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NGUYEN HAM. TiCH PHAN

Trong chuong nay, chung ta sé tim hiéu nhiing van dé sau:
nguyén ham; nguyén ham cua mét s6 ham so sa cap; tich phan;
irng dung hinh hoc clia tich phan.

§1 NGUYEN HAM

Mt hon da rai tit mom dd c6 46 cao 150 m
s0 vai mat dat theo phuong thing diing. Biét
toc d6 rdi cia hon da (tinh theo ddn vi m/s)
tai thdi diém 7 (tinh theo gidy) dugc cho bdi
cong thiie v(r) = 9,81

Qudng duong roi duge S cua

hon dd rai thoi diém i duwge cho bai
1) 1 ¥ ? il [Tt

(Nguon: htips=#/shutterstock.com) cong thite néw ! Sau bao nhidu gidy

thi hon dd cham dén mar ddare?

2
€2

S
; . e 1 o
I. KHAI NIEM NGUYEN HAM

Cho ham s6 F(x)=x", x € (— %0 ; + o). Tinh F' (x).

Nhin xét: Chohim sd f(x) =3x", x € (o +00). Do F'(x) = f(x) vdi moi x € (— o0 ; + =)
nén ham s& Fx) dude goi li nguyén ham cia hiim s6 f(x) trén khodng (- = ; + o).

Véi K 1a mot khodng, doan hoiic nita khodng cla tip so thue &, ta ¢6 dinh nghia sau:

Iﬂr
Cho ham s6 f(x) xdc dinh wén K. Haim s6 F(x) duge goi la nguyén hiim ctia him
s f(x) rén K néu F'(x) = f(x) v6i moi x thudc K.

3
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Vidu ! | Hiy gidi thich vi sao ta ¢6 cdc két luin sau: S !
5 1 Ham s6 Fix)=cot x la

a) Him s8 F(x) = 2 15 nguyén ham cia him s6 f(x) =x*  nguyén him cia ham so
: 3 nio? Vi sao?
trén [K;
b) Him s6 F(x) = sin x 12 nguyén him cia him s&
f(x)=cos x trén K.
Gidi
0 . o)
a) Ham s6 F(x) = ? lii nguyén hiim cia hiim s6 f(x) = 2* trén & vi [T] = x* vé6i moi
xe R.

b) Ham s6 F(x) = sin x 1i nguyén ham cia ham sd f(x) = cos x trén & vi (sin x)' = cos x
vdi moi x € R,

Chn himsd Flx)=xr — 1, x e B va G(x}=f+5,xe K,

a) Ca hai ham so F(x) va G(x) co phai la nguyén ham cua him 6 f(x) = 31 trén R
hay khong?

b) Hiéu F(x) — Gix) co phai 12 mot hﬁng 6 C (khiong phu thudc vao x) hay khing?

Trong triding hop tong quat, ta ¢é dinh If sau:

Iﬂ_.. :
Cho K 1a mét khodng, doan hodc niia khodng cia tip sd thuc K.

Gid st haim s6 F(x) li mot nguyén ham cia him sé f(x) trén K. Khi d6:

a) VGi mdi hiing s8 €, hiim s8 G(x) = F(x) + C ciing 12 mt nguyén ham ciia hiim
50 f(x) trén K.

b) Ngude lai, vdi mdi nguyén ham H(x) clia ham s0 f(x) trén K thi ton tai hing s
C sao cho H(x) = F(x) + C vdi moi x thude K.

Vidu2 | Tim tit ca cdc nguyén ham ciia him s6 f(x) = 5x* trén R.
Gidi

Do (x°) =5x* nén x° 1a mot nguyén ham ctia ham s6 ?
f(x)=5x" trén K. ~"2 Tim tit ca cic nguyén

Viy moi nguyén ham cia him sd f(x) = 5x* déu ¢6 dang
 + C, v6i C 1 mot hiing s6. fix) = cos x trén R.

ham cia him sa

4
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[ Ho (hay tip hgp) tét ci cde nguyén him cua ham s6 f(x) trén K duge ki higu la

If{x}dx,

Nhdn xdt

* Néu F(x) 1a mdt nguyén ham cta him sd f(x) trén K ﬁ_
Ta ci:

thi moi nguyén ham ctia hiam sé f(x) trén K déu c6 dang
F(x) + C vdi C 1a mot hiing s6, Vi vy, IF'(x}d.x = F(x)+C.
[f)dx = Fy + €.

* Moi hiim 4 lién tuc trén K déu ¢6 nguyén ham trén K.

Chii v; Bi€u thdc f(x)dx goi 1 vi phiin cha nguyén him Fix), ki hiéu 1a dF(x). Viy
dF(x) = F'(x)dx = f(x)dx.

Vidu3 | Chiing 16 riing: VK‘L —
'3 Chiing 10 riing

a) Ikdr=h+C vdi k 12 hiing s6 thue;

2 Jlide =50 +C (k2 0)
b) Ikxih: =Ex2 +C vdi k 12 hiing s6 thye khde khong.

Gidi
a) Do (kx)' = k nén kx 12 mdt nguyén ham cta hiim s6 f (x) = k wén B. Viy Jkd.r =ky+C.

b) Do [%13] = kx nén %xi 12 mdt nguyén hiim ctia ham s& f(x) = kx trén B,

Viy jmu:%.rl +C (k=0).

Nhan xét: jum =C va j dr=x+C.

Il. TINH CHAT CUA NGUYEN HAM

Cho K 13 mdt khoang, doan hodic nifa khodng clia tap s thyc R.

C#PP Cho f(x) 13 ham s5 lién tuc trén K, k 12 hling s& thyc khdc khong.

a) Gia st F(x) Ii mdt nguyén hiim cia him sd f(x) rén K. Hoi kF(x) ¢6 phdi li nguyén
haim ctia hiim s6 kf(x) trén K hay khong?

5
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b) Gid st G(x) 1a mdt nguyén ham cia him s kf(x) wén K. Dt G(x) = kH(x) wrén K. Hoi
H(x) c¢6 phdi ld nguyén ham ciia ham s& f(x) trén K hay khong?
¢) Néu nhiin xét vé [ kf(x)dx va k[ f(x)dx.

Tt Hoat déng 3, ta ci:
Tinh chit 1

[k x)de = k[ f(x)dx vai k 1a hiing & khdc 0.

Vidu+4 & Cho nlia sé nguyén duong.

i+

a) Chiing to riing _[.x"d.x: +C.
n+l
b) Cho k 12 hiing s& thuc khde khong. Tinh Ikx"dx.
Gridii
rnrl ' +1
a)Do | - =x" pén 14 mét nguyén ham cia him s f(x) = ¥ trén R.
n+l n+1
S| F
Viy [y'dx=2—1+C. i)";'===a » .
FI n+1 ‘4 Ching to riing
e i+l
b]Tacé:jkt"aLx=kl|-x"dx='Lr l +C. j["+l)'rﬂd'x=x +C.
n+ I o

ZSEP Cho f(x), g(x) 1a hai ham s& lién tuc trén K.

a) Gid stt F(x), G(x) 1an luot 1a nguyén him ciia him sd f(x), g(x) trén K. Hoi F(x) + G(x)
¢6 phai 1 nguyén ham ciia hiim s f(x) + g(x) trén K hay khong?

b) Gia sit Hix), F(x) lin Iugt 12 nguyén him cla ham 86 f(x) + g(o), f(x) trén K. Dit
Gix) = Hix) = F(x) trén K. Hoi G(x) ¢6 phai la nguyén ham ctia ham 0 g(x) trén K
hay khoéng?

¢) Néu nhin xét vé I[_.r"{.rl +g(x)]dx va j fx)dx + j g(x)dx.

Tit Hoat ding 4, ta c6:
Tinh chit 2

* [+ gldx = [ fode+ [ gx)dv.

. fU(-t] - g(x)]dx = If(x}dx-—jg{x‘,ld.t.
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Vidu5 | Tim _[{2x+5)¢r. ‘I/—y
(i 5 Tim
Giai I{EII —3x +5)dx.

Ta co: J{Ex+5]d.t =I2.l:d.x +J5d.~: =x>+5x+C.

Vida 6 @ Mot qua bong duge ném 1én tif dd cao 24,5 m vdi viin tdc duge tinh bdi cong
thiic vit) = — 9,81 + 19.6 (m/s).

a) Viét cong thite tinh @6 cao clhia qua bong theo thdi gian 1.
b) Sau bao nhiéu ldu ké tif khi ném 1én thi qua béng cham dat?
Gidi
a) Goi hi(1) 1a d) cao cia qua bong tai thai diém r (h(1) tinh theo mét, 1 tinh theo gidy).
Khi do, ta co:
h(t)= [ (~9,81+19,6)dr = ~4,9¢* +19,61 +C.

Ma qua bong dugc ném Ién tif dd cao 24,5 m tic 1a tai thai difém 1 =0 thi h = 24,5
hay h(0) = 24.5. Suy ra C = 245.

Viy cong thic tinh d6 cao & (1) cia qud bong theo thai gian ¢ la:
hit)=-4.96" +19,61+24.5.

b) Khi qué bong cham ddt thi () = 0. Ta cé: — 4,97 + 19,61 + 24,5 = 0. Gidi phuong
trinhtadudct=—=1;r=5 Mar>0nént=>5.

Viy sau 5 gidy k& tit khi duge ném 1én thi qua béng cham dit.

B siitap
. Ham s6 F(x) =x" + 5 12 nguyén ham ctia him s&:
4
A, fix) = 342, B.flx) = ."; +5x+C,
4

C.fix) = %4, 5x. D. fix) = 3% + 5x.
2. Tim nguyén ham cda cdc ham s sau:

a) flx)=3x+x; b) f(x)=9x"-2x+7; c)fix)= j.;4.1-~ 3)(x° +3)dx.

3. Tim nguyén him F(x) cta him s6 f(x) = 6x° +2x -3, biét F(-1)=-5.

7
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Mt vudin udm ciy canh bin mdt cily sau 6 niim trong v udn tao ding. Tée do ting
trudng trong sudt 6 ndm dude tinh xip xi bdi cong thic i' (1) = 1.5t + 5, trong d6
f(t) (em) la chiéu cao cia cay khu két thic ¢ (nim) (Ngudn: R. Larson and B. Edwards,
Caleudus 10¢ Cengage 2014). Ciy con khi duge trong cao 12 cm.

a) Tim cong thic chi chiéu cao ctia cily sau 7 nim.

b) Khi duige ban, iy cao bao nhiéu centimét?

Tai mot 1€ hoi din gian, t6c do thay doi lugng khich tham dy duge biéu dién bing
hiim s&
B'(r)=201" —=300¢ +1 000t ,

trong d6 ¢ tinh bing gid (0 <t < 15), B' () tinh bing khdch/gid.

{Negudn: A. Bigalke et al., Mathematik, Grundkurs ma-1, Cornelsen 2016).
Sau mot gid, 500 ngudi dd c6 mat tai 1€ hoi.
a) Viét cong thic cia ham s B(r) biéu dién s6 lugng khich tham du 1€ hoi véi
0=t=15.
b) Sau 3 gidi s& cé bao nhiéu khach tham du 1€ hoi?
¢) SO lugng khich tham du 1€ hoi 16n nhét i bao nhiéu?
d) Tai thoi diém nao thi tdc do thay déi lugng khédch tham dy 1€ hoi 13 16n nhat?

Déi véi cic di dn xdy dung, chi phi nhin cong lao dong dude tinh theo s& ngiy
cong. Goi m(t) 1a s6 ludng cong nhiin dudc si dung & ngay tha ¢ (ké wf khi khdi cong
dif dn). Goi M(r) 1a s0 ngity cong duge tinh dén hét ngay thi 1 (ké tir khi khdi cong
du dn). Trong kinh t&€ xiy dung, ngudi ta da biét riing M ' (1) = m(1).
Mot cong trinh xdy dung du kién hoin thinh trong 400 ngiy. S6 ludng cong nhin
duge sif dung cho bdi hiim s6

m(r) = 800 - 21,
trong do6 ¢ tinh theo ngay (0 < ¢ < 400), m(r) tinh theo ngudi (Ngudn: A. Bigalke et al,
Mathematik, Grundkurs ma-1, Cornelsen 2016). Pon gid cho mdt ngay cong lao dong la
400 000 dbng. Tinh chi phi nhidn cong lao dong clia cong trinh d6 (cho dén lic
hoin thanh).
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§2 NGUYEN HAM CUA MOT sO HAM sO SO CAP

Mot con ldc 10 xo dao dong diéu hoa theo phudng ngang

E,.,.!:';' r:f:]g trén miit phing khong ma sit nhu Hinh I, ¢6 viin tic tic
l thai cho bdi v(f) = 4cos 1, trong d6 1 tinh biing gidy va v(1)
Yy tinh bing i:hcntimétfgiﬁy. Tai théi diém 1 = 0, con lic d6 @
: +—— Vi tri cin bing.
0 xn &
Hinh !

Phutong trinh chuyén dong ciia con ldc dé dwge xdc dinh
being cdch néo?

I. NGUYEN HAM CUA HAM $O LUY THUA
1. Ham s luy thiia

Cho s6 thuc . Ham s8 v = x* dudc goi | ham s& lu? thita.
I

“hy=xiy =1 nhitng haim s& luy thita,

Chiing han, cdc him 6 y=x"; y=x
Tip xdc dinh clia him 0 luy thita v = x* tuy thudc vao gid tri cta a. Cu thé nhu sau:
* Vi a nguyén ducng, tip xdc dinh la &;

* Vdi e nguyén dm hoiic biing 0, tip xdc dinh 12 &\ {0};

* Vdi a2 khong nguyén, tip xdc dinh 1a (0 ; + o).

Ta thita nhin dinh i sau:

I Ham s6 luy thita y = x* (e € ) ¢6 dao ham vdi moi x> 0 va (x*) =ax® ',
2. Nguyén ham ciia ham sé lu¥ thira
Ham s8 F(x) = %xl ¢6 12 nguyén ham ctia ham s3 £(x) = x hay khong?

¥

Vi a = -1, ta co: j'x“¢r=

xrx-rl

+C.
o +1

2
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Vidul | Tim;

a) [x*dr; b) [+ dx.
Gridi
441 s
a}jx“d.r:-x—+C=x—+C.
4+] 5
‘ﬁ+|
b) [xPdr=Z—+c.
VGH
. Tim:
Vidu2 | Tim: L
| 1 ] Jo* =52% + D
a) | —dx: b) | a2 dy: c) | —=dx.
I 1 ik
Gidi
] _2 I—2+l e l
a}j—zdx=_|-x dx= +C==x +C==——+C.
x -2+1 X
1 g 3
h}jxldxz" +C=Ex1+C=2I\G+C.
I 3 3
—+1
2
1
| ! e 1
c}j—d.r=j.t Idx = 'I +C=2x2 +C=2yx+C.
‘E -]

Il. NGUYEN HAM CUA HAM S8 f(x)="
X

a) Tinh dgo ham ctia hiaim s& y = In| x| trén khodng (0 ; + =),
b) Tinh dao him clia ham s6 v = In| x| trén khodng (— =0 ; 0).

_

Ildx=ln|x|+C.
x

Vidu3 | Tim I%d,r

Gidi

Tacé: [>dx =3[ ~dx =3In x| +C.
X X

10
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Il. NGUYEN HAM CUA HAM SO LUONG GIAC
a) Ham s v = — cos x ¢6 14 nguyén hiim cla hiim s6 v = sinx hay khong?

b) Ham s8 v = sinx ¢6 14 nguyén him ctia ham s6 v = cos x hay khong?
1

¢) Vdix#kn (k € Z), ham s0 y =— cotx ¢6 la nguyén him ctia ham s y = ——— hay khong?
sin”~ x
dyVdi x= g+ kn (k e #), him ﬁﬁy = tan x ¢6 14 nguyén ham cia ham s6 y= .
COs X
hay khiong?
. Isinxdx:—oﬂsx+c. . I 12 dx=—-cotx+C.
sin” x
: 1
. jmsxdr:smx+£‘. 'I = de=tanx+C.
COs X
Vidu+ | Tim:
a}IScﬂsxdx: h}I(sinx+msx}d.r,

Gidi gm;
& Tim:

a) ISccs.rdx =3jcasxdx =Jsinx+C. 2 jﬂsinxdx:

b) I(sin.r +cosx)dy = jsin xdx +Icus xdx b) I{Zsinx — Scosx)dx.
==co5x 4+ sinx + C.

—

Vidu 5 | Tim;
a) I[ 111 - lj ]d.r; b) j{l+tanzx}dx.
SIN" X CO8™x
Gidi
1 1 | 1
a) I[ — i ]dr=I = dr—I s—dx =—cotx~tanx+C.
sin"x  cos"x sin” x cos” x
b) [(l +tan1x)dx=j[1+ﬂ:,£]¢r E 5 Tim:
GO5.% a) [(1+ cot’x)dx;
=j[ L ]dr:tanx+C. b) I—l
COS™ X 1+ cos2x

n
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Vidu 6 | Gidi bai todn trong phin md diu,
Gidi
Gid st con lic chuyén dong theo phudng trinh: s = s(r). Suy ra s' (1) = v(s), do d6 s(1) la
mot nguyén him cia w(r). Ta cd:
J virydr = j4{:{:-5irdr = 4_[ costdr =4sinr +C.
Suy ra s(t)=4sint +C.
Tai thati diém =0, ta ¢é 5(0) = 0, wic 1a 4sin0 + C =0, hay C = 0.

Vily phudng trinh chuyén déng ctia con lic la: s(r) = 4sinr.

IV. NGUYEN HAM CUA HAM $6 MU

X

“SEY Tinh dao ham cia ham s& F(x) = lﬂ
na

{a>0, a=+1) Tu dé, néu mdt nguyén

hiim chia ham s6 f(x) = a'.

Véi a>0, a+#1, tacé: jﬂ"dx= 2
Ina

Nhén xét: :5;]} dung cong thic trén, ta cé: jf'[d.l' =" +C.

Vidu 7 @ Tim:
a) j3—"¢x; b) Iez’d.l:; ¢) j 2% gy,
Gidi
a) J3"lit= ;3 +C. ) iZTEm:
b) jez":b: =I{e2)x-:h =£}T+C =le?’" +C. 4 .|-4“2d‘“
]n{e“} 2 ) r+2 _  x+]

2 91 b) [(5*** —e**)dx.
c)jz‘*'dx=j'2.2-*d.x=2j2-'d.x=z. +C=2—3C.

In2 In2

Vidu8 & Mot xe 610 dang chay véi toe d6 72 kmv/h thi nguidi 1di xe bit ngd phat hién
chudng ngai vit trén dudng cach do 80 m. Ngudi 141 xe phin dng mdt gidy sau dé bing
cdch dap phanh khin ciip. K& tif thoi diém niy, 6 16 chuyén dong chim din déu vdi tde do
12
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(1) = — 10¢ 4+ 30 (m/s), trong d6 ¢ 14 thai gian tinh biing gidy ké tir lic dap phanh. Goi (1) 13

quéang duting xe 6 tH di dudc trong ¢ (gidy) ké tit lic dap phanh.

a) Lép cong thic biéu dién ham s s(7).

b) Thai gian ké tif ic dap phanh dén khi xe 6 tb ditng hin 14 bao nhiéu gidy?

¢) Quiing duding xe 6 16 da di chuyén ké tif lic ngudi 1di xe phat hién chudng ngai vit trén
duding dén khi xe 6 16 ditng hiin 13 bao nhiéu mét? Xe 6 16 liéu ¢6 gip tai nan do va cham
vidi chudng ngai vit trén dudng hay khong?

Gidi

a) Ta dd biét, cong thic tinh quiing dudng s(r) xe 6 16 di dugc trong 7 (gify) la mdt nguyén
ham cia ham v(r). Do

[ (=101 +30)dr = —5¢* +30¢ + C

nén ta cé: s(1) = — 5~ + 30t + C véi € 1a hiing s6 nao d6. Do s(0) = 0 nén C = 0. Suy
ra s(f) = — 5 + 301

b) Xe 0 td diing hin khi v(r) = 0, tic 13 - 1064+ 30=0 hay t = 3.
Viy thoii gian k€ tif liic dap phanh dén khi xe 6 16 dimg hiin 13 3 gidy.

¢) Ta ¢6: toe dd 72 km/h ciing 1i tée d6 20 m/s.
Do d6, quiing duding xe 6 16 con di chuyén dude ké tif lic dap phanh dén khi xe diing hiin
la: 5(3)==5.3°+30.3=45(m).
Viy quing dudng xe 6 16 di di chuyén k& tir ldc ngudi 14i xe phit hién chudng ngai vit
trén dudng dén khi xe 6 t6 ditng hin Ii: 20 + 45 = 65 (m).
Do 65 < 80 nén xe 6 6 d ditng hin trude khi va cham vdi chudng ngai vit trén duding.
Vi thé, tai nan di khong xay ra ddi vdi xe 6 to do.

My
phdr dign

Vidu 9 © Muc nude trong hd
chia cia nhi mday dién thuy
triéu thay déi trong sudt mot
ngay do nudc chay ra (khi
thuy tridu xudng) vd midc
chiy vio (khi thuy triéu 1én)
(Hinh 2). Toc 46 thay ddi cla
muijc nude trong hd chia duge
cho bdi hiim s&

! 1 3 \
H(r) =ﬁ{5r~— 1208 + 430), Hinh 2

Heo e dre

Turbine

trong A6 ¢ tinh biing gits (0 < 1 < 24), K'(1) tinh biing mét/gids. Tai thiji diém r= 0, myc nude
trong ho chida 13 6 m (Ngudn: A. Bigalke et al.. Mathematik, Grundkurs ma-1, Cornelsen 2016).

13
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a) Viét cong thic xdc dinh ham so h(r).

b) Muc nudc trong hd chita cao nhit va thip nhit bing bao nhiéu (lim tron két qua dén
hang phin mudi clia mét)?

¢) Muc midc trong hd chifa thay d6i nhanh nhét khi nio? Toc d6 thay déi ciia muc mide
trong ho chifa khi d6 14 bao nhiéu?

Gidi

a) Tacé: [H(de = | L (52~ 1200 + 480)dr = [ (5% — 1201 +480) s

216 216

= -—1"+—1+C.

, 480 8 & 5.5 00
e L
648" 18" 9

_216 216 AT
20
Suy ra .’Jlr}-ij‘ —ii‘ +—t+C.
648 I8 9

Tai thdi diém r = 0, muc nude trong ho chita 1id 6 m nén h(0) = 6, suy ra C = 6.

Viy muic nude trong hd chida duge cho bdi hiim sé:

20
hit) -—5—; uirl+?r+ﬁ{ﬂ£r£241.

648 18

b) Ta tim min A1) v max fi(1).
[0; 24

ch(N=05F =120t +480=0
QF-E4I+%={1¢:=]2—4\E hoic r=]2+4~f§,

* Bing bién thién:

r | o 12-43 12 +443 24

h'() | + 0 - 0 +

h12-4:3)= 111
B
hiry | 6— e -6

p S -

W12 +4+3) =09

Do dé. ta co: mln .hl,’r)-mmih{ﬂ} h{12+4\|'r_]}—r'iif12+4~4'r_]=={}9

[0 2

mqjxl.ll[r] = max{h(24); h(12-443)) = h(12-4y3) = 11,1
[0;24
Viy muic nudc trong hd chida cao nhat khoing 11,1 m va thip nhit khodng 0.9 m.

14
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¢) Ta tim max h'(r).
[0: 24]

|

« h'(1)= (101 =120):
=316 }
H'(6y=0khir=12.

* Biing bién thién cta him s6 h'(1):

[ 0 24
H'(0) +
0 B
9 \\ 9
()
_10
20

Do d6, ta c6: max h'(1)=max{h'(0); h'(24)} = h'(24) = b

[0: 24]

Vay muc nuidc trong ho chita thay doi nhanh nhét khi r = 0 vi r = 24. Téc d6 thay doi

ctia myc nudc trong hd chita khi dé 1a

B ciirir

N j{Esinx—Bcosx]dJ: bing:
A, 2cosx - 3sinx+ C.
C. - 2cosx + 3sinx + C.

1 j?":ir biing:

A.7* . In7+C.
el se
In7

v 3
Nguyén him clia hiim s6 f(x) = T‘.
X

A. ZE.(F+C_

C. Wi +C

LFE]
;-

B. 2cosx + 3sinx + C.
D. — 2cosx — 3sinx + C.

x+1
B.L+C.
x+1

D.P+C.

B__—ﬁ+(,“.

Jx

D. 2xx+ C.

15
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16

Nguyén him ctia him s6 f(x) = | — tan’x biing:

A2-tanx+C. B.2x —tanx + C,
3
C.x ““; AW D. - 2tanx + C.
Tim:
, 21
6 3 > T .
a) I(?x —4x" + 3x7 )dx; h) Iadx
| |
c) | —dx; d) | —=dx;
.[x-l .I-Jw.f?
Tim:
a) I[ﬁsin,r + 6eosx)dy; h) j[i +cml.t]d,r;
¢) j’z“ch; d) J'{z.a:-*-e-"”}dr.

Cay ci chua khi trong ¢6 chiéu cao 5 cm. Tée df tiing chiéu cao cla cly ci chua sau
khi trong dude cho bdi ham s&

v(it)=—0,17 + 1,
trong d6 ¢ tinh theo tudn, v(r) tinh bing centimét/tuin. Goi k(1) (tinh biing centimét)
14 dd cao cha cily ci chua ¢ tuan thi (Neudn: A. Bigalke ef al., Mathematik, Grundkurs ma-1,
Cornelsen 2016),

a) Viét cong thic xdc dinh hiam s A1) (1 2 0).

b) Giai doan ting trudng cia cdy ca chua dé kéo dai bao liu?

¢) Chiéu cao t5i da cha ey ci chua d6 li bao nhiéu?

d) Vao thdi diém ciy ci chua d6 phdt trién nhanh nhét thi ciy ci chua sé cao
bao nhiéu?

Mot quin thé vi khuin ban diu gdm 500 vi khudn, sau dé bit diu ting trudng. Goi
P(1) la s6 Iigng vi khudn cha quéin thé d6 tai thdi diém 1, trong d6 ¢ tinh theo ngay
(0 <1< 10). Toe d6 ting trudng clia quan thé vi khuin dé cho bdi ham sd P'(1) = K,
trong d6 & 14 hiing s6. Sau 1 ngiy, s6 ludng vi khudn cia quin thé d6 di ting lén
thanh 600 vi khufin (Neudn: R. Larson and B. Edwards, Calculus 10e, Cengage 2014). Tinh
s0 Iugng vi khudn ctia quin thé d6 sau 7 ngiy (lam tron két qua dén hing don vi).
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§:3 TICH PHAN

Hoa si thiét k& logo hinh con ¢d cho mdt v

doanh nghiép kinh doanh hai sin. Logo la T A
hinh phiing gidi han bdi hai parabol véi cic \ / iyl |2dm

kich thude duge cho trong Hinh 3 (don vi D ol
trén méi tryc toa do 1a decimét). '

Liam thé ndo dé tinh dién tich

1 ] - L | L 3
ciia logo!

| dm 4 dm 4 dm

r! Hinh 3

I. DINH NGHIA TICH PHAN

1. Bai todn din tdi khii niém tich phén
(6 nhiéu bai todn thuc tién din tdi khdi niém
tich phin. Mét trong nhiing bai todin quan

trong nhit la tinh dién tich cia nhiing “hinh
thang cong”.

Choham séy = f(x}=2 (Hink 4).

X¢ét hinh phiing (duge 6 mau) gdm tat ca
diém M(x ; y) trén miit phiing toa d6 sao cho
| £x<2va0<y<2’. Hinh phing dé dugce
g0i 14 hinh thang cong AMNB giéi han bdi do
thi ctia ham s6 f(x) = x*, truc Ox va hai dudng
thingx=1,x=2.

L |

ar 4 o
Hinh 4

Chia doan [1 ; 2] thanh n phin bing nhau bdi cdc diém chia:

I 2
Xp=Lx=l+— x,=1+—, .,

n n
St e Do unns,

n n

i B |

17
Ban mau gép



a) Tinh dién tich 7, cua hinh chit nhit dung trén doan " ¢
[, : x,] voi chidu cao 1a f(x,).
Tinh dién tich T, cia hinh chif nhét dung trén doan
[x, : x,] véi chiéu cao 1a flx).

