ : . =(6:;9;4). W el
0 -3 [-3 22 0 Hay chi ra toa d6 cia mdt

vectd w khic 0 vudng gdc
v ca hai vectd i va v,

Chon w=(6;9:4). Theo dinh li trén, vectd w vudng
goc vdi ca hai vectd i va v.

Beiirie

1. Trong khong gian vdi hé toa d6 Oxyz, cho a=(2;3;-2) va b=(3:1:-1) Toa

dd cia vectd a—b la:
A(l:;=2:1). B.(5:4:-=3). C.(~<1+2:-1). D.(-1:2:=3).
2. Trong khong gian vdi hé toa dd Oxyz, cho a=(0;1:1) va b=(-1;1:0). Géc
giila hai vectd @ va b biing:
A. 60°, B. 120" . 150F, D. 30°,
3. Trong khong gian vdi hé toa d6 Oxyz, cho a=(-1:2;3), b=(3;1;-2)
c=(4:2:-3).
a) Tim toa 4 cla vectd i = 2d + b — 3¢,

b) Tim toa d6 cta vectd v sao cho v+2b=d+¢.

4. Trong khong gian vdi hé toa d6 Oxyz,cho a=(2:;-2:1), b=(2;1:3). Hay chi
ra toa dd ctia mét vectd ¢ khic 0 vudng gée vdi ci hai vectd g va b.
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Trong khéng gian vdi hé toa d§ Oxyz, cho a=(3:2:-1), b=(-2 :1:2). Tinh
chsin cua goe (d., E}.

Trong khong gian vdi hé toa d6 Oxyz, cho A(—-2;3:0),B(4;0;5), C(0;2;-3).
a) Chiing minh riing ba diém A, B, C khong thiing hiing.

b) Tinh chu vi tam giac ABC.

¢) Tim toa d§ trong tim G cua tam gidc ABC.

d) Tinh cos BAC.

Cho hinh h{p ABCD.A'B'C'D’, biétA(1;0;1),B(2:1:2),D(1;-1;1),C'(4;5;-5).
Hay chi ra toa d6 ciia mdt vectd khdc 0 vudng gée vdi ci hai vectd trong mdi truding

hdp sau:

a) AC va B'D'; b) AC" va BD.

Mt chiéc dén tron dude treo song song vdi mit phiing nim
ngang bdi ba sgi ddy khong din xuit phat tit diém O trén
trin nha lin lugt bude vio ba diém A, B, C trén dén tron
sao cho tam gidc ABC déu (Hinh 38). B dai cia ba doan
diy OA, OB, OC déu biing L. Trong lugng clia chiée den 13
24 N vi bdn kinh cta chiée dén 14 18 in (1 inch = 2,54 ¢m).
Goi F 1a dd 16n cua cde lye ciing F, F,, F, tén mbi sgi
diy. Khi d6, F = F(L) 12 mot ham s vdi bién sd 1a L,

a) Xdc dinh cong thiic tinh ham s6 F = F(L).

b) Khao sdt va v& dd thi him s& F = F(L). Hinh 38

¢) Tim chiéu dai 16 thiéu ciia mdi sdi diy, biét ring mdi sci diy d6 dude thiét ké dé
chiu dudc hic ciing 161 da 1i 10 N.
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BAI TAP CUOI CHUONG II

Cdc bai todn dudi diy, néu khong c6 chii ¥ gi thém thi ta hiéu xét trong khong gian vdi
hé tog dg Oxvz.

1. Cho diém M thod man OM =37 +4j +2k. Toa dé ctia diém M la;
A.(2:3:4) B.(3:4:2). C.(4:2;3). D.(3:2;:4).

b

Cho hai diém M(1 : =2 :3) vi N(3 : 4 : — 5). Toa dd cia vectd NM; la:
A.(=2:6:8). B.(2;6;-8). C.i-2;6:-8). D.(-2:-6;8).
3. Chohaivectd i=(3;—4:5), v=(5;7;—1). Toa d6 cla vectd u + v la:

A (B:3:4) B.(-2:-11:6). C.(2:11:-6). D.(—-8:-3:-4).

4. Chohaivectd u=(1;-2:3), v=(5:4;-1). Toa d5 cia vectd u—v li:
A.(4:6:4). B.(-4:-6:4). C.(4:6:-4). D.(-4:-6:-4).

5. Chovectd u=(1;—1:3). Toaddcua vectd — 3u la:
A.(3;-3:9). B.(3:-3:-9). C.(-3:3:-9). D.(3:3:9).

6. Do daiclavectd i=(2:-2:1)la:

A9, B. 3. .2 D.4.

7. Tich vo hudng cia hai vectd i=(1 ;-2 :3)va v=(3:4:-5) la:

A 14,450, B.-4.450. c.20. D. - 20.