Tinh diéntich T, cia hinh chii nhiit dung trén doan
[x, : x,] v6i chiéu cao Ia f(x,).

Tinh dién tich 7 | cia hinh chit nhit dung trén
doan [x ;x| vdichiéucaolaf(x ).

bybatS =T +T +T,+..+T . Chingminh riing: :

S, = L0 +FO) 1G5+ o 415,

Téng S, goi la tdng tich phan cdp n cia ham so ~ 0 tom ] &Ry By=2 X
f(x) = x> trén doan [1 : 2].

Hinh 5

Nhdn xér: Ngudi ta 6 thé ching minh duge ring lim § =F(2)-F [I]=§ vii

i+
F(x) 12 mdt nguyén ham ctia ham sé f(x) = x° trén doan [1 ; 2]. S6 thuc % dudc goi l1a
dién tich hinh thang cong AMNB (Hinh 5).

V&Y Syuun thang cong avng = F (2) — F (1) v6i F (x) 1a mdt nguyén ham cda ham s6 f (x) = *
trén doan [1 ; 2].

Trong trudng hdp tOng qudt, cho ham s y = f (x) lién tue, khong im trén doan [a ; b].
Hinh phing gbm cic diém c6

toa 6 (x; v)saochoa < x < b g
va 0 € y < f(x) dude goi 12 hink
thang cong AMNB gidi han bdi
d6 thi cia ham s6 v = f (x), truc
Ox vd hai dudng thing x = a,
x = b (Hinh 6). Bing cdch chia
doan [a ; b] thianh n phin bing
nhau ta lip duge téng tich phan
cdp n cha ham s8 v = f (x) trén

18
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doan [a : b] 1
b-a

S, =T +T +T,+..+T, =[

J Afx)+F ) +f(x )+ +f(x )

Nhén xét: Negudi ta ¢b thé ching minh duge rﬁng m S =F(b)-F(a) véi F(x) la

=k +m

mot nguyén him cia him s6 fix) wén doan [a ; b]. Hiéu F(b) = F(a) dude goi la dién tich
hinh thang cong AMNRE gidi han bdi db thi cha ham s& y = f (x), truc Ox v hai dudting

thiing x = a, x = b. Cu thé, & Hinh 6, ta c6: S
nguyén ham cia ham s& fix) trén doan [a ; b).

Vidu 1 @ Choddthihamsdy=f(x)=x+1(xe[0;1]).
Xét hinh thang vuéng OMNRB gidi han bdi do thi
ciia ham sd f (x) = x + 1, truc Ox v hai dudng
thing x =0, x = | (Hinh 7).

a) Tinh dién tich hinh thang vuéng OMNB.

b) Gid st F(x) la mdt nguyén ham clia haim s&
f(x)=x+ | trén doan [0 : 1]. Tinh F(1) - F(0).
Tit d6 hdy ching to ring

Shinh thang vusng omne = F(1) = F(0).

Gidi

a) Ta cé:

=’E.{0M+ﬂm.as

Sh]uh thang vudng OMNE
I 3
=—.(J%M.1==,
2 : 2
b) Ta co:
2
X
(x+Ddr=|xde+|lde =—+x+C.
dyan= o |loga

Nhu viy F{x}z%+1 la mot nguyén ham

ciia him s6 fix) = x + | trén doan [0 : 1].

Ta cd:

12 0’
F(D=-F)=|—+1|-|—+0]|==.
(H-F ) [][2] 2

V&Y Shinh hang vuing omns = F(1) = F(0).

hknh thang cong AMNE

= F(b) — Fla) véi F(x) la mdt

1y

0 1
Hinh 7

-

"4 Cho @b thi ham s& y = f{x) = 2x

(x € [0; 2]). Xét tam gidic vudng
OAB gidi han bdi db thj cha him s6
f(x) = 2x, trye Ox vi duding thing
ye
a) Tinh dign tich tam gidc vudng
OAB.
b) Gia sii F (x) la mit nguyén ham
chia f (x)= 2y trén doan [0 ; 2]. Tinh
F (2) = F (0). Tit 46 hay ching 1o
ring S, =F(2)~F(0).

am gl vudng OAR
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2. Dinh nghia tich phén

- Cho ham 55_{{1:} =

a) Chiing to Hr}- 3 1 Gx) -'T+C la cdc nguyén ham ciia him s6 f(x) = x

b) Chiing minh rﬁng F(b) = F(a) =G (b)— G (a), tic li hiéu s6 F (b) — F (a) khéng phu
thude viéc chon nguyén ham.

I
~ Cho f(x) la him s6 lién tyc trén doan [a ; b). Gia st F(x) 12 mdt nguyén ham ctia
flx) trén doan [a 2 b].

Hiéu s& F(b) — F(a) duge goi 1a tich phiin tif @ dén b ciia him s £(x), ki hiéu 1
b

j fla)dx .
Chii v
« Ki hiéu F[A‘)i = F(b) — F(a) va doc 1i F(x) thé ciin tif a dén b.

]
Viy [f)dy = F(x)| = F(b) - F(a).

¢

b
Goi: j la dau tich phéin; a 14 cén dudi, b 1a cin trén; f(x)dx 1a biéu thic dudi diu tich

phiin v f(x) 1 him s dudi ddfu tich phan,

« Ta quy udc: _[fx]lir 0; Ij{x}dr'—_[f{T}lit

i i

. ,
Vidu2 ] Tinh: Ea
:

_ | 2 Tinh [cosudu.
a) [6xdr; b fe’dr. mgm"
2 ]

Gigi

2 3
a) jﬁxdx =32 =3(3-2)=309-4)=

el —e"=¢e— 1.

! 1
b) je‘d.r =¢ g

0
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Chui ¥: Tich phén cta ham s6 ftif a dén b chi phy thude vio fvi céc cin a, b mi khong

b b
phu thude vio bién s6 x hay 1, nghia 1a Jf[x}d_'c = J_f(:}dr.

Il. TINH CHAT CUA TiCH PHAN

So sinh _ilrdr va ijdx.
] 1]

Tinh chat 1.

F}

Cho ham s6 y = f(x) lién tyc trén dﬂ@.ﬂ la ; b]. Khi d6, ta ci:

j kf (x)dx = k]’ f(x)dx (k 12 hiing s3).

i

n n

2 2 E o -
Vidu3 | Cho [cosxdr=1. Tinh [2cosxdx. ra x

0 0 3 Cho Isinxdr =
Gricli 0

L]

-

j.l cosxdy = 2

- So sanh:
I

I{..r+’#‘,|d.x vil fhdﬁ. +IJrir

0 0 0
|

b) JLI?.r -3)dx va jlz_mx . Ide.

(i) ] ]

T[nhI —sin xdx.
cosxdr=2.1=2. n

’:t—bﬂlﬂ

Tinh chat 2.
P
Cho cic haimsé v = f { v}, v = gi{x) lién tuc trén doan [a ; b]. Khi do6, ta cé:

b

ILf{ng(x}]dr - jf{xmx +[g(x}cu

L

[f{xl—gl'x}]dx=If{rldx—_[g{r}dx-

21
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1
Vidud [ Tinh [(x* +x)dr.
i

]
4 Tinh _|'{x:t - x)dx. ‘
Cridii 1

R by __rf*]x?l_(l ](1 ]_5
Ta cé: _!{x +,r]d.x—_!x dx+£xdx—?|ﬂ+ilu— 3-0)+(5-0)=2

PP so sinh jixdx+ilrdx va fixdx.
] 1 ]

Tinh chét 3.

I Cho hiim & y = f(x) lién tyc trén doan [a ; b]. Gid st ¢ 1a s0 thuc wy ¥ thude doan

0
[a ; b]. Khi do, ta co:

b © b
[fnde=[fede+ [fdx.

= ¥ A L 8 -t
Vidu5 | Tinh j“xidx,
Gidi B
I 0 1 0 |
Taco: [|x|de= [|x]de+[|x|dx = [ (~x)dv+[xdr g 3
-1

=1 -1 0 0 5 Tinh [|x-2|dc
2 2 1
e =[ﬂ‘(_iﬂ+[1_ﬂ)=1+1=]+ 4
2 1= 210 2 2 2 2

1. TICH PHAN cUA MOT sG HAM SO SO CAP
1. Tich phén ctia haim sé lu¥ thita

b xa+]ﬁ ba+t_au+l
Nhdn xét: V6i a # -1, ta c6: Ix“d_r - .
% a+l|, a+1
Vidu 6 | Tinh:
1 4 3 5
a) -[1:41'34*312 =2)dx; b) _[-——r.ir: c) J.x 2dx.
0 | 2\;’(; I
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Cricii
1 1 | 1

a) _[{413 +3x° -2)dx = _[4x3dr+_[312dx HJ'E::I.:.'
] ] 0 L

1 1

[
=.r4‘ +.r3‘ —leo
]

[i]
=(1*-0Y+(1°-0)-(2.1-2.0)=0.
N 1f -3

h}j L’er—Ix 2dx
I 21

2Jx

L1
=_1‘2

=i =VE Vi =1,

i ﬁ+|
¥z X
b} dx =
¢ '][x \J'EH

1_ \'54-1.

2. Tich phén cua ham sé f(x)= 2
x

Nhdn xér: Vdi ham s6 f(x) = 1 lién tuc trén doan [a ; b], ta cé:

X

b
j]{lx=ln|x||k=]n|b|—-ln|a|.
ﬂx “

e
Vidu 7 | Tinh jzd.r.
Gidi

5,
Iiax=21n|x||" =21n|-1|-2In|-e|=-2.
_'x _r

3. Tich phéin ciia hiim s6 luong gidce
Nhdan xéi
T
’ b
. Icus.i:l:lx =sin xL =sinb-sina.

i

. b
. smxdrz—m}sxl = —cosb—(-cosa)=cosa—cosh.
if

: i
@ Tinh | —dx.
Jll 3x

23
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* Vi him s6 f(x) = lién tuc trén doan [a ; b], 1a cé:

sin” x

1] l
_[ 5 dr:—cm_r|

g 3N X

=—=Colbh—(=colea)=cota—-colb.

b
i

_— 1 i R "
* Vdi haim s flx)= — lién tyc trén doan [a ; b], ta cé:
COs™ X
b
| 1]
_[ —dx=tanx =tanb-tana.
, COS™ X !

Vidu8 @ Tinh:

| =

a) |(sinx+cosx)dx: b)

o e

[112 . 11 ]dx_
Sin"x CcOos X

O | e |

Gidi
a
a) I[ sinx+cosx)dy =

o 4]

m

4 " 1
sin xdy +jcusxdx = -cust +sinx|;:
0

e | A

= -CGEE -1{—;.:{‘.~5[J}|+sinE —sin()
4 4

=—§—{—I}+~J—5-—IZ}=I. | ‘;mh:
n n 1 a) I{Ssinx—ic-:rs.ﬂdr;
1 1 1 1 @
b) —————dx = —dx — T—dx 5
pLsin“x  cos"x x SIn° x RCOs" x 2 3
= = e b) ][ ———r"]'if-
5 S o BT zisin’x  cos’x
= —cot :{I“ —tanx/! 8
6 6
T

4. Tich phéin ctia hiim sé mii

—a°

[ _a

i
Nhén xéi: Véia>0,a# 1, tacé: Ia iy = =
o Ina L Ina

I

[£3

cE
=E"'ﬁ—l':"‘ .

I
Chii v: Ap dung cong thic trén, ta c6: je"dr ="

o
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Vidu 9 @ Tinh:
I |

|
a) |e"dx: b) IE"‘ s c) I[E 2% =M )dx.
0 0 0
Cricli
! 1
a) |e'dx =£"'"‘ P
0
i e
| 7t ' 5! 70 | LS
b) [2dv=Sof =2 9 Tinh:
” Inin In2Z In2 In2 i
X 2
| I | 1 1 a) jj dr;
¢) [(3.2" —e")dr=[3.2%dx~ [e'dr =3[2"dx - [e"dx :
: Y Y g b) (2.3" —5¢")dx.
=——=-(e-1)=——=e+1. 0
In2 In2

Vidu 160, Ning lugng gi6 trén dit lién 12 mot
trong nhifng cong nghé ning ludng tdi tao dang
dude phdt trién & quy md toin ciu. Ning ludng
gi6 khong tryc ti€p phat thai khi nha kinh, khong
thai ra méi truding cdc chat 6 nhiém khéc, ciing
nhu khong tiéu thy nudc d¢ 1am miét cho cic nha
mdy. Céc turbine gié thuGng cé ba cdnh quay
trén mot truc ngang, 1dy dong ning tif qud trinh di
chuyén dong khong khi (gié) dé chuyén déi thanh
dién ning thong qua mot mdy phat dién dugc két
ndi vdi ludi dién. Hinh thang cong (t6 mau ving)
trong Hinh 8§ md td mdt phin mit cit ding cua
cinh turbine, dudc gidi han bdi cic dudng lhﬁng

x=2, x =25, truc Ox va d6 thi haim s6 (Ngwdn: hitpstshutterstock.com)
: I ;
y= f(x)==-——(x" -33x7 +120x - 400),
: sl

(Neuwon: A, Bigalke et al., Mathematick, Grundkurs ma-1 Comelsen 2016).
Hay tinh dién tich hinh thang cong do.
y(m)a

v = fix)

T dm |3

5 i i P
T T T L

2 05 10 15 20 25x(m)
Hinh 8
25
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Gidi
Dién tich cta hinh thang cong dudc t6 mau vang la:

25

f=j — L4 ~33x2 41202 = 400) dx
800

] 25
:"amlh}:r cu_:'.:%jr dr+12r.}[xdx mjm]
[ 5 25
2 2 7
wet 12 11380 1e0sd zmml o Y (m?).
800 4| 2 2 3 200
lk £
B e Tir
11
I Tichphin [—dv €6 gid tri biing:
bl X
Al B. —l. £ E D. —E.
6 6 648 648
5 3
2. Tich phan | sinxdx c6 gid tri bing:
n
?
A. sinE—sinE. B. sinE—sinE.
5 7 7 3
C. CDSE—CGSE. D. EUSE—C{)SE.
5 7 7
1 3.1
3. Tichphinl= I?d}c c6 gid tri bing:
0
| 1
A - ——. B.—. C.-1 D. 1
In3 In3
i
4. Cho I f(x)dx =—10, F(x) la mdt nguyén ham ctia hiam sﬁf{x] trén doan [- 2 ; 3],
F(3)=—8. Tinh F{- 2).
26
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4 4 3
Cho [ f(x)dx =4, [f(x)dx =6. Tinh [ f(x)dx.
3

0 0
Tinh:

] 2 I 4 I
a) [(e® —4x* +3x%)dx: b) | dx ¢) | —=dx

| e ol

n 1 m

3 2 i
d}]l{4sin,t+3m5x}dx: e) J-cntzxd.t; g) |tan” xdx;

] ] ]

4

0 - I
h) J.e""d.r; i) [ef*2dx k) I(3 A" =5 " )dx.

= -2 0

a) Cho mdt vit chuyén dong v6i vin tde y = v(1) (m/s). Cho D <a < b vav(r) >0
b
véi moi t € [a ; b]. Hily gidi thich vi sao |v(1)df biéu thi quing duding ma vit di

dudc trong khodng thoi gian tif a dén b (a. b tinh theo giay).

by Ap dung cong thifc & ciiu a) d€ gidi bai todn sau: Mot vit chuyén déng véi
viin téc v(f) = 2 — sint (m/s). Tinh quing duding vit di chuyén trong khodng thai
; : 3

gian i thai diém ¢ = 0 (s) dén thai diém t = oK (s).
& vimfs) &

Mot vit chuyén dong vdi vin toc dude cho bdi do thi ;.

d Hinh 9.

a) Tinh quing duding ma vit di chuyén duge trong

I gidy dilu tién.

1

b) Tinh quing dung mi vit di chuyén dugc trong & ! 2 ts)

2 gifly diu tién.

Hinh 9

O nhiét do 37 °C, mét phan ting hod hoc tif chit diu A, chuyén hod thanh chit sin
phim B theo phudng trinh: A — B. Gia st v(x) 1a ndng d6 chat A (don vi mol L)
tai thii gian x (gidy ), ¥(x) >0 vdi x = 0, thoa min hé thie: y'(x)=-=7. 10 y(x) vdi
x> 0. Biét riing tai x =0, ndng d6 (ddu) cia A 120,05 mol L™,

a) Xét ham 56 f(x) = In ¥(x) véi x = 0. Hay tinh f"(x), tif d6 hay tim ham s £ (x).

b) Gia su ta tinh nﬁng dd trung binh chit A (don vi mol L") tif thai diém a (gidy)
1

dén thisi diém b (gidy) v6i 0 < a < b theo cong thic 3
h—a

b
[ ¥(x)dx. Xic dinh ndng

do trung binh ctia chét A tif thoi diém 15 gidy dén thai diém 30 gidy.
27

Ban mau gép



§4 UNG DUNG HINH HOC CUA TiCH PHAN

Gom Bt Tring 1a tén goi chung cia cidc loai
d6 gdm Viét Nam duge sin xudt tai lang
Bit Tring, thudc xd Bt Tring, huyén Gia Lim,
Hi Noi. Vi hon 700 nidm tudi, gom Bit Tring
ndi tiéng & trong vii ngodi nude vé chiit lugng
gOm vi d6 tinh xdo cla cédc san phim. Nhiing
chiéc chén trong b &m chén udng tri & Hinh 10
¢t dang khdi trion xXoay. Bi dm chén Bt Trang

(Neudn: hitps:#ishutterstock.com)

Hinh 10

Thé tich ciia cde khdi tron xoay dutgc tinh nhae

?
L]
% N thé nao?
“ é*v

<
1. TINH DIEN TICH HINH PHANG

1. Dién tich hinh phing gidi han bdi do thi hiam s6 y = f(x), truc hoanh va hai
dudmg thing x=a, x=b

Cho ham s8 y = f(x) = x* =2x>=x+2c6 ddthi 1
dudc minh hoa & Hinh 11. 8 - 2

a) Quan sdt Hinh 11, hiily cho biét cdc hinh phing H " Hi
Hilﬁn gt dude gidi han badi cic dudng lhﬂng vi d0 thi
ham s& niio.

b} Tinh dién tich SHI ' Sy s SH1 cua cac hinh phﬁng do.

¢) Goi H la hgp cia cic hinh phing H,, H,, H.. Hinh
phing H dudc goi 14 hinh phing gidi han bdi dd thi A

. A A
ham s6 v = f(x), truc hodnh va cdc dudng thing x=0, =
x = 3. Chiing 6 riing dién tich §,, cta hinh phing H
3 H, B ¢ H-" E -
bing Sy, =Sy, +Sy, +S,, = [|F(0)]dx. of N2 3 x
2 s
Hinh 11

Trong tnidng hgp tong qudt, ta ¢6 dinh Ii sau:
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i Cho hiim s6 v = f(x) lién te trén doan [a ; b]. Khi d6, dién tich § ctia hinh phfmg

giéi han bdi dd thi ham s y = f(x), truc hoanh va hai duding thiing x=a, x = b 1a:

b
§= j'| £(x)|dx.

ViduI | Cho ham sd y=x" ¢6 dd thi nhu Hinh 12.

v

Hinh 12 Hinh 13

Tinh dién tich hinh phiing gi6i han bdi @6 thi cia ham & y = x°, true Ox va hai dudng
thingx=-1, x= L.

Gidi

Dién tich hinh phing gidi han bdi db thi cha ham so

y =2, truc Ox va hai dudng thing x=— 1, x=1 li:
I 0 1 1 Trong Hinh 13, tinh
[ lx*lae = [ lelax+ [l dién tich hinh phing
-1 i 0 gidi han boi d6 thi cia

! ham s6 y = 1 - 2x, truc

Ox va hai dudng thing

E=—1%x=3

0
0 1 4| 4
_ 3 3 __.x X
= f("*x }dx+£x de= 2 ' -l-—‘!1

-1 1

CEICEERE

0

2
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2. Dién tich hinh phéng gidi han bai do thi cia ciac ham s6 y = f(x). y = g(x)
vi hai duomg thingx=a,x=b

@ 'Y Cho cdc him sd y = 2%, y =,

vk

Goi §  1a dién tich hinh phing gidi han bdi truc Ox, hai /
duding thﬁng x=1,x=2 vadd thi ham s8 y = 2",

'\.}r

Goi S, la dién tich hinh phing gi6i han béi truc Ox, hai _,,
duding thiing x = 1, x = 2 va dd thi him s6 y = x. /

Goi § la dién tich hinh phing gidi han bdi cdc dd thi :
ham s6 y = 2%, y = x va hai duding thing x = |, x = 2 s
(Hinh 14). 1 '

a) Biéu dién S theo § , S

) - 0 | ; X
b) So snh S va [(2* = x)dx. D
1
Trong truéing hop tdng qudt, ta ¢é dinh i sau:
Fﬁ. = &= — £ W

Cho céc ham s6 v = f(x), ¥ = g(x) lién tuc trén doan [a ; b]. Khi d6, dién tich hinh
phing gidi han bdi dd thi cia cic ham s y = f(x), v = g(x) va hai duding thing

x=a,x=bla

b
§=[1/(x)-g(x)dx.

Vidu 2 | Tinh dién tich hinh phiing ducc gidi han bdi dd thi cdc ham s6 y = + 2x + 1,
y=x 4x+ 3 v hai duding thing x= 1, x= 3.

G,

Dién tich hinh phﬁng da cho la:
3 3 7 3

5 =-[||:x3 +2J_'+I)-—[_r3 +_r+3}|i:h' =leu2|d_t =_|.|I—2|dx+_[|x—2|dr
I 1 1 2

2 5 3
+[L— 2.IJ
| 2

X

2 3 2
=-l[(2-—x}dx+:.[{.t-—-2}clr =[21—?] =1,

.
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Vidu 3 | Tinh dién tich hinh phing gi6i han bdi 46 thi cdc ham s6

y=—%x2 +2x,¥ =%.1r2 —gx—%vﬁ hai duding thing x= 1, x=4,

Ya

Gidi
1 1 5 -5 T
Tact: ——x" +2x>—x"-x—— véi moi x € [1 ; 4]
2 2 2 2 -
L
(Hinh 15). Viy dién tich hinh phing dé la:

o s (gt
j

5

] o - i S
L, i s 1 b N SS
(—Ex +2xJ-(—x _EI_EJ]dx Hinh 15

¢ 9 Ij‘h EQT‘Iuhdiénﬁchhinh

phing gidi han bdi cic
dd thi ham s6 y = 10 - 7,

]
— ey e
I
-
(]
-+
I
-
o
|

4
3 2
A 9T x5, 185,357 y=x + 2 vi hai dudng
3 41 2| 4 W2 4
. thing x=-2, x=2.
Vidu4 | Trén cita s ¢6 dang hinh chit nhat,
hoa si thiét k& logo hinh con ¢ cho mit doanh yi

nghiép kinh doanh hai san. Logo 12 hinh phiing BM D —xs/t0) : 2 dm
o

gidi han bdi hai parabol vdi céc kich thudc dude
cho trong Hinh 16 (don vi trén mdi truc toa d6 A
14 decimét).

S
-y

Jdm

G _~T=gx)

l‘dil?n 4dm = 4 dm .
a) Lap phudng trinh ciac parabaol y = f(x)
Hinh 6

vay = g(x).
b) Tinh dién tich coa logo.
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¢) Logo chi cho phép 50% lucng dnh sdng di qua. Ludng dnh sdng di qua toan bd clia sd
sau khi lam logo sé giam bao nhiéu phin trim (lam tron két qua dén hang phan mudi)?
Gidi

a) » Gia sif parabol y = f(x) cho béi f(x) = ax® + bx + {‘ (a # 0). Do parabol y = fix)

di qua diém D (0 : 2) nén ¢ = 2, suy ra flx) = axs + bx + 2 (a = 0). Vi parabol
v = fix) di qua cdc diém C (- 4 :0), E (4 :0) nén ta ci:

l6a—-d4b+2=0
lba+4b+2=0.

Hé phudng trinh trén cé nghiém laa = —%. b=0,
Viy f(x) = —%f +2.

« Gia sif parabol y = g(x) cho bdi g(x) =a x: + b x + ¢, (a, #0). Do parabol y = g(x)

di qua diém G (0 ; — 3) nén ¢, =-3,suyrag(x)=a .rl +b x—3 (a, #0). Vi parabol
y = g(x) di qua cdc diém C (- 4 ;0), E (4 ; 0) nén ta cé:

lﬁﬂt —"”'-'l -3=0
16y +4b, -3 =0.

0 3
HE phudng trinh trén c6 nghiém laa = 16 b, =0.
Viy g(r) = — 2 - 3
ay glx) = 16" .
b} Dién tich cua logo la: § = §, + 5, trong d6 S, la dién tich hinh phiing gidi han bdi
cic parabol f[x)=—%.l:: +2, g(x) =%x2 —3va hai dudng thing x = -5, x = —4;

8, la dién tich hinh phfing £idi han bdi cdc parabol f(x)= —% 2 +2, gx)= i x° -3
vt hai duding thing x= -4, x=4.

Do dé, ta co:
-4 4
S = [|fm g0 |dr+ [ | /(x)-g(x)|dr

-4
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-4 4

= [ lgx) - FO01dx + [ [F(x) - g(x)1dx
5 -4

[l e o)

25 s
= j[—x1"5]¢r+ j[r—ﬂ—12+5]d}:
*\16 AR

5 4
=— —Sx|-4 ——x3r +5114
48 ~3 4 4
LT
48 48 48
1345

Viy $ = o, (dm?).

¢) Goi 1 1a lugng dnh sing di qua mbi dm? ciia logo. Suy ra ligng dnh séng di qua logo

. 1345
i

| 3 t. Mit khic, dién tich ciacttasd la (8 + 1) . 2+ 3) =45 (dm®) va lugng dnh

sdng di qua méi dm® cia phin ciia s6 ndm ngoai logo 1a 2r. Suy ra, ludng dnh sing di
qua ctia s0 trude khi lam logo 1a 45 . 2t = 90r vi lugng dnh sdng di qua phin cifa s6

nim ngodi logo la:
[45_ 1 345] oy 3151‘.
48

24
Do d6, tong lugng dnh sdng di qua ctia s6 sau khi lam logo la:

1345 815 2975
I+ = L.
48 24 48

Ti s6 phin trim cha lugng dnh sdng di qua cita s6 sau khi lam logo so vdi lugng dnh

sdng di qua cifa s0 trude khi lam logo li:

[2 9;51 : '}Dr) 100% = 22? SE{}“/:. = 68,9%.

Viy lugng dnh sdng khi di qua toan bd ciia s6 sau khi lim logo sé giam di xip xi la:
100% — 68,9% = 31,1%.
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I1. TiNH THE TiCH CUA HINH KHOI
1. Thé tich cha vat thé

@ Cit khdi lip phudng cé canh bing 1 béi mot mit
phiing tuy ¥ vuéng géc véi truc Ox tai v, vdi 0 < x < 1 ta
nhin duge hinh phﬁng co dién tich la S(x) (Hinh 17).
a) Tinh S(x). l
b) So sdnh thé tich khdi ldp phudng 46 véi j S(x)dx.

0

Trong trudng hdp tong quét (Hinh 18), ta co dinh li sau:

i

L

=

= %\_ﬁ-—-‘- ;___:;5-
;T/ .
Hinh 18

‘; Ciit mdt vt thé bdi hai mit phiing vudng géc véi truc Ox taix = a vax = b (a < b).

M@t mit phiing tuy ¥ vudng gbe v6i Ox tai x (a < x < b) ciit viit thé d6 theo hinh
phiing ¢6 dién tich 1a S (x). Gia sit him s6 S (x) lién tuc trén [a ; b). Khi d6, thé
tich V ciia phin vit thé gidi han bdi hai mit phing tén dudge tinh bdi cong thic

b
V=[S(x)dx.

Chii y: Néu §(x) = S khong ddi véi mdi x e [a ; b] thi V= (b - a)S.
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Vidu5 | Tinh thé tich khi ling tru, biét dién tich ddy bing B va chiéu cao bing h.
Gidi
Chon truc Ox song song vdi dudng cao ciia khoi ling try, con hai ddy nam trong hai miit
phiing vudng géc vdi Ox tai x = 0 vit x = h (Hinh 19). Khi d6, mdt miit phiing vudng
goc vdi truc Ox, cit ling tru theo hinh phing c6 dién tich S(x) = B khong ddi véi méi
x e [0;h] ﬁ.p dung chdi y trén, ta c6: V = Bh.

X
; E 3 Ciit mot viit thé bai

hai mit phing vubng
gocviitruc Oxaix =1
vitx =2, Mt miit phiing
tuy ¥ vudng goc v Ox
tai x (1 < x < 2) ciit viit
thé d6 theo hinh phing
6 dign tich 1a 5 (x) = 2Zx.
Tinh thé tich V ctia phin
vit thé duge gidi han
bdi hai mit phing trén.

Hink 19 4 ||

Vidu 6 @ Cho khdi chop c6 chiéu cao bing h v
dién tich ddy bing B. Chon truc Ox vudng goc véi
miit phiing ddy tai diém [/ sao cho géc O tring véi
dinh ctia khdi chép va 6 hidng xéc dinh bdi vectd
OI (minh hoa & Hinh 20). Khi d6 Of = h. Mot mit
phing (P) vudng goc vdi truc Ox tai x (0 £ x < h), cit

khéi chép theo hinh phiing ¢6 dién tich S(x). Ngudi Hinh 20
2
ta chiing minh dudc ring S(x) = B:_z' Tinh thé tich

khéi chép doé.

Gidi
Theé tich khdi chop d6 1a:
i o S K B
V=[S(x)dx=[B— dx=B_5| =B—=—.
> o\ h W, M 3
a5
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Nhin xét T'*_V

« Cho khéi ling tru c6 chidu cao bing h .
4 Cho khdi chép cut déu tao bai khoi

vi dl'f:‘ﬂ tich da}' bﬁng B. Thé tich V coa Chllfl[] dinh S, dién tich hai ﬂii}’ lin lugt 1a
B, B’ vi chiéu cao h. Chon truc Ox chia

khdi ling tru d6 dude tinh béi cong thic
duding cao cha khoi chop va gie O tring

V= Bh. vdi dinh S (Hinh 21). Hai mat phing ddy
o Cliis Biith i 5 cHiidia i g vk ciia khoi chop cut déu lin lugt cit Ox tai
Ivar.

dién tich ddy biing B. Thé tich V ctia khéi
bit Of = b, OI'= a (a < b). Mét mit

chép do dudge tinh bdi cong thiic V' = # phiing (P) vudng géc vdi truc Ox tai

x(a<x=h). citkhdichop cut déu theo

hinh phing cé dién tich § (x). Neudi ta

."HI i /
Q o ./;T_-__ chiing minh ring 5(x)=3f—1. Tinh thé
— 2y tich khéi chop cut déu d6.
Hink 21 =

Vidu7 = Co Hanh dd bé tong mdt dudng
di trong vuin (phﬁn dude 16 miu) véi kich
thude duge cho trong Hinh 22. Biél ring
diding cong AB dudc cho bai do thi ctia mot

D

ham s lién tuc va duding cong DC nhin 6 m
dudic tit dudng cong AB biing cdch tinh tién

theo phudng thiing ditng 1én phia trén 2 m.

10m

Ngoii ra, ¢6 Hanh quyét dinh d6 Idp bé -
Hinh 22

tong day 15 cm v gid tién 1 m® bé tdng 1a

1 080 000 ddng. Tinh s tién ¢6 Hanh ciin
diing dé d6 bé téng con dudng do.
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Gidi
Xét hé truc toa dd Oxy nhu Hinh 23 (don vi
trén moi truc toa do 13 mér).

Trong hé truc toa d§ do, dudng cong AB
dude cho bdi dd thi cia ham s6 lién tuc
v=f(x), 0 =x < 10. Suy ra, duling cong
DC dugce cho bdi db thi cia hiam s6 lién tuc
v=f(x)+2,0<x<10. Ap dung cong thiic
tinh dién tich, ta c6: Hinh 23

10 i}
10 7
Shinh phiing duge 10 mi ABCD j[[ﬂ'ﬂ +2)— f(x)]dx = IZd'r o= 2"‘:||',| =20 (m").
0 0

Do d6, thé tich khoi bé tong ding dé db con dudng la: 20 . 0,15=3 {mj}.
Viy s0 tién ¢6 Hanh cin diing dé d6 bé tong con duting d6 1a:
1 080000 . 3 = 3 240 000 (ddng).

2. Thé tich cia khdi tron xoay

Xét nifa hinh tron tim O, ban kinh r (Hinh 24). Nita hinh tron d6 13 hinh phing

gidi han bai truc Ox vii d6 thi ham s8 y = f(x).

a) Tim ham mf{}' =)

b) Quay nifa hinh tron dé quanh truc hodnh, ta nhin dude hinh ciu tim O bdn kinh r
(Hinh 25). Xét diém M(x; f(x)) (— r £x < r) niim trén nita dudng tron tdm O bén kinh r.
Goi H(x ; 0) Ia hinh chiéu clia diém M trén truc Ox. Khi quay nia hinh tron quanh truc
hoinh, doan thf’mg HM tao nén mdt hinh tron tim H ban kinh f(x).

Tinh dién tich 5(x) cta hinh tron dé theo f(x).

Tit d6, sit dung cong thic tinh thé tich vit thé, hiy tinh thé tich V cta hinh ciu tim O
bdn kinh r.

¥ = f(x)
Hix)

Hinh 24 Hinh 25
a7

Ban mau gép



Trong truding hdp tong quat, cho hiim s6 y = f (x) lién tuc, khong am trén doan [a ; b].
Hinh phiing gidi han bdi db thi him s6 v = f (x). truc hoinh Ox va hai duting thing
x = a, x = b khi quay quanh truc Ox tao thinh mét hinh khéi goi 1a khdi tron xeay. Khi
cit khéi tron xoay d6 bdi mdt miit phing vudng gée vdi true Ox, ta duge mdt hinh tron
¢t bin kinh 14 fix).

Ta cd dinh I sau (Hinh 26):

& Ya
[ Cho hiim s6 v = f(x) lién tuc, khéng dm trén
doan [a : b]. Hinh phfmg (H) gidi han béi do thi
ham s6 y = f(x), truc hoinh vi hai duting thiing
x = a, x = b quay quanh truc Ox tao thinh mot
khéi tron xoay c6 thébtich bing

V=i (x))* d. b 7

Hinh 26

0

Vidu8 | Cho hinh phing gidi han bdi a6 thi him s6 f(x) = x, truc hoanh vi hai
duding thiing x = 1, x = 2. Tinh thé tich khéi tron xoay tao thanh khi cho hinh phing dé
quay quanh truc Ox.

'. |
Giai ; 5 Cho hinh phing gidi
Thé tich khoi tron xoay tao thanh khi cho hinh han bdi db thi him s&
phing gidi han bdi 46 thi ham s6 f(x) = x, truc f(x) =sin§ truc hoiinh
hoiinh va hai dudng thing x = 1, x = 2, quay va hai duting thiing x =0,
quanh tryc Ox la: x= g Tinh thé tich khéi
Z

% S (8.1) Tn tron xoay tao thanh khi
L “_['r dy = E? - ﬂi\g_g s cho hinh phing d6 quay

! ! quanh truc Ox.

¥ ¥ =f(x)

Vidu 9 & Xét chiée chén trong bo

im chén udng tri d phin md diu, ban
Duong udc Iugng dude ring chidc
chén duge tao thanh khi cho hinh
phiing gidi han bdi db thi him s&

Hinh 27

38
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fx) = 0,14x° — 0,87x% + 1,92x + 0,85, truc hoanh vi hai duding thing x = 0, x = 3 quay
quanh truc Ox (don vi trén méi truc toa 46 13 centimét) (Hinh 27).

Tinh thé tich ciia chiée chén (lam tron dén hing don vi clia centimét khai).

Giai

Thé tich khi tron xoay tao thanh khi cho hinh phing gidi han bdi d6 thi ham s&
flx) = 0,14x* — 0,87x" + 1,92x + 0,85,

truc hoanh vi hai duding thiing x = 0, x = 3 quay quanh truc Ox la:

3
V=n[(0,14x* —0,87x% +1,92x +0,85)"dx
]

3
= n_[((:-, 0196x% —0,2436x° +1,2945x* —3,1028x> +2,2074x% +3,264x +0,7225)dx
1)

3
=1(0,0028x" —0,0406x° +0,2589x° - 0,7757x* +0,7358x° +1,632x> +0,7225x) ,

= 1332931 = 42 (cm?).

Viy thé tich clia chi€e chén khodng 42 em’.

B BaiTap

1. Hinh thang cong ABCD & Hinh 28 ¢6 dién tich biing:

Al f{%—xt’.}h. B. _T[%+x+3}it_
C. j[%—x—ﬂix. D. [%+x+3}h',

2. Thé tich khdi tron xoay tao thanh khi cho hinh phing gidi han bdi dd thi ham
so f(x)= Jx, truc hoanh v hai duding thing x = 0, x = 2 quay quanh truc Ox la:

B oy

Hinh 28

2

A. ﬂ_E\l'r;dr. B. ﬂ_{l}-xdr. e j;\,l";dx. D. ixdx.
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Fi

3. Cho db thi him s& v = ¢' va hinh phiing duge 1o
mau nhu Hinh 29.

a) Hinh phiing d6 dudc gidi han bdi cdc dudng nio?
b) Tinh dién tich hinh phing dé.

: Hinh 29
& - = 1 .
4. Cho do thj cdc him s0 y = [5) ,¥y=x+ 1 vi hinh
phiing dide 16 mau nhu Hinh 30.
a) Hinh phiing dé dude gidi han bdi cdc duding nio?
b) Tinh dién tich hinh phﬁng da.

i 1 - Hinh 30
5. Cho db thi him s6 y = — va khdi tron xoay nhu

Hinh 31 =

a) Hinh phing dudge gidi han bdi cdc duiing nio dé
khi quay quanh truc Ox ta dugc khdi tron xoay nhu
Hinh 317

b) Tinh thé tich khdi tron xoay d6.

6. Cho dé thi ham s& y = f(r) nhu Hinh 32.

a) Tinh dién tich hinh phing gidi han bdi @ thi |
i At |

hiim s6 y = f(1), truc Ot va hai duting thing r =0, B, \ vi= (1)
=2,

1 o 1 2 A 4 J5¢
b) Hoi _f f(1)du biéu thi cho phin dién tich cia i | \ / :

0
hinh phing gidi han bdi cic dudng ndo trong 2
Hinh 327

Hinh 32
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7. Ngudita dy dinh lﬁp kinh cho cifa ctia mdt madi vom
cd dang hinh parabol. Hay tinh dién tich mét kinh
cin ldp vio, biét riing vom cila cao 21 m va rong
70 m (Hinh 33).

(Neudn: hiips:Ashutterstock.com)

Hinh 33
8. Hinh 34 minh hoa mit cit ding cha mét con kénh y "'5 5
dit trong hé truc toa dd Oxy. Pdy cia con kénh 1 )
mét dudng cong cho bdi phudng trinh L \Q v = fx)
=5 = 10
3 (4% :] ¥
y=fl{x)=—70~=x" +5x" |.
y=1 IEK}[ 3 Hinh 34
Hiy tinh dién tich hinh phing td mau xanh trong
Hinh 34, biét don vi trén mdi truc toa dé 13 mét.
9. Cho tam gidc vubng OPM c¢6 canh OP nim trén e
truc Ox. M
e I T ‘1
Gid st POM = o, OM = [ (0< a2 <= [ > 0). i
3 @l o~
Goi JI 1a khéi trom xoay thu dudc khi quay tam - ‘“-..h P .
gide d6 xung quanh truc Ox (Hinh 35). Tinh thé S
tich ctia o\ theo e va . _
Hinh 35

10, Sau khi do kich thudc ctua thing rudgu vang
(Hinh 36), ban Quan xdic dinh thiing nidu vang co
dang hinh tron xoay dudgc tao thanh khi cho hinh
phing gidi han bdi d6 thi ham sd

y=-0,011x% - 0,07 1x + 40,

truc Ox va hai duding thiing x = — 35, x = 35 quay
quanh truc Ox. Tinh thé tich thing rugu vang dé,
biét ddn vi trén moi truc toa d6 1a centimét. (Nguon: htps:#shutterstock.com)

Hinh 36

4
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5.

42

BAI TAP CUOI CHUGONG IV

Cho him sO f(x)=2x+¢". Nguyén him F(x) cia hiim s8 f (x) trén R sao cho
F(0O)=2023 la;

A P+ +2023. B.X+e+C.
C.°+e 42022, D. X + €'
2
Biét F(x) = x" 12 mt nguyén him cha ham s6 f(x) trén 2. Gid tri cla j[2+ S(x)]dx
béing: !
K2 B.7. C.o. 't
4 4

1 1
Biét [[£(x)+2x]dx = 2. Khi d6, [ f(x)dx biing:

0 0
A1, B. 4. =2, D. 0.
Tim:
a) _I'Z.r{_rJ -x+2)dx; b) I[2x+-l—1]d.r: c) j{3+2tan2x1dx;
2
d) I(I—kﬂtlx}dx: e) I(Sin.r+2"+'jd.r: g) j{z.ﬁz'"—e"'_'}dx,

a) Cho hiim s6 flx) = + e Tim nguyén hitm F(x) clia hiim s f(x) trén R sao cho
F(0y=2023.

b) Cho hiim s6 g(x) = 1 (x > 0). Tim nguyén him G(x) cia him s8 g(x) trén khodng
X
(0 ; + o) sao cho G(1) =2 023.

Tinh:
1 . 2 4 R

a) [ (x+2)°dx; b) [5-dx; o) [x*Vxdx;
1 R
0 2 L g

d) [ 2% 2dx; e) [2*. 3" dx; a) chh_
il 0

Mot khinh khi ciu bay vdi d6 cao (so vdi muc nude bién) tai théi diém ¢ 13 h(r). trong
d6 1 tinh biing phuit, k(1) tinh biing mét. Toc do bay cia khinh khi ciiu duge cho bdi
ham s6

w(t)=—-0,12¢ + 1,21,
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10.

vdi 7 tinh biing phiit, v(1) tinh bing mét/phiit. Tai thai diém xudt phdt (1 = 0), khinh
khi céu & d6 cao 520 m va 5 phut sau khi xuit phit, khinh khi ciu di ¢ dd cao 530 m
{Ngm'}n: A. Bigalke ef al., Mathemarik, Grundkurs ma-1, Cornelsen 2016).
a) Viét cong thic xic dinh ham s h(n (D <t <29).
b) D& cao t6i da ciia khinh khi ciu khi bay 14 bao nhiéu?
¢) Khi niio khinh khi ciu s& tré lai d6 cao khi xudt phat?
M@t cong trinh xdy diyng du kién hoan thanh trong 100 ngay. S6 ludng cdng nhin
duge st dung tai thdi diém 1 cho bdi ham s6

m(r) =500+ 504 - 10t .
trong d6 f tinh theo ngiy (0 < ¢ < 100), m(r) tinh theo ngudi (Nguon: A. Bigalke et al.,
Muathematik, Grundkurs ma-1, Cornelsen 2016).

a) Khi ndo ¢6 360 cong nhiin dudge sif dung?
b) Khi niio s6 ¢ong nhin dude st dung 16n nhit?
¢) Goi M(1) la s& ngiy cong dude tinh dén hét ngay thi 1 (k€ tif khi khdi cong cong

trinh). Trong kinh t&€ xdy dung, ngudi ta da biét ring M ' (1) = m(r). Téng cong cén
bao nhiéu ngiy cong dé hoan thinh cong trinh xiy dung dé?

Trong bii nity, ta xét mot tinh huéng gid dinh cé mot hoe sinh sau ki nghi dd mang
virus clim quay trd la khuon vién trudng hoc biét Lip véi 1 000 hoc sinh. Sau khi
ch su tié’p xic gitia cic hoc sinh, virus cam liy lan trong khuon vién trudng. Gid
thiét hé thdng chéng dich chua duge khdi dong vi virus cdim dude lay lan wi nhién.
Goi P(7) i s6 hoc sinh bi nhiém virus ciim & ngiy thid 7 tinh tif ngay hoc sinh mang
virus ctim quay trd lai khudn vién trudng. Biét ring toc d6 1y lan cia virus cim ti
1& thudn vdi s6 hoc sinh khong bi nhiém virus cim theo hé s6 ti 1& 12 hiing s6 k = 0.

S6 hoc sinh bj nhiém virus cim sau 4 ngay 14 52 hoe sinh. Xdc dinh s6 hoc sinh bj
nhiém virus ciim sau 10 ngay.

Mot chiéc xe 6 t6 chay thit nghiém trén mét duding thiing bit du tif trang thii ding
yén. Toc d§ cia chiéc xe 6 t6 d6 (tinh bing mévgidy) lan lugt & gidy thi 10, thi 20,
tha 30, tha 40, thi 50 va thd 60 duge ghi lai trong Bdng 1.

‘ Thin gian (giay) 0 10 | 20 30 40 50 60
‘ Tée do (mét g21dy) 0 5 21 40 62 78 83
| I Bang 1
43
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a) Hiy xiy dyng ham s6 bic ba v = f (x) = ax’ + by’ + cx + d (a # 0) 4 biéu dién céc

s0 liéu & Bdng 1, titc 12 & hé truc toa dd Oxy, d6 thi cha him s& d6 trén nia khodng
[0 ; 4+20) “gdn” vdi cdc diem O(0 ; 0), B(10 ; 5), C(20 ; 21), D(30 ; 40), E(40 ; 62),
G(50 ; 78), K(60 ; 83) (Nguon: R. Larson and B. Edwards, Calculus 10e, Cengage 2014).

b) Hiy tinh (gin diing) quiing duting mé xe 6 t6 d6 di di dudge tinh dén gidy thit 60

ctia qud trinh thi nghiém.

11. Gia st A, B lin lugt 1a
dién tich cic hinh dudc td
mau d Hinh 37.

a) Tinh céc dién tich A, B.

b) Biét B = 3A. Biéu dién
f theo a.

=

-.-—-"'..

d X

Hinh 37

12. Hinh 38 minh hoa mit cit ddng clia mét biic

widing cii ¢6 dang hinh chil nhit véi mot cong
ra v ¢o dang hinh parabol véi cic kich thude
dudc cho nhu trong hinh dé. Ngudi ta duy dinh 5
son lai miit ngoai clia bidc niding d6. Chi phi dé 'E, :
son bidc tudng 1a 15 000 ddng/1 m?, Téng chi %
phi dé son lai toan bé mit ngodi clia biic tidng =

do s€ la bao nhiéu?

13. Cho khdi trdn xoay nhu Hinh 39.

a) Hinh phiing dudc gidi han bdi cic dudng X
nio dé khi quay quanh truc Ox ta dudc khoi :

tron xoay nhu Hinh 397

b) Tinh thé tich khéi tron xoay dé.

-

o

T

5 %En?

I_I*. 1:l_:ll.l.l_'|': L]

10m

48 m

-
4m 2m

Hinh 38

fixy=x*-4x+5

\|  Hinh 39
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HOAT DONG THUC HANH
VA TRAI NGHIEM

/ CHU BE 2: THUC HANH TAO PONG HO MAT TROI

I. NOI DUNG CHINH CUA CHU DE

1. Dong hé Mit Trivi (Ngudn tham khde: Denis Savoie, Sundials, Design, Construction,
and Use, Springer 2009)

Cach day khodng 5 000 — 7 000 nim, con ngudi da xay dung duge lich (trong mdt nim)
vl thiii gian (trong mit ngiy dém) d€ theo ddi vi quan sét cédc hién wigng clia thé gidi wi
nhién, viin hinh nén sin xuflt néng nghiép vi quin li cdc sinh hoat cla con ngudi trong
xd hodi. DS véi nhiing khoang thii gian 16n nhu nidm thi ¢6 thé xdc dinh ttong ddi chinh
xdc ngay cd khi chua ¢6 chiée dong ho ddu tién. Tuy nhién, nhiing khoing thdi gian dudi
mot ngay thi rit khé xdc dinh chinh xdc. Vi thé, viée ché tao cic dung cu xdc dinh thai
gian chinh xdc hdn luén dude con ngudi quan tim dic biét. Céc thiét bj dé do thdi gian
bing cdch theo déi dnh sang Mit Tréi dd duge phat trién va sit dung rong rii tif hang
ngan nim trude Cong nguyén, ching han nhu ¢ét ndp ciu, gnomon (thanh kim loai thing
didng duce dit trén bé mit phiing) va cdc loai dong hd Mit Trdi khic.

Pong hd Mit Trosi dugc cho 1a mét trong nhiing loai dong ho diu tién duge phdt trién boi
con ngudi. N6 da duge sif dung tif hing ngan niim tride Cong nguyén trong cic nén vin
minh c6 dai nhu Ai Cip ¢ dai, Babylon, Hy Lap vi La Ma. Ngiw nay, mic di ddng hd
Miit Troi khong duge sit dung phd bién nhu cdc loai dong ho khéc, nhing né viin duge
st dung trong mét s& ting dung dic biét nhu do dac dia chit, nghién ctiu thién vin hoc
vil cédc hoat ddng ngodi trdi nhu sinh ton.

Péng ho Mit Trdi dude st dung dé do thdi gian bing cich theo ddi dnh sdng Mt Trii.
Nguyén tic hoat dbng cua nd 1a theo dbi vél clia dinh sang Mt Trai hién trén mot bé mit
phing c6 cdc vach chia tudng (ng d€ do thdi gian.

Bong i Mdr Tron oo d Al Cip éne hd Mdt Tre o Taganrog
{khoving ndm F500 TCN)

(Newin: Universiry of Basel)

(Ngudn: https:fishutterstock.com)
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Sau ddy, ta s& (im hiéu d{'fmg hé Mat Tro ngang (tiéng Anh: typical horizontal sundial)
la loai dong ho cé miit ddng ho duoc dit song song vdi mit dat vi kim chi thii gian thi
nghiéng theo géc triing vdi chi 8 vi dd ndi ta dang ding.

2. Pong ho Mat Trai ngang

Hinlt 1
DPdng hdé Mat Trdi ngang (Hinh la, b) ¢6 hai bd phén chinh:
* Pia mit dong hd dude dit song song vdi mat dat, trén mit dia cé khic cic duding chi
thdi gian trong ngay (Hinh 2).
* Kim chi thisi gian la mdt thanh kim loai méng, nghiéng vdi mit ddng ho theo gde tring
véi chi s8 vi d6 ndi ta dang diing. Hon nifa, d€ mot dong hé Mit Trdi chi duge gid chinh
xdc, kim phai chi ding vé& cuc Bic (ta c6 thé sit dung la ban dé thuc hién viéc nay) (Hinh 3).
Khi Mt Trii di chuyén trong ngay, béng ciia kim s& d6 xudng thiing hang vdi cic dudng
trén mit dia. Tit d6, ta xdc dinh dude thdi gian trong ngay. Ching han, trong Hinh 2,
béng ctia kim d6 xudng thing hang véi duding xdc dinh 11 gidi trén mit dia. Viy thoi
diém d6 14 11 gid tnda,

; I

Kim ohi that gian
Hinh 2 Hink 3
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3. Cach xic dinh cac duong chi thoi gian trong ngay trén mit dia cia dong
hé Mat Troi ngang

Trén bé miit dia, vé nifa cung tron tim O, dudng kinh AB sao cho duding trung tric cta
doan thing AB song song vdi phudng chi cye Nam — cuc Bic ctia la ban,

* Tia Ov trén dudng trung triic d6 1a vach chi 12 h;
* Tia OA la vach chi 6 h;
* Tia OB la vach chi 18 h;

* P& xdc dinh vach chi # (h) (6 < 1 < 18) ta lam nhu sau:

Tim goc € € (0" ; 90°) sao cho

(Nguin: R.R.J. Rohr, Sundials: History, theory, and pracrice,
Translated by G. Godin, New York, NY: Dover, 1996,

ISBN 0-486-29139-1),

Ching han: Thanh ph& Ha Noi c¢6 @ = 21; thanh phé
Hué& ¢6 @= 16; thanh phd Ho Chi Minh ¢é a= 11.

Khi d6, vach chi 7 gid (6 < < 18) 1a tia Or xuit phit tif

tan @=sina®. tan(r — 12| . 15%),

trong d6. a 1a chi s6 vi do cia noi dit dong ho Mit Trdi

tim O sao cho yOt =0 (Hinh 4).

i

) B
Hinh 4

Biing cdch tinh todn truc tiﬂ'p (hodic tra ciiu trén web: haps:Awww.anyvealeulator.com/
horizontalsundial hiem), ta Lhii'_'-,-' gid tri cua goc @ (lam tron dén hing ddn vi) dudge cho d
Bdng 1, Bdng 2 dng vdi thanh phd Ha Néi ¢6 a= 21, Thanh phé HO6 Chi Minh ¢6 a= 11:

Gidr Gac £ (do) Gidr Gaoc 7(do)
6h 18 h 90 6h I8 h 90
7h 17 h 53 7h 17h 35
Sh 16 h 32 8h 16 h 18
9h I5h 20 Oh I5h 11
10 h 14 h 12 10 h 14 h 6
Il h 13h 3 11h 13h 3

Bing | Bing 2
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Biing 3 thong ké céc chi s6 vi d6 « cia cdc tinh, thinh phd & nude ta (lam tron dén hing
don vi cia dd) (Nguon tham khdo: hitps://eeokeo.com/database/state/vn/1/):

Chisi | Tinh, thanh pho
@ =22  Ha Giang, Cao Biing, Bic Kan, Tuyén Quang, Lio Cai, Yén Bii, Dién
. Bién, Lang Sdn, Lai Chiu, Sdn La

a =21 Hoa Binh, Phi Tho, Thdi Nguyén, Bic Giang, Ha Noi, Vinh Phic, Bic
Ninh, Quing Ninh, Hai Dudng, Hai Phong, Hung Yén

a=20 Ha Nam, Mam B_i_nh._ Th:i Binh

a =19 | Ninh Binh, Thanh Hod, Ngh¢ An

a=18 HaTinh

a=17 | Quang Binh, Quing Tri

a =16 | Thita Thién-Hug, Da Ning

a=15 | Quiang Nam, Quing Ngiii

a = 14  Binh Dinh, Kon Tum, Gia Lai _

a =13 Phi Yén, Dﬁk Lik

~a=12 | Khinh Hoa, Ninh Thudn, Bic Piic Nﬂng, Lam Bﬂng, B?inh Phuidc !

a=11 Bmh Thu;‘m Tiy th Binh Dudng, Pong Nai, Thanh phﬁ H& Chi Minh

a=10 |Ba R1d=Vﬁng Tau, Lc-ng An, Tién Giang, Bén Tre Vinh Long, Dong
Thép, Tri Vinh, Cin Thd, An Giang, Kién Giang, Hiu Giang

a=9 | Soc Triing, Bac Liéu, Ca Mau

Beng 3

4. Cach lam déng hd Mit Troi ngang
Ta chon vit liéu la tim nhua tring hodc bia cing d€ lam dia mit dong ho va kim chi

thai gian.

Bude 1. Lam dia miit ddng hd biing edch sau:
+ Trén bé miit dia, vé nila cung tron tim O, duding kinh AB.

+ Sau d6, xac dinh cic vachchi 12 h, 6 h, 18 h nhu di néu & Muc 3.

+ Léap

bang tinh gid tri cia goc # (1im tron dén hang ddn vi) tudng tt Bdng 1,

ting vdi chi s& vi 4§ cia noi dit ddng hd Mit Trii.
+ Xiic dinh vach chi r (h) (6 < ¢ < 18) nhu di néu & Muc 3.