8. Khodng cdch gida hai diem (1 :4:;-T)vaKi(6:4:5)la
A. 169, B. 13. C. 26. D. 6.5.

9, Cho hai diém M(1 ;-2 :3)vaN(3 ;4 ; = 5). Trung diém ctia doan thing MN c6 toa
do i

A(=2:1:1. B.(2:1:1). C.(-2:1;-1). D.2:1:-1.

10. Cho tam gidc MNP co M(0 ;2 1), N(—=1:-2;3)va P(1:3;2). Trong tdm cla
tam gidc MNP co toa do la:
M B B.(0;3;6). C.(0;-3;-6). D.(0;:-1;-2).

a2
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1L

12.

L

14.

Cho hai vectd = (1 ;-2 ;3)va v=(3 ;4 ;- 5). Hay chi ra toa d6 cha mdt vecid
w khic 0 vudng g6c vdi ca hai vectd  va v.

Cho hinh 1dp phudng ABCD.A'B’C’D’ ¢6 canh biing a. Goi M, N lin lugt 1a trung
diém ciia cdc canh AA’ va CC’, Tinh gée gitla hai vectd MN va AD’,

Xét hé toa d0 Oxyz gin vdi hinh Lip phudng %
ABCD.A'B'C'D' nhu Hinh 39, dan vi cua Tf'-' D'
méi truc bing dd dai canh hinh lap phuong.

Bict A(0:0:0), B(1:0:;0),D(0;1:0), B’
A'(0;0;1).

a) Xidc dinh toa d¢ cic dinh con lai coa f i
hinh 1ap phudng ABCD.A'B’C'D’, YA N .|
b) Xdc dinh toa @b trong tim G cia tam I i
gidic A"BD. e e
¢) Xdc dinh toa dé cic vectd OG va OC". Hinh 39
Chiing minh riing ba diém 0, G, C’ thing

hang va OG = % ac’.

Trong khong gian vdi hé toa 4§ Oxyz,cho A(2:0;-3), B(0;-4;5)vaC(-1;2;0).
a) Chiing minh riing ba diém A, B, C khong thing hang.

b) Tim toa d6 clia diém D sao cho td gidc ABCD la hinh binh hinh.

¢) Tim toa dd trong tim G cua tam gide ABC.

d) Tinh chu vi ciia tam giic ABC.

¢) Tinh cos B:-i_t_i‘

. Mot chife mdy dude dit tén mot gid dd ba ;

chiin vdi diém dit E(0 ;0 ; 6) va cic diém

Li€p xtic vdi mat dat cia ba chén lin luct 1a E(0:0: 6)
AIIU; 10, B Py
.l [
.1
Al —g=—30%
i 2 2 -~ : - ~
AT |Aag ;
A _ﬁ L S #
3 2 » 2 4 ./' Af (1] J"-] "..:
(Hinh 40). Biét ring trong lugng cia chiée - o
mdy li 300 N. Tim toa dn‘;l::im cdc lyc tic i
dung lén gid dd F, F,, F;. Hinh 40

83

Ban mau gép v



CAC SO DAC TRUNG
PO MUC BO PHAN TAN CHO

MAU SO LIEU GHEP NHOM

Trong chuong nay, chiing ta sé tim hiéu nhitng néi dung sau:
khoang bién thién, khoang t phan vi cda mau sé liéu ghép nhém;
phuang sai, dé léch chuan clia mau s6 liéu ghép nhém.

KHOANG BIEN THIEN, KHOANG TU PHAN Vi

s1 CcUA MAU sO LIEU GHEP NHOM

Bc-mg 11a hfng tin s6 gl.':ép nhém biéu ih.En mdu sd liéu ghi e s
lai niing sudt lia (don vi: ta/ha) cda 60 dia phudng.
(40 ; 47) |
s R | [47:54) 6
Khodng bién thién ciia mdu sé liéu | 44 61 ’l
ghép nhém dé duge xdc dinh nhue thé néao?: el
> - ; - [61:68) 2]
-y . | [68:75) 11
! | n=60
Biing 1
I. KHOANG BIEN THIEN
1. Dinh nghia
Nham Tin si
L) 4 i el lig 51 R
xXeét rriau s0 ligu fhép nhujnll cho bdi Bang f‘ [40 ; 45) 4
a) TIT a:&, a, I:;:,n luigit la dau mat trdi cia nhom 1, dau mat [45 : 50) 11
phai cua nhom 5. 50 ; 55) 9
b) Tinh hiéu R = a,—a,. [55 : 60) 8
Nhén xét: Trong miu s lidu ghép nhém trén, higu  [60:65) 8
R =a — a, dugc goi la khodng bién thién cla miu s6 lidu n =40
ghép nhom do. Being 2
a4
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Trong truéing hdp tong quét, ta ¢6 dinh nghia sau:
Y
" Xeét mhiu s6 Tiéu ghép nhém cho bdi Bang 3.
Goi a,, a_ lan lugt 1a dau miit trdi ctha nhém 1,

m+ 1

diu muit phai ctia nhém m.

HicuR=a__ —a, droc goi la khodng bién thién
ctia méu s6 liéu ghép nhém dé.

Vidul = Bdng 4 biéu dién méu s liéu ghép nhém vé
chiéu cao (don vi: centimét) cia 36 hoc sinh nam IGp 12
¢ mot truding trung hoc phd thong. Tim khodng bién thién
clia mau sd liéu ghép nhém do.

Gidi

Trong méu s& liéu ghép nhom d6, ta ¢6; dau muit tréi cla

nhém 1 laa = 160, ddu miit phai ctia nhém 5 1a a,=175.

Viy khodng bién thién ciia miu s6 liéu ghép nhém dé la:
R=a,—a, =175 160 = 15 (cm).

Chii ¥

D61 véi méu s6 lidu ghép nhém mai ta biél miu sd liéu
khong ghép nhém sinh ra né thi ta ciing ¢6 thé chon
khoing bién thién cta miu s6 liéu khong ghép nhém

chinh li khodng bién thién ctia miu s& liéu ghép nhém.

2. Y nghia

‘Nhém Tén s6
la,:a,) n,
la,:a,) n,
la, ia, . ) n
n
Biing 3
Nhom Tin s
[160 ; 163) 6
| [163; 166) 11
[166; 169) 9
‘ [169; 172) 4
[172;175) 3
n=3b6
Bing 4
I

V

1 Tinh khoing bién thién

ctia mitu s6 lidu ghép nhém
cho bdi Bdng I trong phiin
md diu,

L] v ot = \ 2 8 - - & 1 = M Fa
* Khodng bién thién cia miu s0 liu ghép nhom do midce dd phin tin cioa mau 6 ligéu do.

Khodng bién thién cing 1dn thi méu s liéu cang phin tin.

* Trong céic dai ludng do midc d6 phin tdn cha méu s6 liéu ghép nhém, khodng bién thién
I dai lugng dé hiéu, d& tinh todn. Tuy nhién, do khodng bién thién chi sit dung hai gid tri

ﬂ1 = arn+|

ciia méu s6 liéu nén dai lugng d6 dé b anh hudng bdi cdc gid tri bdt thiong.,

* Khodng bién thién clia mau s6 liéu ghép nhém xip xi cho khoang bién thién clia miu

iR B -
50 liéu goc.

85

Ban mau gép v



Il. KHOANG TU PHAN VI =
1. Pinh nghia Nhém | Tansd | .0 u§
Xét mfiu s& liéu ghép nhém cho boi Bing 5.

a) » Nhém 2 li nhém diu tién ¢6 tin sd tich luy 16n hon

[160; 163) 6 6

n 36 .l . [163 ; 166) 11 17
hoiic bing 1=T:"9 ¢ ding khing? [166 ; 169) 9 26

« Tim diu miit trdi 5, 40 dai h, tin s6 n, cianhém 2; | [169 ; 172) f) 33
tin s& tich luy (‘f clia nhém 1. Sau l?]l‘fl hiy tinh i [172; 175) 3 36
phin vi thi nhat Q, clia mau so liéu di cho theo

cong thic sau: n=236
O—¢f,
Q =5+ (—" . ] il Biing 5
2 \ :
b) » Nhém 3 14 nhém ddu tién c6 tin s6 tich luy 16n hon hofic bing %:Tﬁzlﬂ ch

ding khong?
« Tim ddu mat trdi r, 46 dai d, tin uﬁ'n clia nhém 3; tin s6 tich luy cf, cha nhom 2.,
Sau d6, hay tinh tid phin vi thii hai O, éita min 8 liéu da cho theo cong thic sau:

Q1=r+[18 L‘E].d.

s

3
¢) » Nhém 4 12 nhém dAu tién c6 tin @ tich luy 16n hon hoidc bing % :% =27 c6

ding khéng?

« Tim déu miit trdi 7, 36 dai /, tin s6 n, cha nhém 4; tin 6 tich lug of, ctia nhém 3. Sau
do6, hay tinh i phiin vi thit ba Q, cua miu so lidu dd cho theo cong thiic sau:

Q1=r+[ﬂ_—cﬁ].f.
) ny
d) Tim hiéu Q, - Q.