Biede 2. Lam kim chi thdi gian ¢6 dang nhu & Hinh 3 sao cho géc ulv ¢6 d 16n biing chi

Buede 3.

s0 vi do cla noi dit dong hd Mat Tréi.

Dia miit ddng hd dugc diit song song véi mit dat, kim chi thoi gian duge gin vio
miit dbéng hd sao cho I'= O, Iu = Oy (Hinh 3 v Hinh 4), mit phiing chiia kim
vudng géc vdi mit ddng hd va kim chi v& diing cuc Bic.
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Il. GOI Y TO CHUC CAC HOAT PONG

Thuc hanh tao dong hd Mit Trdi ngang.

Tién trinh 16 chifc cdc hoat ddng bao gdm: phin chudn bi; phin thuc hién: phin tong két.
1. Phéan chuén bj

ESEP Gido vién thyc hién nhiém vu sau:

~ Chia I6p thanh nhiing nhém hoc sinh va giao nhiém vu cdc nhém thue hinh tao dong
hd Mt Trdi ngang biing bia ciing.

~ Yéu ciu mdi nhém hoc sinh chudn bi bia ciing, kéo, thudc ké, giiy A4, bing keo trong
hodc keo dan.

M&i nhém hoc sinh trao déi, thio ludn dé xdc dinh rd nhiém vu cita nhém va
thuc hianh nhiém vu dudc giao.

a) Nhiém vu 1. Xidc dinh vi d6 clia dia phudng noi nha truding xdy dung (c6 thé sit dung
Google Maps).

b ) N hiémvu 2. Lipbang tinh gid tri cha géc #(lam tron dén hang don vi) tuong wd Bdng 1,
ing vdi chi s6 vi dé da.

2. Phéin thuc hién

MGi nhém hoc sinh thife hinh tao dong hé Mit Trdi ngang theo cdc bude nhu dd néu
trong Muc 4.

3. Phin tong két

<P |.am viéc chung ca lap dé thuc hién cdc nhiém vy sau:

~ Céc nhém bédo cdo sén phiim ctia nhém. Tir d6, ¢d 16p gép ¥ cho san phiim ctia mdi nhém.
~ Tong két va rit kinh nghiém.

Ill. PANH GIA

Hinh thic ddnh gid cia hoc tip du dn.

1. Panh gia hoat dong ca nhin

~ MGi cd nhiin ty ddnh gid vio phi€u cd nhin.

— Nhém didnh gid tiing thinh vién trong nhém vio phi€u ddnh gid cd nhin.

2. Danh gia hoat dong vi san phﬁm cua nhom

— Nhém wi ddnh gid lai hoat déng clia nhém vi cho diém vio phiéu ddnh gid hoat dong
cua nhém.

- Gido vién vi cic nhém ddnh gid, rdi cho diém phin trinh biy cla titng nhém vio phiéu
danh gia hoat déng nhom.
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PHUONG TRINH MAT PHANG
DUGNG THANG, MAT CAU
TRONG KHONG GIAN

Trong chuong nay, chung ta sé tim hiéu nhimg ndi dung sau:
phuong trinh mat phang trong khéng gian; phuong trinh
dudng thang trong khéng gian; phuong trinh mat cau trong

khéng gian.

S1 = PHUONG TRINH MAT PHANG

Neudi ta mubn sian xuit mét chi ti€t mdy dude cit ra tif
mdt dng try thép biing gia cong cd khi chinh xdc (Hinh 1).
Pé 1am chi tidt mdy d6, ngudi ta cin xdc dinh phudng
trinh clia mit cit trong mot heé toa do thich hdp va dua
nhiing dit liéu dé vio hé thong mdy tinh diéu khién cic
mdy gia cong co khi ki thudt s&.

Trong khdng gian vai hé toa dp Oxyz,
phutong trink ciia mdt phdng la gi?

Lam thé nao dé lgp duge phcong trinh cia
mt phdng?

£

I ‘JECTU PHAP TU‘I’EH CAP VECTO CHi PHUONG
CUA MAT PHANG

1. Vecto phip tuyén

Cho hinh hop chiinhat ABCD.A'B'C'D’ (Hinh 2).
Gid clia vectd AA’ ¢6 vudng gée véi mit phing (ABCD)
hay khong?

50

Hinh 1

7y EomeAee e Bl 1

Hinh 2
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Cho mit phiing (P). Néu vectd i khdc 0 va c6 w
gid vudng géc vdi mit phing (P) thi i dude goi la
veetd phdp tuyén ciia mit phiing (P).

O Hinh 3, vectd ii la mt vectd phép tuyén clia mit
phiing (P). Hinh 3

Nhén xér: Néu i 1a vectd phdp tuyén cha mdt mit phing
thi k#i (k= 0) cling 1a vectd phdp tuyén ciia mit phiing dé.

Vidul @ Trong khong gian vidi hé
toa dd Oxyz, hiy chi ra mdt vecto

k-
E . ﬁ'l Trong khing gian vdi
phép tuyén cua miit phang (Oxy).

hé toa di Oxyz, hiy chi ra
mot vectd phép tuyén ciia:
a) Mt phiing (Oy2);
b) Miit phiing (Ozx).

e s

Gidi. (Hinh 4)

Vectd k=(0:0:1) c6 gid la true
OzvaOz L(Oxy)nén k=(0:0:1) ,

li mdt vectd phdp tuyén clia miit Hinh 4

phing (Oxy).

2, Ciip vectd chi phudng

GSPY» Cho hinh hop ABCD.A'B'C'D'. Cho biét hai D

vectd AB, A'D’ c6 ciung phudng hay khung Nhan xét vé . /

vi tri tudng doi gilla gid clia mbi vectd .45 A'D va mit

phiing (ABCD) (Hinh 5).

F’V- W
Cho miit phiing (P). Hai vectd khong ciing phuong 5
¢6 gid song song hojic nim trong mit phing (P) A
dudge goi la cdp vecto chi phutong cia mit phing (P). Hinh 5

Vidu 2 = Quan sit Hinh 5.

2
= ) T kh i di
a) A'B, A'D' cé la ciip vectd chi phudng clia mit phing ; m;o gf ny: ghga:hivm

(A'B'C'D’) hay khong? Vi sao? mot ciip vectd chi phudng

b) BC, CD ¢6 la clip vectd chi phudng ctia mit phing ?B?MTE;::}TE phing (Czy),
(A'B'C’D’) hay khéng? Vi sao? '
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Gidi
a) Do hai vectd A’B:. A'D’ khéng ciing phudng vi ¢6 gid ciing niim trong mit phing
(A'B'C’D’)nén A'B’, A'D’ la ciip vectd chi phudng ciia mit phiing (A'B'C'D").

b) Do hai vectd BC, CD khong cing phudng va cé gid cling song song vdi mit phing
(A’B'C’D’) nén BC, CD laciip vectd chi phudng clia mit phﬂng (A'B'C’'D"),

3. Xic dinh vecto phip tuyén cia mit phing khi biét ciip vectd chi phudng

Cho cip vectd chi phudong a = (1 ;: 05 1), "

b= (2:1:0)cha mit ph‘fmg (). .| B
a) Hiy chi ra toa dd cua maét vectd n (n # 0) vuong goc

vdi ca hai vectd @ va b (Hinh 6).
b) Vectd s ¢6 la vectd phép tuyén cla mit phing (P)hay :

khong? Hinfi 6
Ei‘i-r F O . s W

Néu hai vectd a =(a, :a, ;a3), b =(b, 1 b, : b;) la cdp vectd chi phudng cua

e
b, b

I“] ay
b, b,

bl bl

L]

miit phing (P) thi 7i =[a. b | =[

] la mot vectd phéap

tuyén ciia mit phing (P).

Vidu3 = Cho mit phing (P) ¢6 ciip vectd chi phudng 14
d=(1:3:5), b=(-=3;:4:1).
Haiy chi ra mdt vectd phédp tuyén ciia mét phiing (P).

Gricli 5
“ & Trong Vi dy 3, vectd

Mot vectd phip tuyén cua mét phiing (P) li: - (1:=2:1) o I

-_l:_é]_ 3 5.5 1|1 3 vectd phdp tuyén cia mit
PELEOEL ) th -3 ks -1 phing (P) hay khéng?
Vi san?
=(8:-16:8).

Il. PHUONG TRINH TONG QUAT CUA MAT PHANG

Tmng khéng gian véi hé toa dd Oxyz, cho mit phﬁng (P)diquadiémA(l ;- 1:2)
vit ¢6 vectd phip tuyén la i=(1;2:3).
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Gia sit M(x : v ; 2) 1a mot diém wy ¥ thude mit phing (P)

(Hinh 7). e
a) Tinh tich vo hudng 5 . AM theo x, Y. Z. AL - 132)
b) Toa dd (x : y; 2) cha diém M c6 thod min phidng trinh: | \\ﬂ';: e
x+ 2y + 3z — 5 = 0 hay khong? s '
Hinh 7

Nhdn xét: Tanéi mdt phing (P) 6 phutomg trinh tong qudt
la:x+2y+3z-5=0.

Trong truiing hdp tong quiit, ta cé:

* Trong khéng gian véi hé toa dd Oxyz, mdi mit phing (P) ¢6 phudng trinh dang
Ax+ By + Cz+ D =0, trong d6 A, B, C khong dong thii bing 0.

¢ Nguidc lai, moi phudng trinh Ax + By + Cz 4+ D = (), trong dé A, B, C khong dﬁng thai
biing 0, déu xdc dinh m&t mét phing trong khong gian vdi hé toa 46 Oxvz.

F | . T "
Phudng trinh Ax + By + Cz + D = 0 (A, B, € khong dong thiii biing 0) 13 phutemg trinh

tong qudt clia mit phing. Hé s6 D goi 14 hé s e do cia phudng trinh tong quat.
Nhdn xér
Tacé thé chiing minh duge riing néu mit phiing (P) l B
¢6 phudng trinh téng quit 1a
Ax+By+ Cz+ D=0,

(PrAx+By+Cz+D=10

trong d6 A, B, C khéng d6ng thdi biing 0, thi vectd j A2+ B4 (2> 0)
i=(A;:B:C) lamit vectd phip wyén cia mét »
phiing (P) (Hinh 8). Hinh 8

Vidu+ ' Phudng trinh nio sau diy 1 phudng trinh téng quét ctia mit phing?

AxX+y+z-1=0, B.x+y+z-1=0.
C.x+y+z7-1=0, D.x+y+z-1=0.
Gridli

Ta thily chi ¢6 phudng trinh x + v + z — 1 = 0 la phuong trinh tong quét clia mit phing.
Chon D.
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Vidu3 | Chira mdt vectd phap tuyén clia mit phing (P): ? ;
“ 4 Chi ra mit vectd phép

=Pl tuyén cha mdi mit phing
Gidi sau:
Tact: 2x—-y+z-1=0 2. x+(-1).y+1.2-1=0, a)(Prx—y=0
b)(Q):z-2=0.

Mt phing (P) nhin 7 = (2 ; — 1 ; 1) lam vectd phdp tuyén.

L. LAP PHUONG TRINH TONG QUAT CUA MAT PHANG BIET MOT SO
DIEV I(I.EH

1. Lap phuong trinh tong quit ciia miit phiing di qua mét diém va biét vecto

phép tuyén

Chu miit phiing (P) di quadiém I(x,:y,:2,) ol o

c6 n=(A; B;C) la vectd phdp tuyén. Gia si el

M(x ;v ; z) 1a mét diém bit ki thube mit phiing (P) .- N

[V EREN. ¥
{Hiﬂh g;i‘ J U'“ Ya "'II':I
a) Tinh tich vo hudng i . IM. ? Mixiviz
b) Hiy biéu dién i . IM theo Xy Vo Lk s 2 VA " ] ;m“ g
A, B, C.

S&.’r — w - §
Miit phing (P) di qua diém /(x, : y, 3 z,) va nhdn 7 =(A: B, C) lam vectd phép
tuyén cé phudng trinh tdng qudt 1a:
Ax+By+Cz+D=0v8 D=-Ax, - By,- Cz,
Chui y: Mit phiing (P) di qua diém /(x ; v, 3 2,) vi nhén 7 = (A ; B ; C) lam vectd phip
tuyén c6 phudng trinh 1a:
Alx - Xo)+ B(v - Yo + C(z - 2) = 0.

Vidu 6 & Lip phudng trinh mit phfmg (P) di qua diém/(1:2;7)vanhin n=(3:;2:1)
lam vecto phép tuyén.

j 5 Chohai difmM(2:1:0),

Gidi
Phucdng trinh mat phing (P) la: N : 3 ; 0). Lip phudng
3.x=-1D+2. =2 +1.z=-D=0 trinh mét phiing trung tryc

ciia doan thiing MN.
S 3x+2y+z-14=0. =
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2. Lap phuong trinh téng quét ciia miit phiing di qua mit diém va biét ciip

vectd chi phuong

@5 Cho mit phing (P) di qua diém /(1 ;3 ;-2)

¢6 ciip vectd chi phuong la w=(1;1:3), v=(2:-1;2)

(Hinh 1),

a) Hiy chi ra mdt vectd phép tuyén i cia miit phing (P).

b) Lip phudng trinh mit phing (P) di quadiém /(1:3:-2), P

biét vectd phdp tuyén n. Hinh 10

o
"~ Pé lip phuong trinh mit phing (P) di qua diém I(x, 3 ¥, 3 3) 6 ciip vectd chi

phudng 1a i, ¥.ta ¢ thé lam nhu sau:

Bude 1. Tim i =i, v].

Butde 2. Lap phuong trinh mit phiing (P) di qua diém (%, : ¥, : 2,) nhin 7 lam
vectd phép tuyén,

—

HELS5—324)

Vidy 7 | Lép phuong trinh mét phiing (&) di qua diém I(— 3 : 1 ; 0) ¢6 céip vectd chi
phuong la u=(2;1;-1), v=(-1;3;2).

Cridi = -
2 P i1 -l -1 2WZ2 1 = 2 :
Xét vectd 1 = [u. 1=] = ; ; , tic " 8 Cho mit phing (P) di
3 2|12 —-lkd-1 3 qua diém /(x; v, : 2,). Lip
livii =(5;=3:7). Khid6, /i lavectdphép tuyén cliamgt ~ phudng trinh mdt phiing
3 (P), biét mit phiing do:
phing (). :
i a) Vubdng gde vdi truc Ox;
Viy miit phiing () ¢6 phudng trinh la: b) Viidng géc véi trc Oy;
5.043)+(=3).00-1H)+7.z=-0)=0 ¢) Vubng gbe vdi tryc Oz,

& 5x-3y+Tz+ 18 =0.

3. Lip phuong trinh tong quat ciia miit phing di qua ba diém khéng thang hang

SR Chobadiém H(-1:1:2),1(1;3:2),K(~1:4:5) R
cung thuge mét phing (P) (Hinh 11).

a) Tim toa d6 cia cic vectd HI, HK. Titdé hiy chiing to H K |
riing ba diém H, I, K khong thing hang. ' fﬁ
b) Liap phuong trinh mit phing (P)diquadiém H(=1:1:2), & '-
biét ciip vectd chi phuong 14 HI, HK. Hinh 11
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Fi
" Dé&ldp phuong trinh mit phiing (P) di qua ba diém H(a, ; b, ;¢)). la,: b, ¢,),
K(a, ; b, ; ¢,) khong thiing hiing, ta ¢6 thé 1am nhu sau:
Biutic 1. Tim ciip vectd chi phudng clia miit phiing (P) 1a:
HI =(ay—a, b~ c—¢) E=[a3 — il =B e
Butde 2. Tim 7i =| HI, HK |.

Budc 3. Lap phudng trinh mit phing (P) di qua diém Hia, : b, : ¢,) nhin n lam
vectd phap tuyén.

Vidu 8 | Lip phuong trinh mit phiing (&) di qua ba diém A(1 ; 0;2), B(1;1; 1) va
Ci;1:2).

Gridi

Tacé: AB=(0:1:-1), AC=(=1:1:0).

el i 1 -1 -1 O 0 1 b
Xét vectd ii =[ AB, AC | = ; E tde T di= (1315 1),
1 offfe =111
Khi d6. 1 la vectd phip tuygn cua mit phfmg { ex). 1:" -

: : " R 7 Lap phudng trinh mit
Viy mit phang (&) co phuong trinh li: phing & qua ba diém
M1 ;2 1), N0 ;3 :2)vi
L.a-D+1.(56-0+1.(z-2)=0 il oyl

Sx+y+z-3=0

Vidu 9 & ChobadiémA(a;0;0),B(0:b;0),C0;0;¢)
vdi abe # 0 (Hinh 12). Viét phiong trinh mét phing (ABC).

Gidi
Ta ci: ;‘1_-3={—HLE?ZD}#6; E={—H:ﬂ:t'l?*ﬁ-

)

tic 1a i = (be ; ea ; ab). Do ii #0 nén 7 la vectd phap
tuyén ciia mit phiing (ABC).

Xét vectd
ii=| AB, AC ] =UE ¥

0 —-a

¢ —da

—a b
—a 0

B0 h:0)

L] *

Fid
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Viiy mit phing (ABC) c6 phucng trinh li:
be.(x=a)+ca.(y=-0)+ab.(z-0)=0

4> bex + cay + abz —abe =0 S L
a b ¢
Chui v: Miit phﬁng di qua ba diegm A(a ; 0:;0), B0 b;0), CO:0 ;) véi abe =0 cd
phudng trinh li:

X W F
—f=—f—=],
a b ¢

Phuong trinh d6 con dude goi la phuong trinh mdt phdng theo doan chdn.

Vidu 10, Khéi rubik duge gin véi hé toa dd Oxyz c6 don
vi biing dd dai canh hinh 1dp phuong nhd (Hinh 13). Xét
bon diem A(3 ;05 0), B0 ;3;0), CO;0;2)vaD(1;1;1).
a) Lip phuong trinh mit phiing di qua ba diém A, B, C.
b) Bdn diém A, B, C, D ¢6 ddng phing hay khéng?

Gidi

a) Phitong trinh mét phiing (ABC) la:
£+l+£:| (*) Hinh 13
3 3 2

b) Thay toa d6 ciia diém D vio v& trdi cia phudng trinh (%), P;F =

1 1 1 " .. 8 Lip phudng trinh mit
ta co: ;+¥+E‘$ . Suy ra diém D khong thude milt Phing % qua ba Milm

phing {‘ABEI' ). :‘E_lé% 3_:4{;}, B(0O;3;:0),
Viy bdn di€ém A, B, C, D khong déng phiing. it

IV. DIEU KIEN SONG SONG, VUONG GOC CUA HAI MAT PHANG
1. Diéu kién song song ciia hai miit phiing
P Cho mit phing (P):

2+ 2y + 22+ 1=0(1)

-
i

va mit phing (P,): B
x+v+z-1=0(2). IrT
a)Goi i, =(2;2;2), A, =(1;1;1)1nlugtla _ P,
vectd phip lu}ré"n cua hai mit phﬁ.ng {PI}. [FE‘I' '
(Hinh I4). Tim lién hé gita n, va 2n,. Hinh 14
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b) Tim cic hé 6 wi do D, D, lin lugt trong hai phudng trinh (1), (2). So sdnh D va2D,.

¢) Néu vj tri tong dbi ciia hai mit phﬁng {Pt}, (P.).

Trong truding hop téng qudt, ta ¢é dinh 1f sau:
I
Cho miit phiing (P,) ¢6 phudng trinh tong quat laAx+By+Cz+D =0
vi mit phing (P,) ¢6 phudng trinh tong quit 1a Ax+By+Cz+D,=0.
Goi i, =(A, : B, : C)), A, =(A,: B, :C,) lan lugt 1a vectd phdp tuyén cia hai
miit phiing (P,). (P,).
1, = kn

Khi dé: (P,) // (P,) khi va chi khi ton tai s6 thuc k = 0 sao cho { : 2

o D, # kD,.

Vidu 11 Cho hai mat phiing

(P)): 2x=y-3z+ 1=0, Ej:Chn m # 0. Ching

P @ - 3592 + 0 minh ring cdc mit phiing
e (Py:x—m=0,
Chiing minh ring (P)) // (P,). (Q): v=m=0,
Gidi Qrz=—m=0

lin Iugt song song vdi céc
mit phing (Ovz), (Ozx),
A, =(2;-15-3), i,=(6;=3;-9) (Oxg.

Hai mit phing (P,), (P,) c6 vectd phdp tuyén ldn lugt 1a
Vi, =30, va ."JI =1=3,1 :3.*)' nén {Pl}ﬂ' (P.).

2. Piéu kién vudng géc ciia hai miit phiing

@ L Cho mit phiing (P,) c6 phuong trinh tong quét L
x+2y+z+1=0 e

va mit phing ( P,) ¢6 phuong trinh tong quat la:
3x-2v+z+5=0.

A i Tfh
Goi 7, =(1:2;1), n, =(3:-2;1)lan lugt 1a vectd phip v /
tuyén cia hai mit phiing (P)), (P,). Hai vectd #,, #, co y ; ,
vuong goc vai nhau hay khong?

Ngudi ta ching minh dugc rﬁng hai miit phﬂng {PI}, {Pj}
vuong géc véi nhau. Hinh 15
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Trong trudng hop tdng quit, ta ¢é dinh If sau:

S
" Cho miit phiing (P,) ¢6 phuong trinh tdng quit A A x + By + C,z+ D =0 vi
miit phiing (P,) ¢6 phuong trinh tong quat 1a A,x + B,y + C,z + D, = 0. Khi dé:

(P)L(P)e=AA, +BB,+CC,=0.

Vidu 12 Cho hai mit phing
(Frx—y—2z+4=1),
(BYx=y+3+3=0,
Ching minh ring (P,) L (P,).
Gidi p
Hai mat phiing (P,), (P,) ¢6 vectd phip tuyén lan lugt 10 Ching minh ring hai

i 5 miit phiing (Ozx) va (P):
lan =(1:-1:-2), ny=(1:-1:1). xi.zl?—f:{}w]]ﬁngfgﬁl

Vid ., =1.1+(=1).(=1)+(=2).1=0nén vdi nhau,
i, Lii,. Vay (P) L(P,). [—

V. KHOANG CACH TU MOT DIEM DEN MOT MAT PHANG

Cho miit phiing (P) c6 phuong trinh téng quét M,
lAAx + By + Cz+ D =0vdi ii=(A;B;C) la vecto -
phip tuyén. Cho diém Mnl_’i :3:4). Goi H{xH Vg Ty 14 I
hinh chi€u vuéng géc ciia diém M, tén mit phang (P) H
(Hinh 16). AP

Hinh 16

a) Tinh tog d§ cia HM,, theo X Ve Ty

Tit d6, hily suy ra ring
i . HM,| = liil.[HM,| =] .24 B .3+C .4+ D|.

¢) Tinh cdc @5 dai [, |HMH' | theo A, B, C, D. Tit d6, hly néu cong thc tinh khodng
cdich tit diém M (2 : 3 : 4) dén miit phiing (P).
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Mot cich tong qudt, ta co:

Fﬁy
" Khoing cdch tit diém M(x, : y, : 2,) @ miit phiing (P):
Ax+By+Cz+D=0(A*+B*+ C* > 0)

|Ax“ +By, +Czy+D

dugc tinh theo cong thic: d(M,, (P))= J e
A" +B +C

Vidu I3 Cho miit phiing (P): 2x = 2y = z + 3 = 0 vi diém M(3 ;1 :-5). Tinh khoing
cdch tir diém M, dén mijt phiing (P).

j 11 Ching minh ring

Gidi

Khoang cdch tif diém M, d&n mit phing (P) li: khodng cich it difm

2.3+(=2).1+(= 1) . (- 5)+3] M(a : b : c) dén cic mit

d(M,, (P)= = = =4. phing (Oyz), (Ozx), (Oxy)
Jz— +(=2P +(= 1) 14n lugt bing lal, 1B, Ic!.

Vi du 14, Cho mit phing
(P)2x-4y-4:+3=0

va mit phing (P,): x —2y -2z + 1 =0,

a) Ching minh ring (P) I (P,).

b) Tinh khodng cich gita hai miit phﬂng song song [P] Y {PEJ.

Gidi

a)Tacon,=(2:-4:-4), n,=(1:-2:-2) lan luot L
hai vectd phdp tuy&n cha edc mit phing (7)), (P,). Do
iy =2y, Dy=3#2=2D, nén (P ) // (P,).

-
b) Chon diém Mn(—% =05 ﬂ]e (£ ). Suy ra khodng cich /{ Cho mit phing

tir diém M, dén mit phiing (P,) la: (P): 6x—8y—3=0
3 ] vii mit phiing
i S (P,):3x—dy+2=0.

d(M,, (P,))= a) Ching minh ring

I
e aE
VE+(-2) =y (P) 11 (P,).
Do khodng cich gita hai mit phiing song song () b) Tinh khodng ciich giita
(P,) bing d{MD. (P,)) nén khodng cach gida hai mit hai mit phiing song song

phing song song (P,), (P,) bing % (P)), (P,).
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V. MOT S6 UNG DUNG CUA PHUONG TRINH MAT PHANG TRONG
THUC TIEN

Phudng trinh mét phing c6 nhiéu ding dung trong thic tién nhu trong thiét k& xay dung,
tinh todn cdc yéu td ki thudt, ... Ta s& tim hi€u qua mét s6 vi du sau diy.

Vidu 15, Hinh 17 minh hoa B(10:20: 10)
hinh anh hai mdi nhi ciua mdt
nha kho trong khong gian vdi hé
toa dd Oxyz (ddn vi trén mdi truc
toa d6 1a mét). Cic biic tudng
ciia nhi kho déu dude x iy vudng
gde vai mat dat.

a) Lap phudng trinh cia hai mit
phiing tong ting m&i mdi nha.

b) Tim toa d6 cha diém Q.

¢) Tim toa dé chaa vectd P—Q

Lo« 20: 10

A(10;0: M

Hinh I7

Cricii
a) Hai mit phiing tidng dng m&i méi nha 1 (ABP) va (CDP).
* Do mijt phiing (ABP) c6 ciip vectdchi phudng 1a AB = (0520 :1), AP =(—5:0:—-3)
nén cé mot vectd phap tuyén la:
—sr—y 20 1
| AB,AP |- :
0 -3

I 0 0 20
-3 =5 -5 0
Ma mit phing (ABP) di qua diém A(10 ; 0 ; 9) nén ¢6 phuong trinh la:

-60(x - 10)-5(»—-0)+ 100(z -9 =0 12x+ y- 20z + 60 = 0.
* Do mijlph.’ing[CDP} co ciip veetd chi phudng la :{f}= (5:0:-3), b_{.‘z (0:;20:1)
nén c6 mot vecto phép tuyén la:

[DP.D{?:]=[ -3 =23 3. 19 0O

]=[—5ﬂ:—5:10ﬂ].

0

20 1|1 00 20

Ma miit phiing (CDP) di qua diém D(0 ; 0 ; 9) nén ¢6 phudng trinh li:
6x =0)=S5(y=0) + 10(z=9)=0 12v = y+ 20z - 180 =0.

b) Vi ¢dc biic wiing cia nhi kho déu dudge xdiy vudng goc vaéi milt dit nén vdi hé toa do
trén ta c6 Q(x ; 20 ; 2).

]=(6D:—5:Iﬂ{}).

Do diém @ thude mit phing (ABP) nén toa d6 ciia diém Q thod man:
12x + 20 — 20z + 60 = 0, tde 12 3x — 5z = - 20.
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Do diém @ thudc miit phiing (CDP) nén toa dé cia diém Q thoi min
12x — 20 + 20z — 180 = 0, ic 1a 3x + 5z = 50,
x-5z=-20 =
Ta c6 hé phudng trinh: 9% =238 e!* 3 '
3x+5:=50 =7
Viy 0(5;20;7).

¢) Vi P(5:0:6)va O(5;20; 7) tacod: PO =(0;20;1).

Vidu 16 Trong khong gian vdi hé toa dé Oxyz (don vi trén méi truc toa di la kilomét),
mdt may bay dang & vitri A(3 ; —2,5:0,5) va s€ ha cinh & vi tri B(3 ;7,5 ; 0) trén duding
bing (Hinh 18).

a) Sau bao nhiéu phit mdy bay tif vi tri A ha cdnh tai vi tri B? Biét tdc di cia mdy bay 1a
300 km/h trén quang dudng AB (lam tron két qua dén hang don vi cha phuit).