Nhén xét: Trcmg mau s6 ligu ghép nhom trén, hiéu f_\. =Q, —Q, dugc goi la khodng ni
phdn vi clia miu do.

Trong truding hop tOng qudt, ta c6 dinh nghia sau:

Y Nhom |Tinss| Tan s tich luy
Xét miu s6 liéu ghép nhém cho boi ~ lay:ay) | n o, =n,
Bing 6. la,: a,) n, cfy=n +n,

Goi Q,, Q,, Q, la ti phin vi cla miiu )
: " T ' I

s0 lidu d6. Ta goi hiéu Ap=0;-0 12 il

khodng it phdn vi cia mau so liéu do6. n

n {_',fm:n! thyto k0

Bing 6
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Vidu 2  Bdng 7 bi€u dién miu s& liéu ghép nhém vé chiéu cao clia 42 miu ciy & mot
vudn thuc vt (ddn vi: centimét). Tinh khodng tit phéin vi cha méu s6 liéu ghép nhém dé

(1am tron két qua dén hang phin mudi néu cin).
Gridi
S& phin tif cia méu i n = 42,

= Ta cé: Ezt—zzlﬂ,ﬁ ma 5 < 10,5 < 15, Suy ra

nhom 2 1 nhém dau tién 6 tin sd tich luy 16n han
hofic bing 10,5. Xét nhém 2 12 nhém [45 ; 50) ¢6
s=45h=5; n,= 10 va nhém 1 1a nhém [40 ; 45)
cocf, =35.

Ap dung cong thifc, ta c6 i phiin vi thd nhit L

0, =45+['”'5'5], 5=41,75 (cm).

* Ta cé: %:%:3],5 ma 31 <31,5 <38 Suyra

nhém 5 14 nhém ddu tién ¢6 tin s6 tich luy 16n hon
hodc bing 31,5. Xét nhém 5 1a nhém [60 ; 65) c6
t=60; ! =5; n, =7 va nhém 4 la nhom [55 ; 60) c6
ef,=31.

Ap dung cong thiie, ta ¢6 td phén vi thi ba la:

3|,5—31]

Q, =60 +[ .5 =060,4 (cm).

Nhém | Thnsd ;:;“’I:‘lz‘;
[40 ; 45) D 3
145 ; 50) 10 15
[50; 55) T 22
[55 ; 60) 0 31
[60 ; 65) 7 38
[65:70) 4 42

i -n =42
Bdng 7

>

2 Tinh khodng i phin vj
clia miu s6 liéu ghép nhém
dude cho bdi Bdng I trong
phén mé diu.

Viy khodng td phéin vi ciia miu s& liéu ghép nhém di cho la:

A, =0,~ 0, ~604-4775 = 12,65 (cm).

2.¥ nghia

+ Khoiing ud phiin vi ctia mdu so liéu ghép nhém xip xi khodng uf phin vi ciia mau s6
lidu gdc var 1a mot dai lugng cho bidt mifc dd phin tin cia nifa gilta mdu s ligu.

« Khodng i phin vi ctia miu sd liéu ghép nhém gidp xédc dinh céc gid tri bt thuding ctia
miu d6. Khodng td phiin vi thuding dude sif dung thay cho khodng bién thién vi né loai
trif hiiu hét gid tri bit thuting ctia miu s6 lidu vi né khong bi dnh hidng bdi cdc gid trj

bt thuting do.
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B s ie

1. Bdng 8 biéu dién miu s& liéu ghép nhém vé sd tién
(don vi: nghin ddng) ma 60 khéich hing mua sich &

mot clia hing trong mét ngay.

a) Khoang bién thién ctia miu s6 ligu ghép nhom
trén li:

A. 50. B. 30. b D. 698,

b) Khodng td phin vi clia miu s6 liéu ghép nhém
trén la:
A. 50. B. 40. C. 14,23, D. 70,87.

Nhém Ténss |
[40 ; 50) 3
[50 : 60) 6
[60 ; 70) 19
[70 ; 80y 23
[80 ; 90) 9
n =60
Bing &

2. Bdng 9 bidu dién miu s& liéu ghép nhém théng ké mdc ludng ctia mot cong ty (don

vi: triéu dong).

a) Tinh khodng bi€n thién clia méu sé liéu ghép nhém do.
b) Tinh khodng td phiin vi cia miu s6 liéu ghép nhém do.

Tiin so

25
20
20
15
14
6

=100

Nhdém Tén si Nhém
[10:15) 15 [20;30)
[15:20) 18 [30 ; 40)
[20 ; 25) 10 [40 ; 50)
[25 ; 30) 10 [50 : 60)
[30; 35) 5 [60 : 70)
[35 ; 40) 2 [70 ; 80)

n =60
Bing 9

Bdng 10

3. Bdng 10 biéu dién mdiu s liéu ghép nhém vé do tdi cha cu din trong mot khu phé,

a) Tinh khodng bién thién ctia méu sd liéu ghép nhém dé.

b) Tinh khodng w& phin vi cia miu s6 liéu ghép nhém do.

88
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PHUGNG SAl, DO LECH CHUAN

) 2 = -
S2 | cUa MAU $6 LIEU GHEP NHOM

K&t qua 40 1dn nhay xa cia hai vin dong vién nam Diing va Huy dudc l1in lugt thong ké
trong Bang Il va Bdng 12 (don vi: mét):

Nhim Tin sd Nhoém Tin s
[6.22 : 6.46) 3 [6.22 : 6.46) 2
[6,46 ; 6,70) 7 6,46 ; 6,70) 5
[6,70 ; 6,94) 5 [6.70 ; 6,94)
[6,94 ;7.18) 20 [6.94 ;7.18) 19
_ " | I718;742) 5 [7.18 ; 7.42) 6
= v y n=40 n=40
(Ngudn: https:/shutterstock.com) Bang 11 i Bing fz
Két qud nhdy xa cua vdn ding vién nao ding déu hom ?- | L &5
Nhém a{;:ﬁd:;];; Tén s
_ [40 ; 45) % 3
I. DINH NGHIA 45 ; 50) 1, 12
Xét méu s6 liéu ghép nhém cho bdi Bdng 13. [50 55) X, 9
2) Tim x,, x,, x,, x,, X, lin lugt 1a gid trf dai digncda | 12200 | x, 1
nhém 1, nhém 2, nhém 3, nhém 4, nhém 5. [60:65) | x, 9
b) Tinh s& trung binh cing ¥ clia miu s6 liéu ghép n=40
nhom da. Bing 13
S Tinh o 32— TP +12. (1, P49 (5, ~F) +7. (x, - D +9. (x; %)’ _

40

d) Tinh 5 =+s2.

Nhdn xér: Trong miu s& liéu ghép nhém trén, cdc s 57, s 1in lugt duge goi 1 phuong
sai, d¢ I¢ch chudn ctua mau s6 ligu do.
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Trong truding hop tong qudt, ta ¢6 dinh nghia sau:

T

" Xét miu 6 lidgu ghép nhém cho bdi Being 14, Nhom
;?}i T la s6 trung binh cong clia méu s6 lidu do. la,:a,) X, n,
2 mOg =X +m (=3 4ty (3, ~ X ey | & "
duoc goi 12 phutong sai cﬁ: méiu & lidu d6. [a,:a,,)| =%, B
+ Ciin bic hai (s6 hoc) cha phudng sai goi la do T
Iéch chudn ciia miu s6 Tiéu ghép nhém, ki hiéu 1a s, e ‘H,:

nghia la s = J:z' ;

Being 14

Vi du
a) Tinh phudng sai vi d6 léch chudn clia miu s6 liéu ghép nhém biéu dién két qua 40 lin
nhiy xa ctia vin dong vién Diing cho bdi Bang 11 (lim trdn két qua dén hing phin triim).

b) Tinh phucng sai va dé léch chuin ctia miu sé liéu ghép nhém biéu dién két qua 40 lan
nhay xa ciia vin dong vién Huy cho bdi Bdng 12 (lam tron két qua dén hing phén trdm).

¢) Trong hai vin dong vién do, két qua nhiy xa cia vin ding vién nao dong déu hon?
Gidi

Ta ¢6 cdc bang thong ké sau:

Nhém ﬂ‘;i“d:';h Tén s& Nhém d‘;:idi?;‘ Tén s§
[6,22:6.46) | 6,34 [622:646) 6,34
[646:6.70) | 6,58 7 [646:6.70) 6,58
[6,70;6,94) 6,82 5 [6,70 ; 6,94) 6,82
[6,94 ;7,18) 7,06 20 [6,94 ;7.18) 7,06 19
[7,18:7.42) | 7,30 5 [7.18:7.42)  7.30 6
n=40 n=40
Bang 15 Bang 16

a) S& trung binh cong ctia miu s6 liéu ghép nhém biéu dién két qua 40 ldn nhay xa cla

viin ddng vién Dung cho bdi Badng 15 li:

en
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. 3.6,34+7.6,58+5.6,82+20.7,06+5.7,30 276,88
_'r” = 4{] =

Viy phudng sai clia miu s6 liéu ghép nhém biéu dién két qua 40 lin nhiy xa cia vin
dong vién Diing cho bdi Bdng 15 (lam tron két qua dén hiing phén triim) 1a:

= 6,92 (m).