-y

(Neudn: htps:dshutterstock.com)
Hinh 18§

b) C6 mot 16p miy duge md phong bdi mdt mit phiing (a) di qua ba diém M(9 ; 0 ; 0),
NG ;=9 0) PO ; 0; 0,9). Tinh d6 cao cua mady bay khi mdy bay xuyén qua diam
miy dé ha cdnh.

Gidi

8) Tac6: AB =4/(3-3)2 +(7,5+2,5) +(0-0,57 =/100,25 (km).

Do d6, thiii gian d€ mdy bay tit vi trf A ha cdnh tai vi tri B la:
v '3?3625 (hy=Y ‘;’3[;25 60 (phity = Y1002 “;]'35 (phiit) = 2,01 (phit) ~2 (phit).

b) Gia sit diém C(x,. 1 y,. : 2,) 14 vi tri mi mdy bay xuyén qua ddm mdy d€ ha cdnh, suy
ra C € (@ ). Ap dung phudng trinh mit phiing theo doan chin, ta thily mit phiing (a)

¢ phudng trinh li:
X oy 2

=1 x-y+10z=9. Suyrax.—-y.+10z.=9.
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Mairt khic, vi E AB 1a hai vectd ciing hudng nén ton tai sd thue 1 > 0 sao cho
AC =tAB. Do
AC =(x. -3y +2.5: 20 —0,5);
AB=(3-3:7,5+2,5:0-0,5=(0;10;-0.5)
X, —=3=01 X-=3
nén 4y +2,5=10t <&y =10-25
2-—0,5=-0,5¢ z-=—0,5t+0,5.
ViCe(a)nén3—(10r-2,5)+ 10(-051+0.5)=9<1=0,1. Suyra C(3 ; - 1,5 ; 0.45).

Viy tai vi tri C, d6 cao clia mdy bay 1a 0,45 km.

B BaiTap
Phudng trinh nio sau ddy 1a phudng trinh tdng quit cia mit phing?
A -C+2y+3z+4=0, B.2x—y'+z+5=0.
C.x+y-22+6=0. D.3x—-4y=5z+1=0.

L]
.

Mit phing x + 2y — 3z + 4 = 0 c6 mdt vectd phdp tuyén la:
A.n=(2;-3:4). B. n,=(1;253).
C.ity=(1:2;-3). D. i, =(132; 4).

Lip phudng trinh miit phing (P) di qua diém /(3 ; =4 ;5) vinhin ii=(2;7;-1)
lim vectd phap tuyén.

Lip phudng trinh mit phing (P) di qua diém K(= 1 ; 2 ; 3) vi nhin hai vectd
ti=(1;2:;3), v=(4:5:6) lam cip vectd chi phudng.

Lip phudng trinh mit phing (P) di qua:

a) DBiém I(3 ; — 4 ; 1) va vudng géc vdi truc Ox;

b) Diém K(- 2 ;4 ; — 1) vi song song vdi mit phiing (0zx);

c) Diém K(-2: 4 : - 1) va song song vdi mit phing ((): 3x + 7y + 10z + 1 = 0,

Lip phudng trinh mit phfmg (P) di qua ba diémA(1;1;1),B(0:4:0),C(2;2;0).

Lip phudng trinh miit phiing theo doan chiin ciia mit phing (P), biét (P) di qua ba
ditm A(S:0:0),B(0:3:0),C(0:0:6).
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8. Cho hai mit phfmg {FI pdr—-y—-z+1=0, {P:}: Bx—2y-2z+1=0.
a) Chiing minh ring (P ) // (P,).
b) Tinh khodng céch giiia hai miit phing song song (P,), (P,).

9. u‘} Cho hai mit phing (P)x+2y+3z2+44=0,(P,): x+y-z+5=0. Ching minh
ring (Pl] 1l [FEJ.
b) Cho miit phfing (P x=2y=2z+1=0vadiém M(1 ;1 ;- 6). Tinh khodng céich
tif diém M dén mit phiing (P).

10. Trong khoéng gian vdi hé toa d6 Oxyz,
cho hinh chop S.OBCD co diy la
hinh chit nhit va cic diém (0 ; 0 ; 0),
B2;0:0,D0:3;0),80;0:4)
(Hinh 19).

a) Tim toa dd di€ém C.

b) Viét phuong trinh mit phiing (SBD).
¢) Tinh khodng céich tif di€ém C dén miit
phéing (SBD). Hinh 19

11. Hinh 20 minh hoa hinh dnh mét toa nhi trong khong gian vdi hé toa dé Oxyz (don
vi trén mdi truc toa do 14 mét). Biét A(50 : 0 ; 0), D(0 ; 20 ; 0). B(4k : 3k ; 2k) vdi
k =0 va mit philng (CBEF) c6 phudng trinh la z = 3.
a) Tim toa do cia diém B.
b) Lép phudng trinh mét phiing (AOBC).
¢) Léip phudng trinh mit phiing (DOBE).
d) Chi ra mdt vectd phdp tuyén ciia mdi

miit phiing (AOBC) va (DOBE).

Hinh 20

12. Hinh 21 minh hoa mdt khu nha dang xiy
dung dudc giin hé truc toa dd Oxyz (don
vi trén cdc truc 12 mét). M6i cit bé tong
¢6 dang hinh ling tru td gidc déu va tim
clia mit ddy trén lin lugt 14 céc diém
A(23:1;3), B(4;3;3),C(6;3;2)3),
D(4:;0:2.8).
a) Viét phuong trinh mit phing (ABC).

o .l - 3 b
b) Bon diem A, B, C, D c6 dong phing (Ngudn: https:iwww.shutierstock.com)
khong? Hinh 21
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§2 PHUONG TRINH DPUONG THANG

Ciu Bii Chdy ndi Hon Gai va Bidi Chédy
(Quang Ninh). Diy cdp ciia ciu gdi nén hinh
anh dudng thing trong khong gian véi hé toa
dd Oxyz (Hinh 22).

Trong hé toa dd Oxvz,

phitomg trinh ciia dieimg thdang
la gi? Lam thé naoe dé ldp dwge
phitong trinh ciia dudng thdng?

Ciu Bii chiy
(Newdn: htips:/shuterstock.com)

Hirnh 22

I. PHUONG TRINH BUGNG THANG
1. Vecto chi phuong ciia duiing thing

“SEP Cho hinh hip ABCD.A'B'C’'D’ (Hinh 23). Gid
clia vectd A'C' va dudng thing AC ¢6 vi tri tudng d6inhu 5

thé nao?
Ehr - - = |
Cho dudng thing A va vectd @i khic 0. Vectd ii Bl

duge goi la vecto ehi phitemg cla duding thing A

néu gid cba i song song hodic tring vdi A, l Hinh 23

Nihidn xér: Néu i 1a vectd chi phuong clia mét duding thiing thi kii (k # 0) ciing 13 vectd
chi phudng ctia duing thing do.

Vidu 1 | Trong Hinh 23, céic vectd AB, CD v A'B' ¢6 _
la vectd chi phuong ciia duding thiing AB hay khong? Vi sao? p
Gidi umng Hinh 23, vectd
- B B'D" ¢6 la wvectd chi
Do vectd AB khdc 0 va cé gid la dudng thing AB nén  phudng cia dudng thing
vectd AB la vectd chi phudng ciia duding thing AB. BD hay khong? Vi sao?
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Do ciic vecto €D, A'B’ khic 0 vii ¢6 gid 14n lugt 14 cdc dudng thing CD, A’B’ song
song vdi duding thiing AB nén hai vectd dé déu 1a vectd chi phudng ciia duding thing AB.

2. Phudng trinh tham s6 ctia duding thing
Trong khéng gian véi hé toa d6 Oxyz, cho sk
duding thiing A di qua diém M (1 ; 2 ; 3) va c6 vectd
chi phudng i =(2;—3:5). Xét diém M(x:y: 2)
nam trén A (Hinh 24).

a) Néu nhin xét vé phuong ciia hai vectd i va MM,

b) Cé hay khong s thyc 7 sao cho MM = i1 ?

-
)

m/’,‘h

d) Hiy biéu dién x, v, z qua r.
d) Toa d6 (x : v ; z) chia diém M (ndm trén A) 6 thoad

man hé phudng trinh: Hinh 24
x=1+21
y=2-73t hay khéng?

z=3+5¢

Nhén xét: Ta n6i duding thing A c6 phitomg trinh tham sé 1
x=1+2
y =2-3¢ (rla tham sd),
z=3+51

Trong triding hop tong qudt, ta cé:

* Trong khéng gian vdi hé toa dd Oxyz, néu A la duding thiing di qua M (%43 ¥y 2,) va
cé vectd chi phuong w = (a ; b ; ¢) thi A cd phudng trinh dang

X=X, + ar
y=1y,+bt (t1atham 50).
I=5,ta

x=x,+at

* Nguoc lai, méi hé phuong trinh { v =y, + bt , trong d6 a. b, ¢ khing ddng thdi biing 0
=5 +da

viut 14 tham s8, xéc dinh dudng thing A di qua M, (x ; ¥, : 2,) v ¢6 mdt vectd chi phuong

lAd=(a:b;c).
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>
I=I“+ﬂf

Hé phudng trinh { y = y, + bt , trong d6 a, b, c khéng ddng thdji biing 0, ¢ 1 tham s6,
z=7,+ct

dudc goi 1a phitong trinh tham 56 ciia duding thing A di qua M (x,; ¥, s 2,) VA cé
vectd chi phudng w=(a;b;c).

Trong cdc vi du, bai tdp sau div, néu khong chi ¥ gi thém thi ta hiéu la xét trong khong
gian vai hé tog dp Oxyz.

Vi du 2
a) Viét phudng trinh tham s& clia dudng thing A di qua diém A(2 ; = 1 ; 4) va ¢6 vectd

chi phuong w=(3;4;-5).
xr==-1+2t

b) Cho duding thing A ¢6 phudng trinh tham & la: { y=5-7¢ (¢ 1a tham s).
z=91

Chi ra toa d6 mdt vectd chi phudng ctia A vi mot diém thude duding thing A,

Gidi
a) Phutong trinh tham sG ctia duding thing A la:
x=2+3
y=—1+4¢ (t i tham s).
z=4-=51
b) Toa dd clia mét vectd chi phudng clia A la ?
=(2;=779). ‘2 Viét phudng trinh tham
B = s ciia duiding thiing A, biét
x=-1+2.0==3 Adi qua diém C(1;2:-4)
Ungvdir=0tacé: {y=5-7.0=5 vi vubng goéc voi mit
z=9.0=0. phang (£;

: x—y+2z-1=0.
Suy ra diém B(= 1 ; 5 ; 0) thudc duding thiing A.

3. Phuong trinh chinh tiic ciia duiing thiing
Cho duiéing thing A ¢6 phudng trinh tham s6:

x=24+3t
y=4+7t (t i tham s6).
z=5+8t¢
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Toadd (x:y:z)ela diém M (niim trén A) ¢6 thoa min hé phudng trinh
-2 y=4 -3
== = hay khong?
3 g s e

a ) L " — 2 7 4 z ==
Nhein xér: Ta néi dudng thing A c6 phutong trink chinh tde 1a: 2 i Y 7 = 5 5.

Trong truding hop tdng quat, ta cé:

* Trong khong gian vi hé toa d6 Oxyz, néu A la duding thing di qua diém M (x_ 1y, z,)
vir ¢d vectd chi phudng u =(a: b c) (v6i abe = 0) thi A ¢6 phuong trinh dang:
X=Xy ¥Y=¥% I-%

i b c

- t'ﬂ 'L _}Iﬂ o ra

a b i
) v c6 mot vectd chi phuong la i =(a: b:c).

* Ngudc lai, vii abe = 0, mdi hé phudng Innh 1 xdc dinh duding

thing A di qua M (x

0 > [I : "‘[I
Fﬁy & ~SmEm———— W
Néu abc# O thi hé phuong trinh — 0 = ”‘;’“ =275 quge goi 1 phuong
ol '
trinh chinh tdc cha duding thing A di qua M (x, ¥, 2,) v ¢6 vecto chi phudng

m=(asbz:c)

Vidu3 | Viét phm:ing trinh chinh tic cha duding thing A V

_ Viét phuong trinh chinh
.-j.l qua ;lé]]‘l‘; A(l : 6) via cd vectd chi phudng tic alla duding thiing A, it
w={9:2:13. phuong trinh tham s6 cia
Gidi B
Phudng trinh chinh tic cha duding !hﬁng A di gqua diém ESe
A(1 ;3 1 6) vit 06 vectd chi phudng i =(9;2;13) la: E

x-1 y=-3 z-6 Tt

9 — 5 = 3 (1 1a tham sd).

4. Lap phuong trinh duiing thiing di qua hai diém cho trudc

@ LY Trong khong gian vdi hé toa dd Oxyz, cho hai di€ém A(1 ;2;3)vaB(3:5:9).
a) Hily chi ra mét vectd chi phuong ctia duding thing AB.

b) Viét phucng trinh tham sd clia duting thiing AB.

¢) Viét phudng trinh chinh tic cia duting thing AB.
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Pen

Puting thing A di qua hai diém Al ¥y s Lh BlX, 1 Y, 3 2) co:
X=Xy +(x, —x M
* Phudng trinh tham s la: { v =y, +(y, = ¥,)t (¢ la tham s0).

2= +(Z — )t

Xy Y=Yy Z-

* Phitong trinh chinh tic la: =0 = 2720 - Z750 (ygix #x,y, =y
M=y Ve TR

1*1]i7}

Vidu+4 | Lip phuong trinh chinh tic va phudng trinh tham 6 cia duding thing AB biét
Al4:1:2)vaB(5:8:6).
Giidii
* Phudng trinh chinh tic ctia dudng thing AB la:
x—4 y-1 z-2 x—-4 y=1 z-2
= = f ] = &2 s
5-4 8-1 6-2 I 7 4 ;

n E
L] 3 - * N !‘;’
Phudng trinh tham s ctia duting thing AB la: @ Vi phuong tinh
x=4+1 chinh tic ciia duding thing
y=1+4+7¢ (tlatham s, OM biét M(a ; b ; ¢) vdi
abe # 0,
z=2+4

Il. VI TRi TUONG D61 CUA HAI PUGNG THANG

Trudc hét, ta cé dinh nghia sau: Trong khéng gian, hai vectd duge goi 1a cing phitong
néu cdc gid clia ching ciing song song vdi mét duding thing, ba vectd dude goi la
ddng phdng néu cic gid cia ching ciing song song véi mdt mit phing.
Ngudi ta ciling chilng minh dugc nhiing diéu kién sau.
Trong khéng gian Oxyz, cho ba vects
up=(a, 1 b o))y =(a, b, 1 6;); iy =(a;: by ¢3).
* Hai vectd &, u, la cing phuong khi va chi khi [i, 4, ] = 0.
* Ba vectd iy, i, iy 12 déng phiing khi va chi khi [i, #,]. ii; = 0.

@ P Cho hai duding thing phin biét Au A, lin ligt

di qua cic diém M. M, va niong ing co vecm chi phudng - \, "
la w,, u,. M, b3 o
a) Gid sit A, song song vdi A, (Hinh 25). Cic ciip vectd sau M,
¢o cung phudng hay khong: @, va u,; 4, vda M|M,? Hinh 25
a9
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b) Gia su A va A, cit nhau (Hinh 26). Hai vectd u,, i,
6 ciing phudng hay khdng? Ba vectd u,, u, vi M|M,
¢ ddng phiing hay khong?

¢) Gia sii A, va A, chéo nhau (Hinh 27). Hai vecto u,, u,

cd cung phudng hay khong? Ba vectd u,, u, va M|M, Hinh 26
c6 ddng phing hay khong? [iey- i3]
M,

Ta cd dinh i sau:
Trong khong gian véi hé toa dd Oxyvz, cho hai dudng A
thing phan biét A, A, 1dn ligt di qua cdc diém M, M,

vii tuong dng ¢6 u,, i, 1a hai vectd chi phudng. Khl do,
ta co:

it

Hinh 27

iﬁy & A . .
i , i, i, cing phuong [@,a,]=0
ATA < —_ == =
"% i, MM, khong cling phuong | [ b, M, | 0.

i, 1, khong cung phuong » :[:"il, :'53] =0
M M, ddng phiing L[ﬁv Ez] .MM, =0.

A ci‘itj‘_a:::»{

A, va A, chéo nhau & [, ii, | . MM, = 0.

Chii ¥: Trong mét 8 truding hop, dé xét vi tri tuong déi cia hai dudng thing, ta c6 thé
gidi hé phuong trinh dudc lip tit nhitng phudng trinh xdc dinh hai duting thing dé, sau
d6 xét ciip vectd chi phudng cia hai duding thing d6 cé clung phudng hay khong (néu
cin thiét).

e .
Vidu5 | Xic dinh vi trf tiong @i ciia hai dudng thing '8 Bing cdch gidi hé
A, A, trong moi truding hdp sau: phudng trinh, xdc dinh
x=1+51, x=2+101, etats, agi cla hai
a) Apqy=2-1 , Alqy=4-21, ; & g
e = I z X=4
z=3+21 z=1+41, Aiiy=1
- F— = 2 — - =
h]ﬂl:x 2:} 3:L+4,$‘:_r+..:_‘p ]:*, 1;
3 2 1 = 2 1 -3 x=2
) . r=06+3 va Ajiqy =1,
c) i‘|.[:'!l'*'3='1l I=~ 2. Ayiqy=8+2t z="0.

1 =1 2 z==1-1.
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Cricli

a) Puding thiing A, di qua diém M(1:2;3)viaed uy=(5;-1;2) 1a vectd chi phudng.
Duting thing A, di qua diém M,(2:4 : 1) vac6 i, = (10 ; - 2 : 4) la vectd chi phuong.
Tacé: 24, =(10; -2 ;4)=u,, suy ra i, u, cing phudng;

7
MM,=(1:2;-2) va %#—;l nén i, MM, khong cing phudng.

Va}’ r'f‘iF Jr-llll -"\Ir
b) Pudng thang A, di qua diém M (2;3;-4) vacé & =(3;2; 1) la vectd chi phudng.
Buiding lhﬁng i,_di qua diém Mll:— 2:1:2)vaco u, =(2:1: - 3) lavectd chi phudng.

"
Ta co: -'3':# ';' suy ra &, i, khong cing phuong;

24
1 -3

g
-3 2

* *

MM, =(-4;-2;6), [ﬁ], ;;:]:(

3 2
2 IH—{-?,,]],--I}.

Do [iiy,iby]. MM, = (= 7). (— 9)+11.(=2)+(=1).6 =0 nén i, i, MM,
dbng phiing.
Viy A, ciit A,
¢) Duding thing A diqua diém M (-3:1;2) vic6 i, =(1: -1 2) 1a vectd chi phudng.
Pudng thing A, di qua diém M, (6 ; 8 ; - 1) vA ¢6 &, =(3;2;-1) Ia vectd chi
phudng. Ta co:
2 1
-1 3

;|l _ID=[—3:?:S}.

MM, =(9:7;~3), [E,.E3]=U_I _21!: :

2

Do [id,iiy |- MMy =(~3).9+7.7+5.(-3)=7#0 nén &. &, MM, khong
ddng phiing.

Viy A, va A, chéo nhau.

n. coc

1. Géc giiia hai duiing thang

2" Cho hai dudng thing A, A, trong khong gian ¢6
vectd chi phuong lan gt 1a 4. i,. Gidsit A[, A, la hai
duding thing cing di qua diém 7 va 1in lugt song song
(hodc trung) véi A, A, (Hinh 28).

a) Néu mai lién hé gitta hai gée (A, A) va (A, &)

T

=

Hinh 28
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b) Goi A va B la cdc diém lan lugt thube hai duting thiing A, va A, sao cho IA =ii;,
1B =u,. So sinh:

cos(A, Aj), |cos( IA Lé}’ |ms{ﬁ,. i, ).
¢) So siinh cos (A, A,) va |u; : EE' }
' |- ||

)
Trong khong gian vdi hé tog dd Oxyz, cho hai dudng thing A, va A, ¢ vectd
chi phudng lan gt 1a @, = (a, : by ; ¢)), iy =(ay by 1 ¢y). Khl do, ta cd:

|u,¢it2 + by + ¢y
2 2 5
Jaf +bl +¢f . Jai +b; +¢;

cos(A, A, ) =

Nhiin xér: -_**.E 1 ‘:‘: < aa,+ .E:u].’:r:I +¢,0,= (0.

Vidu 6 | Tinh géc gilta hai dudng thing A, A, biét:

x=1+1 x=4_v'r§rz
A4y =2—~ﬁr, VA Ay idy=5+1, (1, 1,12 tham s3).
z=3 z=6

Gidi
Hai du{‘i thflng A, vi A, ¢6 vectd chi phuong lin lugt 1a i, =(1; —xﬁ;ﬂ}.
I =(— 150 Taco

(1.[—4’5}+t—u’5}.1+{1.n‘ 23 B
P+ BP+0 =B+ 240 4 2

Suy ra (A, A,) =30

Vidu 7 | Cho hai duding thing
x=1 y z+1 A y=2 z-3

Fi - — — . . — = =

3 2 1 ¥<1 2 =1
Ching minh rling A, LA, ‘;V
Gidi 6 Cho duiing thing

X v e

Puiing thing A, v A, 6 vectd chi phudng lin luot la EE =—-_I =3
5 =0:2;1), f=(-1;2;~1) Tinh cdsin cla géc giita
Tacd: i, i, =3.(- D+2.2+1.(-=1)=0. ﬂuﬂggﬂﬁng A va cic truc

B toa do.
SuyraA LA,
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2. Gée giita duting thing va mit phang

Cho miit phiing (P) ¢6 vectd phdp tuyén 1 i,
duding thing A c6 vectd chi phucng 13 & va duding thing
A ¢t mit phiing (P) tai 1. Goi A" 1a hinh chiu ctia A trén
mit phing (P) (Hinh 29).

a) Hiy xdc dinh géc gitta dudng thing A vi mét phing (P). :

Ta ki hiéu géc dé 1a (A, (P)). 2 /*"
b) So sanh sin(A, (P)) va |cos(i, ). Hinh 29

Iﬁr
Trong khong gian vdi hé toa dd Oxyz, cho duding thing A 6 vectd chi phudng
i=(a b :c) va mit phﬁng (P) co vectd phap tuyén s =(a; : by 1 ¢;). Goi
(A, (P)) 14 géc giita udng thing A v mét phing (P). Khi d6,
| éﬂﬂj +bb, +c,c, |

u| i 2, .2 sz 2., 3
il e 2 Ty e e

sin(A, (P)) = |-:os{u n}| -

Vidu8 | Cho mit phing (P) ¢6 vectd phip tuyén i_/h. =

fi=(1:2;2)va dudng thing A c¢6 vectd chi phudng “ 2 Cho mit phing (P)
ii =(2:2;—1). Tinh sin ciia géc gila dudng thing Ava ©6 vectd phip tuyén
miit phiing (P). Géc giffa duding thiing A va mit phing (p) = (A1 B: ). Tinh sin

o - " ; ¢ha gbe gitta mat phang (P)
bing bao nhiéu d6 (lam tron két qua dén hang ddn vi)? vA céc fruc toa 40,

Gidi
1.2+2.2+2.(-1)

- = i Suy ra (A, (P)) =~ 26"
V12422422 22 422 4 (- 1)?

Ta céd: sin(A, (P)Y) =

Vidu9 & Trong khong gian v6i hé toa dd Oxyz,
cho hinh ling tru ding OBC.O'B'C’ véi Q0 ; 0 ; (),
B2a:0:0,C0:a:;0),0(0:;0: 3a),a=>0.

a) Xdc dinh toa d6 cta diém B,

b) Viét phudng trinh mét phﬁ.ng (O BC).

¢) Tinh sin ctia géc gifta duding thing B'C vi mit phing
(O'BC).

Gidi. (Hinh 304

a) Ta cé: HE {)D_{I] 0: 3a). Su}-‘l“ﬁt’ =x, =2a,

Yp =¥y = Oz —0=3a.tuiclaB(2a:0; 3(:] Hinh 30
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b) ViB(2a;0:;0), C(O;a;0), 0(0;0; 3a) nén mit phing (O°BC) co phudng trinh 1a

i-:-l+i=l‘:::~_"*Lr;+t§3r1r+2:-'ﬁ-r.==ﬂ-
2a a 3a )

¢) Mt phiing (O'BC) ¢6 mdt vectd phdp tuyén la i=(3;6:2).
Do B'(2a ;: 0 ; 3a), C0 ; a ; 0) nén H‘:[—— 2a:a;-3a), suy ra vectd
B'C=(-2a;a;-3a) cing phudng véi vectd ii=(—2;1;-3). Vi th& vecto
i =(-2:1:—13) 14 mdt vectd chi phudng clia duding thing B'C. Suy ra sin cia gée
giita duding thing B'C vi mit phing (O'BC) biing:
3.(-2)+6.1+2.(-3) 6 Wi
V3462422 (2P +124(=3) T4 49

3. Géc giita hai mit phing

Cho hai miit phﬁng (P] ) vi [Pz]. Lﬁ'y hai dudng
thing A A, sao cho 5.1 i [PI}, Azi (PIJI (Hinh 31).

a) Néu cdch xdc dinh géc giita hai dudng thang A

b) Gée d6 ¢6 phu thude vio viée chon hai duding thing
A, A, nhut trén hay khong?

[-fn e =
Géc giita hai mdr phéng (P,) va (P,) la goc gita
hai dudng thing ldn lugt vubng gée vdi hai mit
phing d6, ki hiéu 1a ((P)), (P,)).

Hinh 34

A' il

Vidu 10 Trong khong gian, cho hinh lip phudng g5
ABCD.A'B'C'D'. Tinh gbc giila hai mit phfing (ABCD)

va (CDA'B").

Gidi, (Hinh 32)

Trong hinh vudéng ADD'A’, tacé: AD'L DA”.

Do CD LADD'A’)nén AD' L CD. SuyraAD’ L(CDA'R’). H: v
Mit khic, ta co: AA’ L (ABCD), suy ra goc giua Hinh 32

hai mit phing (ABCD) va (CDA'B’) la géc gilla hai '-“—’,

dudng thing AA’ vi AD’, 6 la géc A'AD’. Vi tam "g pone vi gy 10, tinh
gidc A'AD" vudng cin tgi A" nén A'AD'=45". Viy  géc giita hai mit phing
((ABCD), (CDA'B')) = A'AD" = 45°. (BEC'RT) v (COA'B)).
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Cho hai méit phing (P,) va (P,). Goi
n=(A:B:C) n,=(A,;B,:GC).

liin lugt 1a hai vectd phdp tuyén cia (P), (P,): A A, lin
Iugit 1a gid cha hai vectd ny, n, (Hinh 33). So sinh:

a) EGSE[FI}. {PEJ} vi cns{.ﬁ.l. .'32]:
b) cos (A, A,) va [cos(i, ii, ).

Ta ¢6 dinh i sau: Hinh 33

O
Trong khong gian véi hé toa dd Oxyz, cho hai miit phiing (P,). (P,) 6 vectd phip
tuyén tan luot 1a i, =(A, : B, : C)), i, =(A,: B, :C,).