55 = %[3 (6,34-6,92)* +7.(6,58-6,92)* +5. (6,82 -6,92)°

2.9824 0,07,

+20.(7.06-6,92) +5.(7,30-6,92)? | =

Do léch chuan cia méu s lidu ghép nhom trén la: 5, = /0,07 = 0,26 (m).

b) S6 trung binh cong ciia méu sd liéu ghép nhém bidu dién két qua 40 lidn nhiy xa cta
vin dong vién Huy cho bdi Bdng 16 la:
n 2.634+5.658+8.6,82+19.7.,06+6.7,30 278,08
_'[H —_ T T e —_

40

Viy phuong sai ciia miu s& liéu ghép nhém bidu dién hjr‘ .
két quéa 40 lin nhiy xa cta van dong vién Huy cho 7 Tinh ‘phudng sai, do léch
bdi Beng 16 (1am tron két qué dén hing phin trim) 1a;  ¢hudn clia miu s5 ligu ghép

= 6,95 (m).

I nhom chod Bang 17 (lam tron
= " [2.(6.34-6,95 +5. (6.58-6,95)° két qua dén hang phin mui).
+8.(6,.82-6,957 +19. (7,06—6,95)" R

27 2,5288 150 ; 60) 6
+6.(7,30 —6,95]'] o 50 ~(,06. (60 ; 70) 12
[70 ; 80) 7
Do 1éch chuiin cia méu s6 liéu ghép nhém trén la: [80) ; 90) 8
(90 ; 100) 7
5y = +/0,06 = 0,24 (m). s
n=
. 7 " E ¥ ¥ . _— - _— _—
¢) Do s, =0,24 <5, = 0,26 nén két qua nhay xa cua Bng 17

viin ding vién Huy ddng déu hon két quid nhdy xa
cua vin dong vién Ding.

Il. Y NGHIA

» Phudng sai (dd 1éch chuén) cha méu s liéu ghép nhém xép xi phudng sai (d6 1éch chudn)
clia méu s6 liéu gbc va dude ding d€ do miic d6 phin tdn clia méu s6 lidu ghép nhém dé.

« D6 1&ch chudn c6 ciung ddn vi véi don vi clia mau so liéu,
» Khi hai méu s@ liéu ghép nhém cé ciing don vi do vii ¢6 so trung binh cong biing nhau
(hodc xdp xi nhau), méu s& liéu ndo ¢ d6 léch chuiin nhd hon thi mdce do phin tin (so véi
s0 trung binh cdng) clia cdc s lidu trong miu d6 s€ thip han.
21
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B s ie

1.

Mot siéu thi thﬁng ké s6 tién (don vi: chue nghin

Gid tr]
ddng) ma 44 khéch hang mua hang & siéu thi ¢6 | NMOM | 4of dien Tén 56
trong mét ngiy. S liéu duge ghi lai trong Beng 18. [40:45) 425 4
a) Phudng sai ctia miu s0 liéu ghép nhém wén la: | [45;50) 47,5 14
AL 53,2, B. 46.1. C. 30. D. 11. [50:55) | 52,5 8
b) D& 1éch chuiin ctia miu & liéu ghép nhém trén | [35:60) | 57,5 10
(lam tron két qua dén hang don vi) li: [60:75) | 625 6
A.6,8. B.7.3. g3 D.46,1. |[65:70)| 675 2
Bdng 19, Bing 20 14n lugt biéu dién miu s6 lidu | B
ghép nhém théng ké miuic lidng cia hai cong ty A, B Bing 18
(don vi: triéu ddng).
Gia tri : Gid tri -
Nham dal dién Tin s Nhdm dai dién Tén s
[10; 15) 12,5 15 [10; 15) 12,5 Pl
[15;20) 17,5 18 [15;20) 17.5 15
[20 ; 25) 22.5 10 {20 ; 25) 22.5 7
[25:30) 271.5 10 [25:30) 27.5 5
(30 : 35) 32,5 5 [30 ; 35) 32.5 5
[35 ; 40) 375 p [35 ; 40) 375 3
n =60 n =60
Bang 19 Bdang 20
a) Tinh phuong sai v dd léch chuin clia miu s0 " Gia tri 5
lidu ghép nh6m 1n lugt biéu dién mdc luong cia | MM | gof dign | Thn s0
hai -::E-ng Ly A, B. uﬂ' . 3[]:' [ 25 25
b) Cong ty nio c6 miic ludng ddng déu han? [30:40) 35 20
s o [40;50) 45 20
Bdng 21 biéu dién miu sd liéu ghép nhém vé dd (50 : 60) 55 5
tudi ctia cu ddn trong mot khu phd. Tinh phuong |~ . )
i ﬂd"l" h h,r & = A-*lug ct.. lf}ﬂ,?ﬂ] 65 |4
sai va dd 1&ch chudn cia mau so liéu do. (70:80) 75 B
_ n=100
Biing 21
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, 1§

BAI TAP CUOI CHUONG IiI

Cho miu s6 liéu ghép nhém cé td phin vi thd nhat, tha hai, thid ba lin lugt 13 0. 0,
Q.. Khoang tit phiin vi ctia méu s6 liéu ghép nhém do6 bing:
A, 20, B.O, -0 C. 0;—0,. D.Q,+Q, - Q..

2. Bdng 22, Bdng 23 lin lugt biéu dién miu sd liéu ghép nhém vé nhiét do khong khi
trung binh cdc thang nim 2021 tai Ha N&i va Hué (don vi: d§ C).
Gii tri - Gii tri e
Nhiém dai dién ‘ Tan sb ‘ Nhim dai dién Tiin so
[16.8 ; 19,8) 18,3 2 [16.8 ; 19.8) 183 |
[19,8:22.8) | 213 3 | [198:228) | 213 2
[22.8 ; 25.8) 243 2 ! [22.8 : 25.8) 243 3
[25.8 ; 28.8) 213 4 | (25,8 ; 28.8) 273 2
[288:318) | 308 2 [£6:8331.8) Ty, 30,3 2
Bing 22 Being 23
{Neudn: Nién gicdm Thong ké 2021, NXB Thing ké, 2022)
a) Tinh khoang bién thién, khodng tif phéin vi, phucng sai va do 1éch chuén ciia miu
50 ligu ghép nhém clia Ha Noi va Hué,
b) Trong hai thinh phé Ha Noi vi Hué, thanh phé nio ¢6 nhiét dé khong khi trung
binh thiang dong déu hdn?
3. Bdng 24 thong ké dd dm khong khi trung binh cédc thing nim 2021 tai Da Lat va
Viing Tau (ddn vi: %).
‘h\\m. I I = | : |
T 2 [ st | 5| 6| 20”8 | 2 [20| 1| 12

poim ~_| '

PaLat |83 |79 79|87 |87 |87 8 |8 |90 | 91|88 | 86
: L7 | 54 | | _
VingTau |75 | 77 | 78 | 77 | 79 [ 79 | 81 | 79 [ 81 | 83 | 80 | 77

Biing 24

{(Neuwdn: Nién gidm Thing ké 2021, NXB Théng ké. 2022)

a) Hay lin lugt ghép cdc so lidu cha Da Lat, Viing Tau thinh nim nhém sau:
[75;78,3),[78,3; 81,6), [81.6; 84,9), [84.9 ; 88.2), [88,2 ; 91,5).
b) Tinh khodng bién thién, khodng tt phén vi, phudng sai va d6 1éch chuiin ctia mau
st liéu ghép nhém cua Pa Lat va Viing Tau.
¢) Trong hai thanh ph& Di Lat va Viing Tau, thanh phé nio cé d6 dm khong khi
trung binh thing dong déu hon?
93
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BANG GIAI THICH THUAT NGU

THUAT NGUT

diém cuc dai

diém cuc tiéu

dé léch chuiin ciia miu
si liéu ghép nhom

duomg tiém cin dimg

duwimg tiém cin ngang

duwimg tiém ciin xién

phuong sai cia méu
so liéu ghép nhom

thué gid tri gia ting
thué suiit thué thu
nhip ca nhan

thué thu nhip

ci nhin

tich ¢d hwimg cua
hai vecto trong
khing gian

tich vé hwimg coa
hai vecto trong

khiing gian

24

GIAI THICH

ham 56 ¥ = f(x) lién e trén tip K — B, x, € K. Khi dd, x, dwoc
goi 1a mot diém cure dai coa ham sd di cho néu ton tai mot khoing
a ; b) chira diém x, sao cho (a ; b) = K va fi(x) < f(x,) voi moi

xe(a:bvaxéx,

ham s6 y = f{x) lién tuc trén tip £ © R, x, ¢ K Khi dé, x, dwoc goi la
mét diém cue tiéu cia ham s6 di cho néu ton tai mét khoang (¢ : d) chira
rii&n.!:llsau«\:hu{ﬂ:f:f]-;K\-‘éﬂx}'—“ﬂxl}wﬁmixﬁ[c;d}vﬁx#.r..

cin bic hai so hoe ctia phuong sai

dwomg thing x = x, duge goi la dwimg tiém cin dimg cia d6 thi ham so
Y= ﬂx}néu itnhitmétu'uug cie diéu kién sau duge thoa man:
lim f(x)=+om; hmf{ﬂ—*'ﬂﬂ lim fx)=—o. lim f(x)=—m