Khi dé, ta cé:

A B
CDS({PI),{PE}}= | IAE+ 2z

JAE+BE+C,1 .JA§+B§+C§ ,

Vidu 11 ] Cho hai mit phing (P,): \Bx+z+5=0

va (P)): —\3x+z-T=0. - p— .
i g g s , @ Cho mit phing (P) c6
Tinh géc gilta hai mit phing (P)va(P,). Fectd pltép tuyéh
Gidi n=(A;B;C)
Do (P)). (P,) ¢6 hai vectd phép tuyén lin lugt la Tinh cosin cia géc gila
miit phiing (P) va cdc mit
Ay =(35051), i, =(=v3:0;1) phiing toa do.
nén
V3.(=43)+40.0+1.1 1
cos({P} {P =—

J{Irmwr JEBR 02+ 2
Suy ra ((R). ()= 60"
IV. MOT $6 NG DUNG CUA PHUONG TRINH DUONG THANG TRONG
THUC TIEN

Tudng t nhu phudng trinh mit phiing, phudng trinh duding thing c6 nhiéu dng dung
trong thuc tién.
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Vidu12. Trén mdt sudn ndi (c6 dd nghiéng déu),
ngudi ta trong mot ciy thong va mudn gid n6é khéng bj
nghiéng bing hai sdi diy neo nhu Hinh 34. Gia thiét
cdy thong moc thing ding vi trong mot hé toa db phi
hdp, cic dieém O {gﬁc ciy thong) va A, B (ndi bude day
neo) 6 toa d widng tng la Q0 ; 0;0), A3 ;-4 2),
B(—5:—-2:1) ddn vi trén moi truc toa 40 1a mét. Hinh 34
Biét riing hai diiy neo déu dude bude vio city thong tai diém (0 ;0 ; 5) va dude kéo cing
tao thiinh cdc doan thing.

a) Tinh do dai cia mbi diy neo dudgc sif dung.

b) Tinh géc tao bdi mdi diy neo va mit phing sudn nii (lam tron két qui dén hang don
vi clia d9).

Griii

a) Do diém C(0;0; 5) nén AC = (3-0) + (- 4-0)* +(2=5)* =434 (m);

BC = (- 5-0) +(~2-0) +(1-57 =45 =35 (m).

b) Tac: OA=(3:-4:2), OB=(-5:-2:1) nén
- & 0-4 2NEWR| [3 -
[GA.DB]=[ :‘ : |
-2 1)’ [HEES| 5 ~ 2
Vi thé, vectd i =(0;1;2) li mdt vectd phap tuy-?fn clia mit phfmg (OARB).

Miit khéc, do CA=(3;-4:-3), BC=(5;2:4) nén ta co:

CA.ii| P.0+=4.1+-3).2 10

lcal . lil Ny NN

suy ra (CA, (OAB)) = 50°. Viy géc tao bdi diy neo CA vi mit phing sudn ndi 1a
khodng 50",

]=f{};— 15; — 26).

* sin(CA, (OAB)) = cos(CA. )| =

BC .ii| [5.0+2.1+4.2]
|.§E'| . |ri| - .NE v'rg

suy ra (BC, (OAB)) = 42°. Viy géc tao bdi diy neo BC vi mit phing sudn ndi li
khodang 42°,

— y
* sin(BC, (OAR)) =|cos(BC, ii]| = _€~

Vidu 13 Trong khéng gian véi hé toa dd Oxyz, mdt cabin cdp treo xudl phat tif diém
A(10: 3 : 0) vi chuyén dong déu theo dudng cdp c6 vectd chi phuong 1 i =(2:-2:1)
vdi toc do 1a 4.5 m/s (ddn vi trén moi truc toa do 1a mét) (Hinh 35).

a) Viét phudng trinh duding cdp.
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b) Gid sif sau £ (s) ké tif Iic xudt phdt (¢ = 0), cabin dén diém M. Tim toa do cia diém M.

¢) Cabin diing & diém B ¢6 hoanh d§ x, = 550. Tim d§ dai quing duisng AB (1am tron két
qué dén hang ddn vi ctia mét).

d) Buding cip AB tao vdi mit phing (Oxy) géc bao nhiéu d6 (lam tron két qua d&n hing
don vi cua do)?

-y

3
A(10:3:0)

{Ngudn: https:fishutterstock.com)
Hinly 35
Gidi

a) Phudng trinh chinh tfic cta duding cip i foib

_T'.
b) Do tdc d6 chuyén ddng cia cabin 1a 4,5 m/s nén do dai AM biing 4.5¢ (m). Vi viy
Ml = 4,50 (e 0).

Do hai vectd AM va ii 1a ciing phuong va ciing hudng nén AM = kii vi k I s& thuc
dudng nao do. Suy ra: ]Hil = kfaﬂ =k, «.HZ: +(- 2]2 +1 =3k. Do d6 3k =451 Suyra

kzar. Vi thé, l:iud:mzj—rﬁé 31;—3::3—r .
2 2 2

o
=2

Goi toa df cha diém M 1a (x, 1y, z,).

oo 3t
Dﬂ AM E{IM —‘_I'A * }M _}JA . :M_:A}=[3I i —3!:3]

Xy =31+x, Xy =3+10
L Yy ==3t+y, @'}-M:—3r+3
_3r+_ - -
M 2 &A *.IH '2‘.

( 3
Viy diém M c6 toa 40 1A 3I+]ﬂ;—3i‘+3;_—;].
X
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c) Do X, = 550 nén 3r + 10 = 550, wic 1a r = 180 (s). Do do, ta c6 diém B(550 ; — 537 ; 270).
Viy AB = J{SS{}— 10)* + (= 537-3)" +(270-0)* = /656 100 =810 (m).

d) Buong thmg AB c6 vectd chi phudng 4 =(2:-2;1) va mit phfmg (Oxy) co vectd
phép tuyén k =(0; 0; 1). Do @6, ta cé:

sin(A, fﬂ-ﬂ‘)]=|ms{ﬁ, E}|= L

Viy (A, (0xy)) ~ 19°,

B eiiTip

1. Pudng thiing di qua diém A(3 ; 2; 5) nhin & = (-2 ; 8~ 7) lam vectd chi phudng
¢6 phuong trinh tham so L

x==2+3 x=3-2t x=3=-2¢ x=3-2t
A cy=8+2t B.:y=2-8¢ C.{y=2+8r D.<y=2+8t
z==T+5t. z=53-Tt. z=5+T1. z=5=-Tt

2. Puiing thing di qua diém B(— 1 ; 3 ; 6) nhiin # = (2 ; — 3 ; 8) lam vectd chi phudng
cé phudng trinh chinh tic La:

x—=1 y+387+6 x+1 ¥=3 E-6

A, : B. = =
2 -3 8 2 -3 8
C I+]='v_3=:_6, D. x+!=,v—3=z—ﬁ.
-2 3 8 2 3 8

3. Miit phiing (P): x — 2 =0 vudng géc vdi mit phiing niio sau diy?

A (P):x+2=0. B.(P): x+y-2=0.
C.(P):z2-2=0. D.(P):x+2-2=0.
x=1-t
4. Cho dudng thing A ¢6 phudng trinh tham s& { y =3 +2¢ (¢ 1a tham s8).
z==1+Xx

a) Chi ra toa d6 hai diém thudc duding thing A.
b) Piém no trong cic diém C(6 ;-7 ;- 16), D(- 3 : 11 ; — 11) thude duding thiing A?

5. Viét phuong trinh tham s& va phudng tiinh chinh tic cia duding thing A trong mdi
trudng hdp sau:
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a) A di qua diém A(— 1 ; 3 ; 2) vi ¢6 vectd chi phudng i =(-2:3;4);
b) A di qua hai diem M(2:-1:3)viN(3:0:4).

6. Xdc dinh vi trf tong di ctia hai dudng thing A A, trong moi truding hop sau:

l 5 4 x==11=6¢
a) .«\,:x; =J: =“_l vd Ayiiv=-6-3r (112 tham sd);
- z=10+3¢
x=1+3¢ . 6 s
b) Aiqiy=2+41 (1 14 tham sd) va Ay — =}; ="#1. X
72=3+51 )
2 -1 _y-3 z-
Y A —— i —=1vhi~.1:"‘ I='\' = I.
4 3 | e 2 2

7. Tinh géc gilta hai dudng thing A, A, trong méi trudng hgp sau (Iam tron két qua
dén hing don vi cia d6):

(x=—1+1, I=—1+J§r:
a) ﬂ.]!'}'=4+ﬁfl Vil iﬁ.z: }1=4+;3 {r['h li T.hamqrj}
z=0 z=5
[x=—1+2¢ | | i
by Azqy=3+1  (tlatham s) va ) LAl W .
3“3 1 42
z=4—1
PR RPN R e
. 1 = P 3 I

8. Tinh géc giita dudng thing A vi mit phing (P) trong mdi truding hop sau (1am tron
két qua d&n hiing don vi cla dj):

_-:=1+~f§.r

a) Ady=2  (t1athamsd) va (P):\Bx+2-2=0;
:=3+f
x=1+1

b)A:{y=2—1t (tlatham s0) va (P x+ y+2z—-4=0,
z2=3+t

9. Tinh géc gitia hai mit phﬂng (P)x+y+2z—-1=0va(P)2x-y+z-2=0.
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10. Trong khong gian vdi hé toa dd Oxyz, cho hinh chép S.ABCD ¢6 cdc dinh lin lugt
Ia

S(ﬂ;ﬂ:ﬂﬁ], A[E;(I;U]. H[—E;ﬂ;ﬂ} C(—ﬂ;ﬂ:ﬂ} D[E—r:a:ﬂ}
2 2 2 2 2

vdi a =0 (Hinh 36).

a) Xdc dinh toa dd cha cic vectd SA,
CD. Tit d6 tinh goc gita hai duding
thing SA va CD (lam tron két qua dén
hang ddn vi cha d6).

b) Chi ra mét vectd phdp tuyén ctia mit
phiing (SAC). Tit d6 tinh gée gilia duting
thing SD vit mit phing (SAC) (lam tron
két qua dén hang don vi ctia dj).

11. Trong khéng gian vdi hé toa d6 Oxyz
(don vi trén moi truc toa 46 1i kilémér),
mdt médy bay dang dvitriA(3,5:-2:0.4)
vi $€ ha canh @ vi tri B(3,5;5.,5:0) trén
dudng bing EG (Hinh 37).

a) Viét phuong trinh duting thing AB.

b) Hiy cho biét géc trigt (gde gilia
dudng bay AB vi miit phiing niim ngang
(Oxy)) ¢6 ndm trong pham vi cho phép
tif 2,5° dén 3,5° hay khong. i3y

¢) C6 mét 16p miy dude mé phong bdi mot mit phiing () di qua ba diém M(5:0;0),
N(D;=5:0), P(O;0:0,5). Tim toa 45 cta diém C la vi trif ma mdy bay xuyén qua
ddm miy dé ha cdnh.

d) Tim toa do cha diém D trén doan thing AB 1a vi tri ma mdy bay & d6 cao 120 m.
e) Theo quy dinh an toan bay, ngudi phi cong phai nhin thily diém diu £(3.5:6,5;0)
chia duding bing & d6 cao tGi thidu 1a 120 m. Hoi sau khi ra khoi ddm méy, ngudi phi
cng c6 dat duge quy dinh an toan dé hay khéng? Biét ring tim nhin ctia ngudi phi
cOng sau khi ra khoir ddm may 1a 900 m (Ngwdn: R.Larson and B.Edwards, Calculus 10e,
Cengage, 2014),
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§3 PHUONG TRINH MAT CAU

Hinh 38 mé th mot mit ciu trong khong gian.

Trong khing gian vdi hé tog dj Oxyz,
phutong trinh ciia mdt edu duge lap
nhit thé nae?

—— e ?
(Ngudn:hips:shutierstock.com)
Hinh 38 i
- o z
I. DINH NGHIA MAT CAU

@ B Néu quay duding tron tim [ M
bin kinh R quanh dudng kinh AB mot

vong (Hinh 39) thi hinh tao thanh A B
duge goi la milt ciu. Nhing diém

thude mit ciu d6 cdch 1 mot khodng ——

b?lng bao nhidu? Hinh 39 (Ngudn:
hrps:ffwww.shutterstock.com)

[&F - L] -y -

Cho tride diém 7 vi s6 dudng R. Miit cdu tdm 7/ ban kinh R 1a tip hop tét ca cdc
diém trong khong gian cdch di€m / mét khodng bing R.

A B

]
Biin kinh ' BPutiing kinkh
Nhdn xér

* PDiém M thudc mit ciu tim / bdn kinh R khi va chi khi IM = R.
* Piém M nim trong mit ciu tim / ban kinh R khi va chi khi IM < R,
* Diém M nim ngoai mit ciu tdm / ban kinh R khi vi chi khi IM > R.

Tiim
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Vidul | Trong khong gian vdi hé toa dd Oxyz, cho mit cdu tdm /(- 2 : 1 ; 5) bédn
kinh 3. Cdc diém A(10 ;1 ;2), B(O; 1 ; 4) va C(0 ; 3 ; 4) niim trong, niim trén hay nim
ngoii mit ciu d6?

Gridi . ) : lrt—r
Do IA = J{m—{— e FO=A e -o) SIS ED /@ Trong khong gian véi
nén diém A(10; 1 ; 2) ndm ngoai mit cau do. hé toa di Oxyz, cho diém

. - I(1;2;3) va mit ciu tim
Vl fH = J{D_{_'2]]2+{I_]]2+{‘4_r5-}2 E'HII'E{E! nen Idiquﬂdiémﬂ{n.d-.j].

diém B(0 ; 1 ; 4) nim trong miit ciu do. Tinh bén kinh R ciia mit

3 el é dﬁ-
Do IC = (0-(-2)P +(3-12+(4-52 =+/9=3 nén _°"
diém C(0 : 3 : 4) niim trén mit ciu dé.

Trong bai hoc nay, néu khéng cé chii ¥ gi thém thi ta hiéu cdc bai todn duge xét trong
khing gian vai hé toq dj Oxyz.

Il. PHUONG TRINH MAT CAU
Cho hai diém M(x;y:z)vila; b;c).
a) Viét cong thic tinh khodng céch giila hai diém M va .
b) Néu méi lién hé gita x, v va z d€ diém M nim trén mit ciu tim 7 bdn kinh R.
Epr — - - =
Phudng trinh clia mét cdu tim /(a ; b ; ¢) bin kinh R la:
(x-al+@-b'+G@-cP=R.

e

Vidu2 | Viét phudng trinh ctia mit ciiu, biét: =
¥ 2 Tim tim va bin kinh clia

a}Tﬁmf{I :2:3) bankinh R = 10; mﬁlcéuodphuﬂngtﬂnh:

b) Taim /(3 : = 1 : = 5) va di qua diém B(D ;2 ; 1). .‘-t:+{y+5]2+{z+l]2=

Gidi

a) Phuong trinh cta mit ciu tim /(1 ; 2 ; 3) bdn kinh '\_y'
R=101a:(x=12+(-2P%+(z-3"=100. "3 Viét phuong trinh ciia

& o i ﬁ +h1é’:
b) Bén kinh mit ciu 1: Al ‘
= ~ = a) Tdm O ban kinh R vdi

R=1IB=y(0-3) +@2+1) +(1+5) =+/54. O 1a g6 tog 80;

Phudng trinh ctia miit cau tim /(3 ; - 1 ; — 5) bdn kinh b) Buiing kinh AB véi
5 - e A(l:2:1).B3:4:7).
R=+5 lic(x=-3)y+(y+ 1)y +(z+5) =54
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Nhin xét
* Cho miit ciu tim /(a ; b ; ¢) bin kinh R ¢6 phudng trinh la:
x—-aY+(y-by+(z—-cr=R%.
Ta c6 thé viét phuong trinh d6 vé dang:
P+ +2-2ax-2by-2cz+d=0véid=a*+b* +* - R~
Viy mdi miit cdu déu cé phuong trinh dang: x* + y* + 2° = 2ax - 2by = 2cz + d = 0.
* Ngudc lai, xét phudng trinh ¢6 dang: ¥* + y* + 2 — 2ax - 2by - 2z +d = 0.
Tact: 2+ y +2—-2ax—2by—-2cz+d=0
e -2ax+ad +y -2y + P+ -2+ =+ P+ P -d
Sx-al+(y-br+G-of=a+b+c-d
Do d6, phudng trinh &* + v* + z° — 2ax — 2by — 2¢z + d = 0 xdc dinh mdt mit ciu khi va
chi khi @® + b* + ¢© — d > 0, Ngoii ra, néu a” + b* + ¢* — d > 0 thi phudng trinh d6 xdc
dinh mat cdu tim I(a ; b ; ¢) v ban kinh R =va® +b* +¢* —d.

Vidu3 & MGai phudng trinh sau c6 1a phudng trinh mit cau hay khong? Vi sao?
A2+ v+ -2 =2y +2z+ 1 =0
b)x*+y - 2x+6y—8z—3=0.
Gidai
a) Phudng trinh 2 + y* + z° — 2x — 2y + 22 + 1 = 0 khong phai la phuong trinh cia mét
mit cu vi cdc hé s6 cha x* va v* khic nhau.

b) Phudng trinh x* + v — 2x + 6y — 82 — 3 = 0 khong phai 13 phuong trinh clia mdt mit
ciu vi khong c6 biéu thiic z°.

Vidu 4 = Phudng trinh nio sau diy la phuong r/—y

trinh coa mot mit cau? Tim tim vi ban Kinh cha @ Chitng minh ring phudng tinh

miit ciu (néu ca). PP +r—6x—2y—4z—11=0
Ax+y+r—4x+10y-2z414=0; la phudng trinh cha mdt mdt ciiu. Tim
b) C+ v+ 22+ 2x+ 4y — 62+ 20=0. tém / va bin kinh R clia mét ciu d6.
Gridli

A Tach X+ +F-dx+10y-2z+14=0
X +y+2-2.2.2+2.5.y-2.1.2+14=0
Sa=-2++39+c@-1)"=16.
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Viy phuong trinh da cho 1a phudng trinh mit ciu tim /2 ; — 5 ; 1) bdn kinh
R=+16=4,
b)Tach: 2+ ¥ + 22+ 2x+4y—62+20=0
o2+ P+242.1.242.2.9-2.3.2+20=0
S+ 1P+ +27+(z-3*=-6<0.
Viy phudng trinh di cho khong li phuong trinh mét céu.

. MOT S8 NG DUNG CUA PHUONG TRINH MAT CAU TRONG THUC TIEN

Phuidng trinh miit ciu €6 nhiéu dng dung trong thuc tién nh trong thiét ké xdy dung, tinh
todn cdc yéu td ki thudt,... Ta sé tim hiéu qua mdt s6 vi du dudi diy.

Vidu 5 @ Trong khong gian véi hé toa d6 Oxyz
(don vi trén mdi true 1 kiloémét), mot tram thu
phit song dién thoai di dong (Hinh 40) dudc dit o
viteil(—3:;2:7).

a) Stt dung phuong trinh mit ciu dé€ mo ta ranh
gidi bén ngoai cia ving phi séng trong khong
gian, biét rﬁng tram thu phit song do duige thiét {Negudn:https:/shutterstock.com)
k€& vdi bin kinh phti séng la 3 km. Hinh 40

b) Biém A(-2 ; 1 ; 8) niim trong hay nim ngoai mit ciu d6? Néu ngudsi ding dién thoai
G diém A(— 2 ; 1 ; 8) thi ¢6 thé sif dung dich vu ciia tram niy hay khong?

c) PitmB(2:3:4)nim trong hay nam nZoil mit ciaudd? Néu ngudiding dién thoai d diém
B(2 ;3 ; 4) thi c6 thé sit dung dich vu ciia tram nay hay khong?

Gidi

a) Phuong trinh mit cdu d€ md ta ranh gidi bén ngodi cha viing phi séng trong khong
gian la:

(43P + (=2 +(z-TP=9

b) Tacé: JA =[- 2— (= HF +(1-2)* +(8-7)* =3 <3.

Vi IA < R nén diém A nim trong mit ciu. Viy ngudi ding dién thoai & diém
A(=2:1:8)c6 thé sit dung dich vu ctia tram niy.,

¢) Tacé: IB=[2-(= )P +(3-27 +(@-7) =35 >3.
VilB > R nén diém B niim ngoai mit ciu. Vay ngudi ding dién thoai G diém B(2 ;3 :4)
khong thé sit dung dich vu clia tram ndy.
a4
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Vidu 6 = Trong khong gian vdi hé toa dd Oxyz
(don vi wrén moi tryc 12 mét), mdt ngon hii ding
(Hinh 41) dugc dit & vi wi /(21 ; 35 ; 50).

a) Sit dung phudng trinh mit ciiu dé mé ta ranh
gidi clia viing phu sdng trén bién cia hii diing,
biét riing ngon hdi ding dé dudc thidt k& vai
bédn kinh phi séng la 4 km.

b) Néu ngudi di bién & vi tri C(42 ; 37 ; 0) thi c6
thé nhin thiy dugc dnh sdng tit ngon hai ding
hay khong?

( Ngwan:hnpsAshutterstock.com)
Hinh 41

¢) N&u ngudsi di bién & vi tri D(5 121 ; 658 ; 0) thi ¢6 thé nhin thdy duge dnh sdng tit ngon
hii ding hay khong?
il
a) Phudng trinh mit ciu dé mé ti ranh giéi bén ngodi cta ving phi sdng trén bién cia
hii dang la:
(x —21)* + (v — 35)* + (z — 50)* = 4 000°.

b) Ta c6: IC = /(42 =21) +(37 -35) +(0 - 50)*

=2 945 < 4000. e

Vi IC < R nén diém C niim trong mit ciu. Viy ngudi - § Trong Vi du 6, gia st
di bién & di€m C(42 ; 37 ; 0) thi c6 thé nhin thiy duge  ngudi di bién di chuyén

dnh sdng tif ngon hii ding. theo dudng thing trvi tri

- 121 ; 35 ; 50) dén vj tri

¢) Ta c6: ID =1J(5 121-21) +(658 —35)% + (0 - 50)° e thr o)
vi trf cudi ciing trén doan

=426 400 629 = 4 000. thing ID sao cho ngui

; " di bién con ¢6 thé nhin
- - = =) 5 & a =
Vi ID > R nén diém D nim ngodi mit cau.Viy ngudi thdy dudc dnh séng ti

di bién & di€m D(5 121 ; 658 ; 0) khong thé nhin thdy  pgon hai ding.
dudc dnh sdng (il ngon hai diing.

B eiitar

1. Tam cha mit ciu (S): (x =2+ (v=3)" + (2 +4)" = 16 ¢6 toa dd 1i:
A.(-2:;-3:4). B.(2:;3:;-4). C.(2:=3;=4). D.(2;-3:4).

b

Bin kinh ctia mit ciu (5): (x = 1)* + (v = 2)* + (z = 3)* = 9 biing:
A.3 B.9. ¢.81 D. /3.
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6.

86

Miit ciu (5) tdm (- 5 ; — 2 ; 3) bdn kinh 4 ¢6 phudng trinh la:
A x=57+(-2 +(z+3)7=4 B.(x-5+(y-2P+(z+3)*=16.
C.x+57+(v+ 2%+ (z-3)=4. D.(x+5P+(v+2  +(z-3’=16.

Cho mit cdu ¢d phudng trinh (x — 1)* + (v + 2)* + (z = 7) = 100,

a) Xdc dinh tim va bén kinh ctia mit ciu.

b) M&i diém A(1 ;1 ; 1), B(9:4;7), C(9 ;9 ; 10) niim trong, niim ngoai hay nim
trén mat ciu d6?

Cho phudng trinh x* + y* + z° = 4x = 2y - 10z + 2= 0.

Chiing minh rﬁng phudng trinh trén 1a phudng trinh cha mt mit ciw. Xidc dinh tim
vi bin kinh ctia mit ciu do.

Liip phudng trinh mit ciu () trong moi triding hop sau:

A (HcdtAm (3 :-T: 1) vaibinkinh R =2;

b)(S)cotim f(—1:4:-5) vadiqua diem M(3:1:2):

¢) (5) ¢6 dudng kinh la doan 'Lhi'ing CDvaiC(1:=3:=1)yvaD(-3:1:2)

Hé thong dinh vi toan ciu (tén ti€ng Anh
la: Global Positioning System, viét tit la
GPS) 1a mét hé thong cho phép xdc dinh
chinh xdc vi tri cia mot vit thé trong
khing gian (Hinh 42).

Ta ¢6 thé md phong cd ché hoat dong cla
hé thong GPS trong khong gian nhu sau:
Trong ciing mot théi diém, toa do ciia mat
diém M trong khdng gian sé dude xidc dinh
bdi bon vé tinh cho trudc, trén moi vé tinh
cod mot may thu tin hiéu. Bﬁng cach so Ankiz V@ tinh GPS dang bay trén gui dao
sinh sy sai léch vé thai gian tif lic tin higéu
dudc phdt di vdi thdi gian nhin phan hoi
tin hiéu d6, mbi mdy thu tin hidu xéc dinh
dude khodng cdch tir vé tinh dén vi tri M ciin tim toa d6. Nhu vy, diém M 1a giao
diém ciia bon mit cau vai tim lan lugt 1a bon vé tinh da cho.

T AT
(Negudn: https:ifviowikipedia.org)
Hirnli 42

Ta xét mdt vi du cu thé nhu sau:

Trong khong gian véi hé toa dd Oxyz, cho bon vé tinh A3 ; = 1 6), B(1 ; 4 : §),
C(7:9:6), D(7:~-15; 18). Tim toa dj ctia diém M trong khing gian biét khodng
cich tit cdc vé tinh dén diém M lin lugt laMA =6, MB =7, MC = 12, MD = 24.
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BAI TAP CUOI CHUONG V

Cdc bai todn dudi ddiy, néu khong c6 chii ¥ gi thém thi ta hiéu xét trong khéng gian vai

hé tog di Oxyz

1.

-t
-

Miit phing (P): 3x — 4y 4 5z — 6 = 0 ¢6 mdt vectd phdp tuyén la:

A n=(3:4:5). B.n,=(3:-4:35).
C.ny=(-3:4;5). D.n,=(3;4;-35).
Puting thing d: 1;2 = };3 = -:;] ¢ mdt vectd chi phudng la:
A =(2:3:1). B. ﬁzziﬁ‘.f_’r;g].
C.ii,=(3:9:6). D. i, =(1:2:3).

a) Mt ciu (S): (x = 1107 + (v = 12)" + (z = 13)* = 100 ¢6 bin kinh la:

A. 10. B.11. 5 G D. 13.
b) Toa dd tim clia mit cdu (5): (x =5 + (v +6)° + (z -7V =8 la
A(=5:6:;7). B.(5;6:-7). C.(5:-6;7) D.(—=5:6;7).

Khodng céch tit di€m Mia ; b ; ¢) d&n miit phingx —a —b - c=0la:
|."J +::."|

3 3 3
Va - +b  +c”

Chobondiem A0 ;1:3),B(=1:;0:5),C2:0;2)yvaD(l;1;=2).

s

a) Tim toa do ctia cic vectd AB, AC va mot vecto vudng goc véi ca hai vectd do.
b) Viét phudng trinh tham s8 va phudng trinh chinh tic ciia cdc dudng thiing AB vaAC.
¢) Viét phudng trinh téng quit ciia mit phing (ABC).

d) Chiing minh riing bon di€ém A, B, C, D khong déng phing.

¢) Tinh khodng cich tir diém D dén mit phfmg (ABC).

A, la+b|. B. |b+cl. C. le+al. D.

Viét phudng trinh tong qudt ctia mit phing (P) trong mdi truding hop sau:
a) (P) di qua diém M(- 3 : 1 :4) vi 6 mdt vecto phip tuygn lan=(2;-4;1)
b) (P) di qua diém N(2;—1:5) vaco ciip vectd chi phuong la 4=(1;-3-2)va
fiy=(-3:4; 1)
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10.

11.

12.

¢) (P) di qua diém /(4 ; 0 ; — 7) va song song véi miit phiing (Q): 2x + v —z-3=0;

d) {F]dlquddlem K(=4:9;2) viivudng gic vdi duding Lhﬁng ’L > T‘I

Viét phudng trinh clia mit ciu (S) trong mdi trudng hdp sau:

A (Ncoitim 4 ;-2; 1) vibinkinhR=9;

b) (§) ¢6 tdm I(3 ; 2 ; 0) va di qua diém M(2 ;4 ;- 1);

¢) (5) c6 dudng kinh la doan thang ABvGiA(1;2:0)vaB(—1:0:4).

Xdc dinh vi tri ticing ddi cia hai dudng thing A, va A, trong mai truding hgp sau:

a) ﬁl:"-'+'=,‘ﬁ'+5=z—5 v jj:.!.'-l'-]?l \—ﬁ_9+1"j‘r
3 4 -1 s T n .
by A o2l 2o A ZERI A D,
2 3 =7 -5 = 21
x+3 ] — :_.2 X i 7
c) & r43 -3 va &j:‘r+]3=-” e 1o
1 I 3 &S -2 7
.1'=i."|'f] _r=_3+rz
Tinh g6c gilla hai dudng thing A v A, biét A {y =221, vl A,: {y=1+1,
z=3+1, :,_=5_‘EI1

(t,. , 1a tham s0) (lam tron két qui dén hing don vi cha do).

Tinh géc giita duding thing A vi mit phing (P) (lam tron két qua dén hing don vi

x=—1+2t
ciia d6), bigt Ard y=4-3¢t (rlithamsd) va (P x+y+2+3=0.
-1 +4¢

Tinh géc gitta hai mit phftng (P]} v ”}:} (lam tron két qua dén hang ddn vi cha do),
biét PrZx+dy—z-1=0va(Frx-2y-2z+3=0.

Trong khong gian vdi hé truc toa dé Oxyz, cho hinh lap phudng OBCD.O'B'C'D’
cOO0:0:0),Ba:0:0),M0;a:0),0M0:0:a)viia>0.
a) Chiing minh riing dudng chéo 0'C vudng goc vdi miit phing (OB'D").

b) Chiing minh riing giao diém clia duding chéo 0’ C va miit phiing (OB'D’) 1a trong
tim cua tam gidc OB'D’.
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13.

14.

¢) Tinh khodng cdch tif diém B’ d&n miit phiing (C'BD).
d) Tinh cdsin clia gée gilla hai mit phiing (CO'D) va (C'BD).

Hinh 43 minh hoa duding bay ctia mot chiée tric thing H ciit canh tit mot sin bay.
Xét hé true toa d6 Oxyz ¢6 gbe toa dd O 14 chin thip diéu khién cta sin bay;
truc Ox 1a hudng dong, truc Oy la hudng bic va truc Oz 1a truc thing ding, don vi
trén mdi true 13 kildmét,

Truc thing cit cdnh tit di€ém G.
Vectd r chi vi tri ciia tnfe thing tai
thai di€m ¢ phiit sau khi ciit canh (12 0)
cotoaddla: r=(141;05+21;21). :
a) Tim géc ¢ ma duiing bay tao vdi f :__ _______
phudng ngang.

b) Lip phudng trinh dudng thing
GF, trong d6 F 13 hinh chiéu cia
diém H 1én mit phiang (Oxy).

¢) Tryc thiing bay vio miy & do cao 2 km. Tim toa dd diém ma mdy bay tric thiing
bat diu di vio ddm may.

d) Gia sit mét dinh nii niim & diém M(5 ; 4,5 ; 3). Tim gid tri cGa ¢ khi HM vubng
gic vdi duding bay GH. Tim khodng cich tif mdy bay tryc thing dén dinh ndi tai
thai diém do.

v(B)

x ()
Hinh 43

Trong khong gian vdi hé toa 40 Oxyz, dai kiém sodt khong luu sin bay ¢6 toa do
O(0 ; 0 ; 0), m6i don vi trén truc ting vdi 1 km. Mdy bay bay trong pham vi cdch
dai kiém sodt 417 km s& hién thi trén man hinh ra da. Mt mdy bay dang & vi tri
A(— 688 ; — 185 ; B), chuyén dong theo duding thing d c6 vectd chi phuong la
i =(91;75;0)va hudng vé dai ki€m sodt khong luu (Hinh 44).

a) Xic dinh toa d6 cia vi tri sém
nhit ma mdy bay xudt hién trén min
hinh ra da.

b} Xdc dinh toa d cha vi tri mi mdy
bay bay gin dai ki€m sodt khéng Iuu
nhit. Tinh khodng céch gitta mdy bay
v dii kiém sodt khong luu lic do.

¢) Xic dinh toa d6 cua vi tri ma may
bay ra khoi méan hinh ra da.

Hinh 44
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MOT SO YEU TO XAC SUAT

Trong chuong nay, chiing ta sé tim hiéu nhimg ndi dung sau:
xac suat cé diéu kién; cdng thiic xac suat toan phan, céng thirc Bayes.

XAC SUAT O DIEU KIEN

Mot 1dp hoc ¢6 17 hoc sinh nit va 13 hoc sinh
nam, O Idp hoc d6, c6 3 hoe sinh én 13 Thanh,
trong dé ¢o | hoe sinh nid va 2 hoc sinh nam. Thﬁ}r
gido goi ngdu nhién mdt hoc sinh 1én bang. Xét
hai bién cd sau:

A: “Hoc sinh dugc goi 1én biang cd tén 1a Thanh™;

B: “Hoc sinh dudc goi 1én biang 14 hoc sinh nid™.

2 Xdc sudt ciia bién c6 A vdi diéu kién bién o6 B da xdy ra
‘ﬁ" ' diece tink nhie thé néo?
=
Trong muc ndly, ta lubn gia thiét phép thit T c6 khong gian miu 1a tip hgp € gdm hitu
han phiin tif v cdc két qua cha phép thit la ddng kha niing, cdc bién ¢d déu lién quan dén
phép thir da.
. DINH NGHIA XAC SUAT ¢4 DIEU KIEN
Trong bai todn & phin md dau, hay tinh;
a) Xdc sudt dé hoc sinh dugc goi 1én bang ¢ tén 1a Thanh, bi€t ring hoc sinh d6 1a nit;
b) Tis8 ZADE) 1oy 46, hily so sénh xéc suli tinh dude & cln a) véi d 56 %,

Trong triding hop tOng quat, ta ¢é dinh nghia sau:

e
" Cho hai bién ¢6 A vi B. Xic suit ctia bién ¢6 A vdi diéu kién bién cd B di xdy ra

dudge goi 1 xde sudt clia A vdi diéu kién B, ki hiéu 1a P(A | B).

P(A~B)

Néu P(B) > 0 thi P(A| B) =
P(B)
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Nhiin xéi
« Tit dinh nghia ctia xdc suit c6 diéu kién, ta suy ra; Néu P(B) > 0 thi
P(A ~B)=P(B).P(A|B).
« Nguiii ta chiing minh dugc riing: Néu A. B 1a hai bién cd bit ki thi
PIA~B)=PFA).P(BIA)=P(B). P(A | B).

Cong thic trén dude goi 1a edng thitc nhén xdc sudt.

1idu I | Cho hai bién co A, B c6 P(A) = 0.4; P(B) = 0,6; P(A n B) = 0.2. Tinh cdc xdc
suat sau: P(A | B); P(B | A).

Giai

Tacé: P(A|B)= _PBnA) _02

PANB)_02_1 pot 02_,.
P(B) 06 3 P(A) 0.4

Vidu2 | Trong ki ki€m tra mon Todn clia mot tniding trung hoc phd thong ¢6 200 hoc
sinh tham gia, trong d6 c6 95 hoe sinh nam va 103 hoc sinh nii. Khi edng bd két qué ctia ki
kiém tra d6, c6 50 hoc sinh dat diém gidi, trong d6 ¢6 24 hoc sinh nam v 26 hoc sinh nil.
Chon ra ngiu nhién mét hoe sinh trong s8 200 hoc sinh d6. Tinh xdc sudit dé hoc sinh duide
chon ra dat diém gioi, biét ring hoc sinh d6 13 nif (Iam tron két qua dén hang phiin triim).

Gidi

Xét hai bién ¢ sau; \Y o

A: *Hoe sinh dugc chon ra dat diém gioi™; “ 1 MOt hop ¢6 6 qua bong mau
e ; o Gk 3 . xanh, 4 qud béng mau do; cic

B: “Hoc sinh dude chon ra i hoc sinh nd™. quA bong66 kich thudc va khidi

Khi d6, xéc sudt d& hoc sinh dude chon ra dat diém  lugng nhu nhau. Lay ngdu nhién

gidi, biét riing hoc sinh d6 1a ni, chinh 1a xdc sust 40 W0t hai qud bong trong hop.
ciia A vai didu kidn B 1dy khong hoan lai, Tim xdc suit

dé 1an thit hai iy dudc qua bong
Do ¢6 26 hoc sinh nit dat diém gidi nén mau do6, biét ring lin thid nhit
26 dd 1dy duge qua béng mau xanh,

P(AnB) = =0,13.
200

Do ¢é 105 hoe sinh nit nén P(B) = % =(),525. Vi thé, ta c6:
P(AnB) 0,13

= = (), 25.
P(B) 0,525

P(AIB) =

Viy xdc sudt d€ hoc sinh dude chon ra dat diém gioi, biét ring hoc sinh d6 1 nd, 12 0,25,
nAmB)

Nhdn xé1: Cho hai bién c¢d A va B véi P(B) > 0. Khi d6, tacé: P(A| B)= B
"

(*).
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Vidu3 | Trong 10 000 do sd mi xudt khiu ctia mét doanh nghiép dét may ¢6 1 000 do
sdmi tring. Cdc 4o sd mi triing d6 gdm ba ¢d: 40, 41, 42, trong d6 ¢6 200 o ¢d 40. Chon
ra ngiu nhién mdt chiéc do trong 10 000 do sé mi xuit khéiu. Gid sk chiée do sd mi dugc
chon ra li 40 sd mi Eﬂng. Tinh xdc suit dé chiée 4o sd mi dé co cd 40,

Gidi
Xét hai bién ¢ sau:
A: “Ao duge chon ra c6 cd 40™;

B: “Ao duide chon ra 14 do sé mi triing”

Khi d6, xdc suit d€ chiéc do so mi duge chon ra cé
cd 40, biét riing chiéc 4o sd mi d6 1a do sd mi tring,

chinh 1i xdc sudt c¢6 didu kién P(A|B).

Ap dung cong thic (*), ta cé:

mAnB) 200
niB)

P(A|B)=

=0,2,
1000

e
1”@ Trong hop dung 500 chiée
thé ciing logi ¢6 200 chiée thé
mau vang. Trén moi chiéc thé
mau vang c6 ghi mdt trong ndm
sd: 1, 2, 3, 4, 5. C6 40 chié
thé miu ving ghi s6 5. Chon ra
ngiu nhién mdt chiéc thé trong
hip dung thé. Gid si chiéc thé
dugic chon ra ¢é miu ving. Tinh
xdc suit dé chiéc thé d6 ghi s6 5.

— -

Viy xdc suit dé chi€c do so mi dudge chon ra c6 cd 40, biét ring chiéc do sd mi dé 1a do

sd mi tring, 12 0,2.

Xic suit c6 didu kién cé nhiéu iing dung trong thuc tién. Ching han, ta c6 thé lam quen

vdi ting dung cla xéc sudt ¢ diéu kién trong Y hoc, Kinh & qua nhiing vi du sau.

Vi d 4

Mot cong ty dude phim gidi thiéu mét dung cu kiém tra sdm bénh sot xudt

huyét. Vé kiém dinh chit lugng cta san phim, ho cho biét nhu sau: $6 ngudi dudc thi 1a
9 000, trong s6 dé ¢6 1 500 ngudi di bi nhiém bénh sot xudt huyét v cé 7 500 ngudi khong
bi nhiém bénh s6t xuit huyét. Khi thi biing dung cu cla cdng ty, trong 1 500 ngudi di bi
nhiém bénh s6t xuit huyét, 6 76% s ngudi do cho két qua duong tinh, con lai cho két qua
am tinh, Mt khéc, trong 7 500 ngudi khong bi nhiém bénh sot xudt huyét, ¢é 7% sd ngudii
d6 cho k&t qua duong tinh, con lai cho k&t qua im tinh khi kiém tra.

a) Chon sé thich hgp cho [ ? | trong Bedng I (don vi: ngudi). So sinh s& ngudi c6 két qua
dudng tinh khi thif nghiém vdi s6 ngudi bi nhiém bénh sot xudt huyét.

T
-\__\_\__\_\_\__\--
__\_\_\_\_\_-_-

Tinh tramg bénh

—
—

——
e

Két qua thif nghiém

Drong tinh Am tinh

Nhiém bénh

Khéong nhiém bénh

Beng [
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b) Chon ngiu nhién mét nguisi trong s& nhilng ngudi thit nghiém. Tinh xdc

sudt dé ngudi

dige chon ra bi nhiém bénh sot xuit huyét, biét ring ngudi d6 6 két qua thi nghiém

dudng tinh (lam tron két qui dén hing phin mudi).

¢) Nha san xudt khing dinh dung cy cho két qua ding vdi hon 90% s truding hgp c6 két

qua dudng tinh. Khing dinh dé c6 ding khong?
Cridii

a) * Trong 1 500 ngudi da bi nhiém bénh sot xuit huyét, sd ngudi cho két qué dudng tinh

(khi kiém tra) 1a: 76% . 1 500 = 1 140 (ngudi).

Trong 1 500 ngudi di bi nhiém bénh sot xudt huyét, s6 ngudi cho két qua am tinh (khi

kiém tra) 1a: 1 500 — 1 140 = 360 (nguii).

* Trong 7 500 ngudii khong bi nhiém bénh st xudt huyét, s ngudi cho két qué dudng

tinh (khi kiém tra) 1a; 7% . 7 500
sOt xudt huyét cho két qud im tinh (khi kiém tra) la: 7 500 —
Tit d6, Being 1 duge hoan thién bdi Bdng 2 (ddn vi: nguoi).

= 525 (ngudi). Do d6, s ngudi khong bi nhiém bénh
525 =6 975 (ngudi).

—
——

Kél qué thif nghiém

_‘-\—|.\_\__\__
— | Dugng tinh Am tinh
Eil'lh ln!_ng h@nh \__
Nhiém bénh 1140 360
Khédng nhiém bénh s25 |

6975
Being 2
Tit Bang 2 ta thily s6 ngudi c6 két qua ducng tinh khi thit nghiém la:
525+ 1 140 =1 665 = 1 500.
b) Xét cic bién co sau:

A: *Ngudi dude chon ra trong s0 nhilng ngudi thit nghiém 13 bi nhi€ém bénh st

xudt huyét™;
B: “Ngudii dude chon ra trong s6 nhiing ngudi thit nghiém cho két qua duong tinh (khi
kiém tra)”.
Tt céc dif lidu thong ké & Bdng 2, 1a cé:
1665 37 e
B) = 000 -~ 200" '8 Vi cdic gia thigtnhu & Vidu 4,
1140 19 chon ngdiu nhién mét ngudi trong
P(A n B)= ; s0 nhiing ngudi thit nghiém. Tinh
9 000 15'[} xde sudl dé ngudi dude chon ra
19 37 76 bi nhiém bénh sot xudt huvét
Yoy P B) =i gy ORI, biét rling nguii 46 6 két qua thit
¢) Do 68,5% < 90% nén khing dinh ctia nha sin xudt E:‘E;’n:rsh‘;ﬁh]ﬂﬁﬁn KEtauh
li khong ding.
93

Ban mau gép



Chui v: Ngudi ta chiing minh duge tinh chit sau chi ra mdi lién hé giita xdc sufit ¢6 diéu
kién v bién ¢d ddc lap:
Cho A va B la hai bién ¢6 vdi 0 < P(A) < 1, 0 < P(B) < 1. Khi d6, A va B 1a hai
bién ¢6 déc 1ap khi v chi khi

P(A)=P(A|B)=P(A| B) vi P(B)=P(B| A)=P(B| A).

Nhén xéi: Tinh chat trén gidi thich vi sao hai bién ¢d la djc 1ap néu vige xdy ra hay
khéing xdy ra clia bi€n ¢6 nay khong lam anh hudng dén xdc sudt xdy ra clia bién ¢d kia.

Il. SU DUNG SO DO HINH CAY DE TINH XAC SUAT O DIEU KIEN

Bic An cua mét khic g8 thanh ba khdi nho. M6i khdi nho duge sdn biing mot
trong hai mau xanh hodic ving. VE sd dd hinh cily biéu thi cdc kha niing mi bdc An ¢6
thé son méu cho khiic g6 do.

Vidu5 @ Mot hop c6 8 vién bi miu do va 5 vién bi mau vang; cic vién bi ¢6 kich thude
va khéi lugng nhut nhau. Cé 5 vién bi trong hip dude ddnh so, trong dé ¢6 3 vién bi mau
d6 v 2 vién bi miu vang. Liy ngdu nhién mot vién bi trong hop. Diing so d6 hinh ciy,
tinh xdc sudt dé vién bi dugc 13y ra c6 mau do, biét riing vién bi d6 dugc dinh so.

Gidi
Xét hai bién ¢ sau:
A: “Vién bi dugc 13y ra c6 mau d6™;
B: “Vién bi dudgc 1y ra c6 ddnh s&".
Khi d6, xdc suit dé vién bi dudc 1iy ra 6 miu do, biét ring vién bi dé dugc dénh s6, chinh
12 xdc suat co diéu kién P(A | B).
Sd do hinh ciy bifu thi cdch tinh xdc suit c6 diéu kién P(A | B), dugc vé nhu sau:

( Vién bi dcie Ty ra ]

B(B) P(B)
5 . o aen ]
[ B: “Vién bi dudc ldy ra cd dinh s6 J [H: “Vién bi dugc 1dy ra khdng dinh s5”
el
3 2 - 3
P(A|B)== PiAI B == PlAlB)=— PAlB)==
5 5 ] b
= '
A: “Vién bi dudc Az “Vién bi duge A: "Vién bi dugc A: “Vién bi ducdc
ldy ra o6 miu 48" lay ra c6 miu vang” |dy ra c6 miu 44" Iy ra c6 méu ving”
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Viiy xdc sudt d€ vién bi dugc 1ay ra c6 mau % =
do, biét riing vién bi d6 cd ddnh s6,120,6. @ Mot tii ¢6 10 hop sita chua dau va 10
hip sita chua nha dam; cic hip sita chua
Chii v: Ap dung cong thuc (*), ta cod thé tinh: cd kich thude v khéi lugng nhu nhau.
Cd6 12 hop sita chua trong tii 1a sia chua
PAIB)=——=—=0.6. khing duiing, trong d6 ¢6 6 hop stia chua
n(B) 5 diiu va 6 hop sita chua nha dam. Ly ngiu
nhién mdt hop siia chua trong nii. Dung sd
db hinh ciy, tinh xdc suft d€ hop sita chua
duoc iy ra 1 hip siia chua diu, biét ring
hiip sita chua do 12 sita chua khong duting.

B BAiTip

1. Cho hai bién c6 doc lap A, B vdi P(A) = 0.8, P(B) = 0,25. Khi d6, P(A | B) bang:
A.0.2, B. 0.8, (0025, D. 0,75.

2. Cho haibiéncd A, Bcé P(A)=0,6; P(B)=0,8: P(A~ B)=0.4. Tinh ciic xéc suit sau:
a) P(BIA): P(BIA). b) P(Ar B).

3. Mot hop c6 3 qua béng miau xanh, 4 qua béng mau do; cic qua béng cd kich thude
vit khéi lugng nhu nhau. Liy bong ngdu nhién hai 1dn lién ti€p, trong dé mdi lin liy
ngéu nhién mdt qué béng trong hop, ghi lai mau cha qua bong 1y ra va bo lai qud
bong d6 vio hop. Xét cic bién ¢o:

A: “Qué béng mau xanh dudc 1ay ra & 1in thit nhit™;
B: “Qui bong mau d6 dude 1dy ra d lin tha hai”.
Chiing minh riing A, B lit hai bién ¢ doc lép.

4. Cho hai xiic xiic ciin d6i va ddng chil. Gieo lan lugt titng xic xdc trong hai xiic xic
d6. Tinh xdc sudt dé tong sé chdm xudt hién trén hai xic xic bing 6, biét ring xic
xiic thi nhét xudt hién miit 4 chim.

tn
#

Mot doanh nghiép trude khi xuit khiu do sd mi phai qua hai 1in kiém tra chit lugng
san phim, néu ¢4 hai lian déu dat thi chiéc do dé mdi du tiéu chuin xuit khiu. Biét
ring binh quin 98% sin phim lam ra qua dudc lin ki€m tra thi nhit va 95% san
phiim qua dugc lin ki€ém tra thid nhit sé ti€p tuc qua duge 1in ki€ém tra thit hai. Tinh
xdc suit d& mdt chiée do sd mi di tiéu chuin xuat khiu.

6. Mot 16 sian phim ¢6 20 sin phiim, trong d6 ¢6 5 sin phim chit lugng thip. Liy lién

ti€p 2 san phim trong 16 san phim trén, trong d6 san phim Idy ra & lin thi nhat
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khong dude bo lai vao 16 san phim. Tinh xdc suit dé ca hai san phim dudgc 1dy ra
déu c6 chiit lugng thap.

Trén gid sich ¢6 10 quyén siach Khoa hoc vd 15 quyén sdch Nghé thuit. C6
9 quyén sdch viét biing tiéng Anh, trong d6 3 quyén sdch Khoa hgc vt 6 quyén sich
Nghé thuiit, cdc quyén sdch con lai viét bing tiéng Viét. Liy nglu nhién mdt quyén
sdch, Diing sc d6 hinh ciiy, tinh xédc suit d€ quyén sich dudce 1y ra la sdch viét bing
ti€ng Viét, biét riing quyén sach doé la sich Khoa hoc.

C6 2 linh kién dién ti, xdc suit d€ mbi linh kién hong trong mét thai diém bat ki
1an It Ta: 0,01; 0,02, Hai linh kién d6 dudc ]-flp viio mit mach dién theo sd d6 &
Hinh la, Ib. Trong mdi truding hdp, hay tinh xdc suét € trong mach dién ¢6 dong
dién chay qua.

Hinh |
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§9 CONG THUC XAC SUAT TOAN PHAN.
J= ' CONG THUC BAYES

Diy chuyén lip rdp 6 td dién gdém cic
linh kién li sin phiim do hai nhi mdy sin
xudit ra. SO linh kién nhi mdy 1 sin xudt ra
chi€m 55% tong s linh kién, s6 linh kién
nhi may II sin xudt ra chiém 45% tong
s0 linh kién; ti 1€ linh kién dat tiéu chuiin
cha nha may 1 1a 90%, ciia nha mdy II 1a
. 87%. Lay ra ngdu nhién mét linh kién tit
(Ngudn: hips:/fshutterstock.com)  diy ChL'I}’éI'I |fl[l rip do dé kiém tra.

2

Xdie sudit dé linh ki¢n dwge Idy ra dat tiéu chudn la bao nhiéu? ﬁf‘)‘?\)
W5
Trong muc niy, ta ludn gid thiét phép thit T ¢6 khong gian miu 1a tip hgp ©Q gdm hilu

han phén ti va cdc két qua cia phép thit 1a dong kha niing, céic bién cd déu lién quan dén
phép thit d6.

I. CONG THUC XAC SUAT TOAN PHAN

ESEP Mot hop co 24 chi€c thé cing loai, mbi thé dude ghi mot trong céc s6 1, 2,
3, ..., 24; hai thé khdc nhau thi ghi hai s8 khdc nhau. Rit ngdu nhién | chiéc thé trong
hép. Xét bién cd A: “SE xudt hién trén theé dudge nit ra 1a s6 chia hét cho 3" v bién ¢d B:
“8& xudt hién trén thé dude rit ra 1 s& chia hét cho 47
a) Viét cic tdp con cla khéng gian miu tudng ting
vdi cic bién cd A, B, A~ B, A~ B (Hinh 2).
b) So sdnh:
mA) vi nlA B)+n(A~ B).
Tit d6, hdy chiing to ring:
PIA)=P(AmB)+P(AmB).
¢) Sosinh: P(A~B) va P(B). P(A| B):
P(An B) va P(B).P(A| B).
Tir d6, hiy chiing to ring: y
P(A)=P(B).P(A| B)+P(B). P(A| B). Hinh 2

o7
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Ta ¢6 cong thiic sau (goi 14 edng thife xde sudt toan phdn):

[ﬁ
Cho hai bién c6 A, B véi 0 < P(B) < 1, ta ¢6:
P(A)=P(Am B)+P(A ﬁﬁ) =P(B).P(Al B}+P{E} . P(A I!_i'],

Vidul @ Theo mét s0 ligu thong k&, ndm 2004 & Canada cé 65% nam gidi 1a thita
ciin va 53,4% nil gidi la thifa cin. Nam giéi vi nii giéi 6 Canada déu chiém 50% din s&
cd nude (Newdn: F. M. Dekking et al., A modern introduction to probability and
statistics — Understanding why and how, Springer, 2005). Hoi ring, trong nim 2004,
xdc sufit d& mot ngudi Canada duge chon ngiiu nhién 1a ngudi thita ciin biing bao nhiéu?

Gidi
Xét hai bién ¢ sau:
A: “Ngudi dude chon ra 1a ngudi thifa cin™;
B: “Ngudi duge chon ra 13 nam gidi” (bién ¢cd B: “Nguoi dude chon ra 1a nif gidi™).
Tit gia thiét ta co:
P(B)=P(B)=50% =0.5; P(AlB)=65% =0.65 P(AlB)=534%=0.534.
Theo cong thiic xdc sudt toin phin, ta ¢6:
P(A)=P(B). P(A|B)+P(B) . P(A1 B)=0,5.0,65+0.5 . 0,534 = 0,592,

Viy xdc suft dé modt ngudi Canada dude chon ngdu nhién 13 ngudi thita cin biing 0,592.
Ndi cich khic, ti 1& ngudi Canada thita ¢én 1a 59,2%.

Fidu2 & Mot hp c6 60 vién bi mau xanh va 40 vién bi mau doé; cdc vién bi ¢é kich
thude v khdi ligng nhu nhau. Sau khi thong ké, ngudi ta thdy: ¢6 50% s vién bi miwu

xanh 6 ddn nhin va 75% s6 vién bi mau dé ¢6 dan nhin; nhitng vién bi con lai khong
din nhin.

a) Chon s thich hgp cho [_—’_I trong Bdng 3 (ddn vi: vién bi).

e - | Ci ddin nha Khing din nhi
. i nhan o A nhan
Miw bi ““‘““mh___‘ﬂ_ .
bo
Xanh

Beang 3
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b) Liy ra ngiu nhién mét vién bi trong hdp. St dung cong thic xdc sudt toan phin, tinh
xdc sudt dé vién bi dudce 1dy ra ¢6 din nhin.

Gridi

a) S& vién bi mau do cé ddn nhin 1a: 75% . 40 = 30 (vién bi).
SO vién bi mau xanh ¢6 didn nhin 1i: 50% . 60 = 30 (vién bi).

o
\\-\\ Diin nhin
—— Cé dén nhin Khiing d:an nhin
Miu bi i S
bo 30 10
Xanh 30 30
Bing 4

Sau khi hoan thién Bdng 3, ta nhiin duge Bdng 4 (don vi: vién bi).
b) Xét hai bién ¢d sau:

A: “Vién bi dude chon ra ¢6 din nhin™; I\?Hay 84 bii todn trong
B: “Vién bi dude chon ra c6 mau do™. phin md diu bing cich
) » lip bing thiing ké nhu
Khi d6, ta co: trong Vi du 2, biét riing ci
40 2 = 2 B hai nhé mdy san xuit dudc
P{B}=ﬁ=§' P{B]=1_P{B]=1_§=E‘ 10 000 linh kién.
30 3 — 38 ]
P(AIB)=—=~=; P(A N
{ - 40 4 WAL= 60 2
Ap dung cong thife xdc suil toan phén, ta cé:
2 3 3 1 3
P(A)=P(B). P{AIBHP‘[E} F[AIB e
¢ ) % &N 35

Viy xdc sudt dé vién bi dugc ldy ra c6 ddn nhin bing %

Vidu3 | Trong tro chdi hii hoa cé thudng cia 1dp 12A, ¢b gido treo 10 bong hoa trén
canh ciy, trong dé ¢6 5 béng hoa chida phiéu c6 thudng. Ban Binh hii béng hoa diu tién,
sau d6 ban An héi bong hoa thii hai.

a) V& so 46 hinh cdy biéu thi tinh hudng trén.

b) Tit d6, tinh xdc suit ban An hédi dudc bong hoa chita phi€u c6 thudng.

%
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Cridii
Xét hai bién ¢6: A: “Bong hoa ban An hdi dude chifa phiéu e6 thudng™;
B: “Bong hoa ban Binh hdi dugc chda phiéu ¢6 thudng”.