E—bL gy
" J1| 'I:—I.Tn

duimg thing y = y, dwoc goi li dwimg tiém cin ngang cba do thi ham
b y=flx) néu: lim f{x) =y, hodc I_ir!1 f(x)=y,.

dwimg thing y = ax + b (a # 0) duge goi li dwomg liém cin xién
cia 46 thi ham s ¥ = fix) néu: |I]i.‘l'[lﬂ[.I"'ll,:.):‘,i—E.m.'+!:u_‘,p].—'I!'_i hoic
lil!'l If{x)—(ax+bil=0.

e . =
50 .5'1="'U' F) ARV ~5) b ¥ B~ B goi la phrong sai

cia miu so liéu ghép nhom

thué tinh trén gia tri ting thém cia hing hoa. dich vu phat sinh trong
qui trinh tir san xuat, leu thong dén tiéu ding

ti & phan tram dimg dé tinh s6 thué phai ndp cin cir vio phan thu
nhip tinh thué ciia mdi ngwin

khoan tién ma ngwii co thu nhip ci nhin phai nép vao ngin sach
nhi nuede

haivecto 6 =(x; ;3 :3) va V=(x,:%:3,)

vecto W=(¥2, — %7 — %y, ) goi li tich

» 4% —5X 5 5,

c6 hirdmg cua hai vecte i va 7.
la mét s6 thue duoe xac dinh bin mng thirc a.b —|a| |b| cos(d, .E::l.
o do (a, b} la goc giira hai vecto a, b.
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T NGIT

ba vectd dong phiing

biéu thie tog di eda tich v huadng
chiét khiu

diém cuc dai

diém cuc tifu

diém cyc tri

dé 1&ch chufin

duding tiém ciin ding

dutting tiém cfin ngang

duding tiém ciin xién

gid tri bat thudng

ol ir cyc dai

gid i cye tidu

gid trj cyc tri

gid trj Idn nhit cia ham s6

id trj nhé nhit cha hiim s

hé truc toa d4& trong khing gian
higu cia hai vectd

khodang td phiin vi

BANG TRA CUU TUNGU

U NGUT

phép nhin mt s6 vdi mit vectd
phuicdng sai

quy tic ba diém

quy tic hinh binh hanh

quy tic hiéu

quy tic hinh hip

thu nhip chiu thué

thu nhilp mién thué

thué gid trj gia ting

thué sudt

tich cilia mét 56 vdi mit vectd
trong khong gian

tich co hudng cia hai vecto

tich vid hudng ¢la hai vectd
trong khong gian

tinh don diéu clia him sé

toa d6 cha mdt diém

toa db cla mdt vectd

toa dd trung diém cia doan thing
toa d6 trong thm ciha tam gide
tong ciia hai vecto

vectd trong khing gian
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Chiu trdch nhiém té chifc ban thdo va ban quyén néi dung:
CONG TY €O PHAN DAU TU XUAT BAN - THIET Bl GIAO DUC VIET NAM
Chu tich Héi déng Quéan tri: NGUT NGO TRAN Al
Téng Giam déc: VU BA KHANH

Bién tap:
LE HUY DAN
Thiét ké sdch:
PHAN THI LUONG — NGUYEN TH| PHUONG YEN
Trinh bay bia:
NGUYEN MANH HUNG
Stra ban in:
LE TRUNG DUNG —VU MANH HUY

TOAN 12-TAP MOT

Ma sé:
15BN e
In .... cudn, khd 19 x 26,5cm, tai ...
Bia chi:
56 xdc nhan dang ki xudt ban: .../ ... /...
Quyét dinh xudt ban sd: . /...-..ngay .. /... /...
In xong va ndp luu chiéu
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Mang cudc séng vao bai hoc
Duwa bai hoc vao cudc séng

o —

(= /o4 12 13 cun sich gido khoa danh cho hoc sinh
I6p 12, thudc bd sach gido khoa “Canh Diéu’, thuc hién theo
“Chuong trinh Giao duc phé théng 2018".

Sach gém hai tap va chuyén dé hoc tap dugc bién soan
dép Ung yéu cdu phat trién pham chat va nang luc cla
hoc sinh. Cac hoat déng hoc tap dugc té chiic theo tién
trinh tir dé dén khoé, hudng dén viéc kham phé, phat hién,
thuc hanh, van dung giai quyét van dé trong thuc tién,
phu hop vdi trinh dé nhan thic cta hoc sinh. Sach dugc
trinh bay hap dan, khai gai su td mo, kich thich hing thu,
tao dung niém tin trong hoc tap mén Toén & hoc sinh.

Sach la san phdm tam huyét cla tap thé tac gia — nhing
nha giao, nha khoa hoc giau kinh nghiém trong giao duc
phé théng.
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