Khi dd, ta co:
5 1 = 1 1 4 =
P(B)=—=—, P(B)=1-P(B)=1-—=—, P(AIB)=—=, P(AIB)=2.
10 2 2 2 9 9
a) So dd hinh ciy biéu thi tinh hudng da cho la: .
Bang hoa ban Binh hdi ra Bong hoa ban An hdi ra L $ Hay gidi hﬁ.i ton trong
Jr phén md diu biing phudng
A phip sit dung so db
P im=2 hinh ciy nhu trong Vi du 3.
G
k |
PiB)=— B —
2 _ & A
P(AI B =—
(Al B) 9
] —
P(R)=— /]

A
b) Ap dung cong thiic xdc suit toin phin, ta c6:

= = L 1 !
P(A)=P(B) . P(AIB)+P(B) . P(AIB)== - —4+—.—=—,
(J{J{}{J{}zgzgz
Viy xde suit ban An hdi dude bong hoa chida phiéu 6 thudng bing %

Il. CONG THUC BAYES

Xét hai bi€n ¢6 A, B trong Hoat dong 1.

a) Tinh: P(A), P(B), P{A | B) va P(B | A).

b) So sdnh: P(B | A) va P(B).P(AI|B)
P(A)

Ta ¢ cong thdc sau (goi la cong thitc Bayes):
[ﬂ‘ir.

Vi hai bién c6 A, Bma P(A) >0, P(B) >0, tac6: P(Bl1A) =

P(B).P(AlB)
P(A) :
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Nhdn xét: Cho hai bién ¢ A, Bvdi P(A)>0,0<P(B)< 1. Do
P(A)=P(B). P(AIB)+P(B). P(A| B)
P(B).P(A| B)

nén cong thic Bayes con cé dang: P(B|A) = — —
P(B).P(A|B)+P(B).P(A|B)

Vidu4 @ Cho hai bién c¢d A, B sao cho P(A) = 0.6;
P(B)=04:P(AI1B)=0.,3. Tinh P(B1A). /_-' At
3 Cho hai bién co A, B

'L?fdr' sa0 cho PBA) = 04
Ap dung cong thidc Bayes, ta co: P(B)=0.8; P(Bl1A)=0,3.
A 4. 0,3 i
by TB-HALB)_04.03 . Tinh P(A | B).

P(A) 0,6

Vidu5 @ Giasdcod |:111_3l; loai bénh ma ti 1& ngudii méic bénh 13 0,1%. Gia sif c6 mot loai
xét nghiém, ma ai miac bénh khi xét nghiém ciing ¢6 phéan dng dudng tinh, nhung ti 1§
phéin dng dudng tinh gia 1a 5% (tdc li trong s6 nhitng ngudi khong bi bénh ¢6 5% s
ngudi xét nghiém lai ¢é phin dng dudng tinh).

a) V& s dd hinh cdy biéu thi tinh huéng trén.

b) Khi mét ngudi xét nghiém c6 phén ting duong tinh thi kha ning miic bénh ctia ngudi
@6 1a bao nhiéu phin trim (lam tron két qua dén hang phin trim)?

Gidi

a) Xét hai bién ¢6: K: “Neudi dudge chon ra khong mic bénh™;

D: “Ngudi dude chon ra cé phin (ng dudng tinh".

Do ti 1€ ngudi mic bénh 14 0,1% = 0,001 nén P(K) = 1 - 0,001 = 0,999,
Trong s& nhilng ngudsi khong méc bénh ¢6 5% s6 ngudi c6 phin dng duong tinh nén
P(D | K) = 5% = 0,05. Vi ai miic bénh khi xét nghiém ciing ¢6 phin ting dudng tinh
néenP(D| K)=1.

Sd d6 hinh cily & Hinh 3 biéu thi tinh hudng di cho. E’

D 4 Bude biét c6 5% dan
dng bi mi méu, va 0,25%
phu nit bi mit méu (Ngudn:
F. M. Dekking et al., A mod-

D ern  intrevuction  to  prob-

D ability and statistics - L'n-
derstanding wihy and how,
Springer, 2005). Gid s s0
dan 6ng bing s6 phu nil.
Chon mdt ngudi bi mi
miu mdt cich nedu nhién.
Hoi xdc suit dé ngudi do
li dén Ong 14 bao nhiéu?

PIDIK)y=0,05

P(K) = 0,999

PDIKI =1

P(K} = 0,001

=

Himh 3
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b) Ta thay: Kha niing mic bénh ciia mdt ngudi xét nghiém c6 phin dng dudng tinh chinh
laP(K | D). fhp dung cong thic Bayes, ta co:
R (o P D 5 008 ~1,96%.
PIK).P(DIK)+P(K).P(DIK) 0.001+0.999 . 0,05

Viy xdc suat mic bénh clia mdt ngudi xét nghiém c6 phén dng dudng tinh 14 1,96%.

. BAI TAP

Cho hai bién c6 A, B vdi P(B) = 0.6: P(A | B) = 0,7 va P{AIB} 0.4. Khi dd,
P(A) biing:
A.07. B. 0.4. C. 0.58. D. 0,52,

2. C6 hai chiéc hop, hop I ¢6 5 vién bi mau tring va 5 vién bi mau den, hop 11 ¢6 6 vién
bi mau triing va 4 vién bi mau den, cic vién bi ¢6 cing kich thude va khéi ludng.
Liy ngdu nhién ddng thii hai vién bi tit hop I bé sang hop 11. Sau d6 13y ngiu nhién
mot vién bi tif hop 11
a) Tinh xdc sudt A€ vién bi dugc 1dy ra i vién bi mau tring.

b) Gia sif vién bi duge 1dy ra 13 vién bi mau tring. Tinh xdc sudt vién bi mau tring
dd thude hop L.

el
K

Mot loai linh kién do hai nha mdy s6 1, s6 11 cing sin xuit. Ti 1 ph& phiim cia céc
nha mdy I, IT ldn lugt 1a: 4% 3%. Trong mot 16 linh kién d€ 1in 16n 80 san phiim clia
nhit mdy s& I vit 120 san phim cla nhi méy s6 11 Mot khich hang 13y ngiu nhién
mot linh kién tif 16 hang do.

a) Tinh xdc sudt d€ linh kién dugc 1dy ra 12 linh kién t6t.

b) Gii sit linh kién dudc 14y ra 14 linh kién phé& phim. Xdc suit linh kién d6 do nhi
miéy nio sdn xuit li cao nhit?

4. Mot chiée hop cé 20 chiée thé cling loai, trong d6 ¢6 2 chiée thé méiw xanh va 18 chide
thé mau triing. Ban Chau it thé hai 1in mét cdch ngiiu nhién, mdi lan nit mot thé va
thé dudc rit ra khong bo lai hop. Tinh xédc sudt d€ ca hai 14n ban Chéu déu rit dudgc
thé miw xanh.

5. Nim 2001, Cong ddng chiis Au ¢6 lam mét dot kiém tra rit rong riii cdc con bo dé
phét hién nhitng con bi bénh bo dién. Khéng 6 xét nghiém nio cho két qua chinh xéc
100%. Mot logi x€t nghiém, ma & day ta goi 1a xét nghiém A, cho két qui nhu sau:
khi con bo bi bénh b dién thi xdc suit d€ cé phin (ng dudng tinh trong xét nghiém
A 12 70%, con khi con bd khong bj bénh thi xdc sudt dé c6 phan tng dudng tinh trong
xét nghiém A 13 10%. Biét riing ti 1& bd bi miic bénh bd dién & Ha Lan 13 13 con trén
1 000 000 con (Ngudn: F. M. Dekking et al., A modern introdwction to probability and statistics -
Understanding why cind how, Springer, 2005), Hoi khi mdt con bd & Ha Lan ¢6 phin (dng
ducng tinh vdi xét nghiém A thi xdc suit dé né bi miic bénh bd dién 1a bao nhiéu?
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BAI TAP CUOI CHUONG VI

Cho hai bién ¢& xung khiic A, B vdi P(A) = 0,2; P(B) = 0,4. Khi d6, P(A | B) biing:
A.0,5. B.0,2. C.04. D. 0.

2. Mot cita hing kinh doanh t6 chiic rit thim triing thudng cho hai loai san phim. Ti
I& triing thudng cha cédc loai san phiim 1, 11 ldn lugt 1a: 6%; 4%. Trong mot hop kin
gdm cdc thim ciing loai, ngudi ta @€ 1an 16n 200 chiéc thim cho sin phim loai I v
300 chiée thiim cho sin phim loai 11. Mot khéch hing 13y ngdu nhién 1 chie thiim
tit chiée hap do.

a) Tinh xdc sudt d€ chiéc tham dudc 13y ra 1a tring thudng.
b) Gia sif chiéc thim dugc 1ay ra la tring thudng. Xic sudt chiée thim d6 thude loai
san phim nio 13 cao nhit?

3. Mot xa thi biin viio bia s& | vi bia s6 2. Xidc suit d€ xa thi d6 bin tring bia s 1,
bia s6 2 lian lugt 14 0.8; 0,9, Xdc sudt dé xa tha d6 bin triing ca hai bia 1a 0,8. Xét hai
bién ¢d sau;

A: *Xa thi @6 bin tring bia s& 17;
B: “Xa thii d6 biin tring bia s6 2",
a) Hai bién 6 A va B ¢6 dic 13p hay khong?
b) Biét xa thii d6 bén tring bia 5 1, tinh xéc sudt xa thi dé biin tring bia s6 2.
¢) Biét xa thi d6 khong bin tring bia s6 1, tinh xdc sudt xa thi d6 bin tring bia 6 2.

4. Mot chiée hop c6 40 vién bi, trong d6 ¢6 12 vién bi mau d6 va 28 vién bi miw ving;
céc vién bi ¢ kich thudc va khéi Iudng nhu nhau, Ban Ngén 1dy ngdu nhién vién bi
tit chiéc hop dé hai ldn, mbi 1dn 1dy ra mét vién bi va vién bi dugce 1dy ra khong bo
lai hop. Tinh xédc sudt dé ¢ hai lan ban Ngin déu iy ra dude vién bi mau viing.

tn

Gia sif trong mdt nhém ngudi ¢6 2 ngudi nhi€ém bénh, 58 ngudi con lai 14 khong
nhiém bénh. D€ phat hién ra ngudi nhiém bénh, ngudi ta ti€n hinh xét nghiém it ca
moi ngudi ciia nhém dé. Biét ring d6i vdi ngudi nhiém bénh, xdc sudt xét nghiém
c6 két qua dudng tinh 13 85%, nhung ddi vdi ngudi khong nhiém bénh thi xdc sudt
dé bj xét nghiém c6 phan dng dudng tinh i 7%.

a) Vé sd dd hinh ciy biéu thi tinh hudng trén.

b) Gid sit X 14 mdt ngudi trong nhém bi xét nghiém ¢6 két qua dudng tinh. Tinh xdc
sufit d€ X 12 ngudi nhiém bénh,
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THUC HANH PHAN MEM GEOGEBRA

/' \  (NEU NHA TRUGNG CO DIEU KIEN THUC HIEN)

I. GIGI THIEU VE PHAN MEM GEOGEBRA

GeoGebra cé nhiéu ting dung phit hop vdi nhitng nhu cdu sif dung riéng biét, pham vi dp
dung réng rii trong cdc linh vuc todn hoc, 6 thé duge thyc hién trén phin mém tai vé
may tinh hodc dién thoai thong minh, hay sir dung truc Iiép trén trang web. Khi sif dung,
ta cai ddt ngdn ngd tiéng Viét.

II. THUC HANH PHAN MEM GEOGEBRA

1. Thue hanh vé hinh phéng gidi han bdi d6 thi va tinh tich phan
a) Hinh phdng gidi han béi mét do thi ¥4

Vidu 1 | VE hinh phiing gidi han bdi @b thi y = x°, 1
tryc hoanh vi hai duéing thing x=— 1, x= 1 va tinh

1
_[ .
-1
Huteing din
Tai 6 nhip 1énh, nhip: TichPhin(xA3,-1,1) rdi bim
enter.

e

1
Ta duge két qua nhu Hinh 1 va j dx =0. Hinh 1

=1 VA
b) Hinh phdng giéi han bdi hai 6 thi
Vidu2 ' V& hinh phing gidi han bdi hai dd thi 3

_';;=E, y = x vi hai dudng thing x =1, x=2.
X 21

Hutdng ddn

Tai 6 nhip lénh, nhip:
TichPhanGiltaHaiHamS6(4/x.x,1,2) rdi bdm enter.
Ta duge két qua nhu Hinh 2.

=l

Hinh 2
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2. Thue hanh vé mit tron xoay
DE v& miit tron xoay ta ding 1énh: BeMat(Duding cong, Géc, Dudng thing)

Vidu3 | Cho hinh phiing gidi han bdi db thi ham sé f(x)=sin=, truc hoanh vi
hai duding thing x=0, x = T—:- V& mit tron xoay tao thanh khi cho hinh phing dé quay

quanh tryc Ox.

Thank trurgt
Hudng ddn Y
Bude 1. Tao thanh trugt gée: Nhip vio E va o B L
nhap 1én giao dién va dién cac dir liéu nhut Hinh 3 e | B 1
N = Cire i &l gia
d¢ tao tham sO géc. Bam OK. v 00 1
Bude 2. Nhip ham s6 biing Iénh: Hinh 3
Neu((<=x<=pi/2, sin(x/2)), ro6i bim enter. Ta
dudc hiim s6 ¢6 én f.
. __.-"‘I
Budc 3. Nhip lénh BeMat(f.a, TrucHoanh), rdi i 5 -
bam enter. ,:}‘_H
: 5 o= 12 e o
Bitde 4. Kéo thanh trigt — @ d€ tao '
miit tron xoay nhu Hinh 4. Hinh 4

3. Thuc hanh vé hinh trong khong gian vdi hé toa do Oxyz

a) Vé duong thing

CACH I. 81t dung lénh: “DuongThang(A, B)": V& dudng thing di qua hai diém A, B ¢6
toa do cho trudc.

CACH 2. Sit dung 1énh: “DuongThang(A, d)"": V& duting thing di qua diém A co toa dé
cho trudc va song song vdi duding thiing d cho tntde.

CACH 3. Sit dung 1énh: “DuongThang(A, (a,b.c))": VE duding thing di qua diém A cho
trudc vi nhin vectd ¢6 toa dd (a : b : ¢) lam vecto chi phrong.
1idu 4 V& dudng thing trong mdi trudng hdp sau:
a) Bi qua hai diém A(1 :2:5)vaB(-1:-4:2);
b) Bi qua di€ém C(- 1 ; 2 ; — 2) vi song song vdi duding thing AB & ciu a;
¢) Bi qua diém D(1 ; 0 ; — 2) va c6 mét vectd chi phudng i =(1;2;3).
Hutdng ddn

Butdie 1. Vio phiin mém 3D Calculator.
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Bueeie 2,

a)Tai 6 nhip lénh, nhip: A(1,2,5) ro6i bim enter;
B(-1,-4,2) rOi bim enter: DuongThang(A.B) roi bam
enter. Ta dudc két qua nhu Hinh 5.

AN

b) — Tai & nhip 1énh, nhip: C(-1,2,-2) roi bim enter.

~ Tii cdu a, trong khung nhép 1énh xuit hién Hinh 5
f : DuongThang(A, B)

= X=(1,25) +A(2 -6, -3)

suy ra tén dudng thing AB la . Nhip lénh: e
DuongThang(C,f) rdi bim enter, Ta duge két qua nhu - o R
Hinh 6. Hinh 6

¢) Tai 6 nhip lénh, nhip: D(1,0.-2) roi bim enter;
DuongThang(D,(1,2,3)) rbi bim enter. Ta dugc két

qua nhu Hinh 7. - "
--"‘L\_\_‘- |-

-

b) Vé mdt phdng < 8 s

CACH 1. Nhip phuong trinh mét phing viio 6 nhap lénh. Hinh 7

CACH 2. Si dung 1énh: “MatPhang(A, P)": D v& miit phfmg di qua diém A ¢6 toa do
cho trude vi song song véi mit phiing P cho trudc.

CACH 3. Sl dung 1énh: “MatPhang(A, d)"; D& vé miit phing di qua diém A c6 toa 4o
cho trude vi duémg thing d cho trudc.

CACH 4. Sit dung Iénh: “MatPhang(A. B, C)": D& v& miit phiing chita di qua ba diém A,
B. C ¢6 toa dd cho trudce,

Vidu 5 V& miit phing di qua ba diém:
A(1:2:5),B(-4:-2:4)vaC(3:1:0.
Hutding dan
Butde 1. Vo phian mém 3D Calculator. _____.__._*+\; —=

Budc 2. Tai & nhip 18nh, nhip: A(1,2,5) r8i bim enter:
B(-4,-2.4) rdi bdm enter; C(3,1.0) rbi bim enter;
MatPhang(A,B,C) rbi bim enter. Ta dugc két qua mit
phing miu xanh nhu Hinh 8. Hinh 8
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¢) Vé mdt cdu
CACH 1. Nhip phuong trinh mit ciu viio 6 nhép 1énh.

CACH 2. Sit dung lénh: “MatCau(A, r)": Vé miit cau tAm A co toa d6 cho tnrdre vi bédn
kinh r cho trudc.

CACH 3. Si dung 1énh: “MatCau(l, A)"; V& mat ciu tim I cé toa dd cho trude va di qua
di€ém A c6 toa d6 cho trudc.

Vidu 6 V& mit ciu trong mdi truding hdp sau: J
a) Tam A(1 ; 2 ; 5) va bdn kinh biing 2;
"__,—‘-F'fﬁ

b) Tam B(— 1;2:— 2) va di qua diém C(1:1; 1).

Hudng ddn \
Bude 1. Vao phin mém 3D Calculator. R

Bitcre 2, Hinh 9

-

a) Tai 6 nhdp 1&nh, nhip: A(1, 2, 5) rb6i bim enter;
MatCau(A.2) roi bidm enter. Ta dude két qua nhu

Hinh 9. - -
b) Tai 6 nhip lénh, nhip: B(-1,2,-2) rdi bim enter;

C(1.1.1) rdi bim enter; MatCau(B.C) rdi bim enter. = ‘

Ta duge két qua nha Hinh 10.

Hinh 10}

3. Tao md hinh mat tron xoay sif dung cing nghé thue t€ o ting cuing
Trude hél, ta cin tii phin mém GeoGebra 3D Calculator trén dién thoai théng minh
hodic mdy tinh bang.

1idu 7 = Tao mé hinh cde nude

Hiy mé phong cdc nude cé dang hinh nén cut véi cdc kich thude sau: Chiéu cao 12,5 em,
ban kinh ddy cdc 3,55¢m, bén kinh miéng cdc 4,75 cm.

Huing din
Budc 1. Vio phin mém GeoGebra 3D Calculator vi nhip cic toa d6 cac diém sau:
A(0,0,0): B(3.55,0,0); C(0,0,12.5); D(4.75,0,12.5)
Butdie 2. Nhip cdc 1énh vé dudng tron ddy cdc va miéng cdc.
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Tai & nhip 1énh, nhip:
Puiing Tron(A,B) rdi bim enter;
Puiing Tron(C,D) rdi bim enter.

Ta dude két qui nhu Hinh 11. >,-5;<

Burde 3. Nhip lénh tao duong sinh cua hinh non cut.

Tai 6 nhiip lénh, nhip: PoanThiing(B,D) rdi bim enter. Hinh 11
Ta nhiin dude doan thﬁng BD cd tén la f.
Butde 4. Tao thanh trught a tif dé tao tham s& goc a tit 0° dén
360° vdi s6 gia la 1°,
Nhip 1énh tao bé mit vdi thanh trugt a; BeMat(f.a,TrucZ)
(Hinh 12). Hinh 12
Bitde 5. Kéo thanh trigt dé tao mit xung quanh chiée céc
(Hinh 13).
Bude 6. An cdc d5i wigng khong cén thiét. Bat ché @0 AR
@ goc phai giao dién. Sau dé chon vi tri dit chiée cic wén
man hinh thiét bi (Hinh 14).
Hinh 13

Hinh 14

4. Thue hanh tinh phuong sai va d léch chuin cho méu sé liéu ghép nhém

Vidu & | Tim phuong sai vi dd léch chudn cho méu sd liéu ghép nhém trong Vi du 4
trang 7.

Hutdng ddn
* Nhiip vio !-q: Hién thi Spreadsheet d€ hién thi bing tinh. Tai & A1, nhép tén 1a “Bét diu”.
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Tai 6 A2 nhép “20”. Tai 6 B1, nhip tén 1a “D§ dai”. Tai 6 B2, nhip *10". Nhip cong
thifc cho & A3: “=A2 + B3$2". Sao chép cong thiic cho cic 6 A4:AB.

* Ta1 6 CI1, nhip tén 1a “Nhém™. Nhap cong thic cho 6 C2; “"[*+ A2 +";"+ A3+ ™)
roi bam enter. Sao chép cong thiic cho cic 6 C3:C7.

» Tai 6 D1, nhiip tén li “Gid tri dai dién”. Nhiip cong thic cho 6 D2: “=A2 + B$2/ 2" ri
bdm enter. Sao chép cong thic cho cic 6 D3:D7.

« Tai 6 E1, nhip tén 12 *Tin s6”. Nhip cdc gid tri tin s6 cia tiing nhém cho cde 6 E2ZET.
Nhip kich thudc méiu vio 6 ES hoiic sif dun g lénh tinh tﬁng.

» Tai 6 F1. nhiip tén 1 “Tich”. Nhip cong thic cho 6 F2: “=D2 * E2” rdi bim enter. Sao

chép cong thidc cho cic 6 F3:F7. Chon tit ca cdc & F2:F7, bim vao niit > | di chon

¥, Téng | K&t qua tinh hién thj & 6 F8 1a tdng gid trj cta cic 6 F2:F7.

» Tai 6 A10, nhip tén la “S6 trung binh™. Nhip cong thic cho 6 Al1: “=F8/E8" r5i bim
enter dé tinh sd trung binh cong.

* Tai 6 G1, nhip tén la *Tich-d6 léch”. Nhip cong thiic cho 6 G2: “=E2*(D2-A%11)*2"
rbi bim enter. Sao chép cdng thic cho cde 6 G3:G7. Chon (it ca cdc 6 G2:G7, bim

viao nut . riol Lhun m Két qua tinh hién thi & 6 G8 la tnng gid tri cua cic

0 G2:GT.

* Tai 6 A12, nhip tén 12 “Phucng sai”. Nhip cong thic cho 6 A13: “=G8/E8” rdi bim
enter dé tinh phudng sai.

* Tai & Al4, nhiip tén la D léch chuin”. Nhip cong thic cho & A15: “=sqrt(A13)" rHi
bam enter dé tinh d6 1&ch chudn (Hinh 15a, b).

£ Trang tréing trong Excel - GeaGebra

m. S 10 So trung binh

A B c D E F G 11 44 1
; s a0 == 10 ;:’:]:I = ﬂ.ld‘:: L 26 = 25 Tu‘-:i::: 1 2 PhuUng Sai
S L = I T 244.19
- 5 n momme 14 DOléchchuan
5 3 — e = T 15.63

al ki
Hinh 15
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THUAT NGU GIAI THICH

cilp vectd chi phucng caa hai vectd khong cing phudng cé gid song song hojc niim
mit phing trong mit phing
Pl = DB PALE) e B B hai bica s ok

cong thic Bayes P{A) 100
min PA)» 0, F(B) >0

£6¢ gida hoi gid ciia hai vectd phdp tuyén cta mbi

goc gida hai mit phing e 74
oy tip hop cic diém trong khéng gion cdch déu mix diém

mitt ciiu 81
; cho trude

nguyén il eia Iim S50 | S IV (S T b o T K 3

irén K

phucang trinh chinh tdc
cia duiing thing trong phucng trinh ¢é dang ol
khong gian

Slgig Yo ST 8 (abc =0) 68
o b ¢

phudng trink mat caw phugng trinhcddang (s —aF + - BV + (2 -y =R 82

. x=xgt+at
phiting trinh tham sé ] :
phuong trinh c6 dang < v=y;, + b (a. b. ¢ khing dbng

cia duding thing trong 67
khing gian £=t g
thdi bing 0 va ¢ 13 tham s8)
phugng trinh ting quiit phugng tinh c6 dang Av + By + Cz+ D =0(A, B. Ckhing 53
ciaa mat phing ddng thasi bing 0) :
tich phan tit ¢ dén b cia S . e T et 0 ey
bam 557 (x) lica tac trén hl:.u s0 F(b) — Fla). vai F(x) 13 md! nguyén him cia f{x) 19
: ’ trén doan la : bl
doan [a ; 5]
vects phdp tuyén cda , o e :
hidt phing veelg ob gid vubng gée v6i mit phing 51
vi phin cda nguyén hdm F(x) ;2 thitc f(x)dv. G d6 F {x)= f(x) 5
xdc suiit cda A véi ditu kién B xdc sut clia bién ¢d A vi didu kién bién cd B di x3y 90
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=

R —

ciip vectd chi phudng cia
miit phiing

ciing thiic Bayes
ciing thiic xdc sufil toin phin
dién tich hinh thang cong

difu kién song song clia
hai mit phing

diéu kién vudng goc ciia
hai mit phiing

dbng hd Mt Tris

géc gitta duting thiing vi mit phiing
gdic giila hai duding thiing

gdic gilla hai mit phiing

hinh thang cong

khéi trin xoay

mit ciu

nguyén hiim

nguyén hiim cua hiim 0 luy thita

51

100

08

18

3

58

81

tad

9

N

[ BANGTRACUU TUNGU

nguyén hiam ciia him s ludng
gide

nguyén ham ctia him s6 mil

phudng trinh chinh tic cia
duding thiing trong khong gian

phudng trinh mit ciu

phudng irfinh mit phiing theo
doan chiin

phucng trinh tham sd cia
duiing thiing trong khang gian

phudng trinh 1ng quit cia
midit phﬁng

tich phiin

tich phin ciia him & lu§ thita

tich phiin cia hiim s lugng gide
tich phin cia hiam & mi

veeld chi phutdng clia duding thing
vecld phip tuyén cia mit phing

vi phiin

vi trf tong ddi cia hai duding thing

xdc sudt o didu kign
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Chiu trdch nhiém té chife bdn thdo va bdan quyén néi dung:
CONG TY €O PHAN DAU TU XUAT BAN - THIET BI GIAO DUC VIET NAM

Ch tich Héi déng Quan tri: NGUT NGO TRAN Al
Téng Giam déc: VU BA KHANH

Bién tdp:
LE HUY BAN

Thiét ké sdch:
NGUYEN THI PHUONG YEN

Trinh bay bia:
NGUYEN MANH HUNG

Stra bdn in:
LETRUNG DUNG-VU MANH HUY

Trong sach co s dung moét s hinh anh trén internet. Tran trong cdm on cac tac gia.

TOAN 12 - TAP HAI

Ma sé:
BB i
I ... cudn, khé 19 x 26,5cm, tai ......
ia chi:
56 xdc nhan dang ki xudt ban: .../ .. o
Quyét dinh xudt ban s&: ... /oo NOAY .. /o o
In xong va ndp luu chiéu
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Mang cudc song vao bai hoc >
Pwa bai hoc vao cudc séng %

——

7

Q/t:én 12 la cubn sach gido khoa danh cho hoc sinh
l6p 12, thude bo sach gido khoa “Canh Diéu’, thuc hién theo
“Chuong trinh Gido duc phé théng 2018"

Sach gém hai tap va chuyén dé hoc tap dugc bién soan
dép Ung yéu cdu phat trién phdm chdt va nang luc cla
hoc sinh. Cac hoat déng hoc tap dudc td chiic theo tién
trinh tif dé dén khé, huéng dén viéc khdm pha, phat hién,
thuc hanh, van dung gidi quyét van dé trong thuc tién,
phi hop vdi trinh d6 nhan thic cia hoc sinh. Sach duoc
trinh bay hap dan, khoi ggi su td6 mo, kich thich hing tha,
tao dung niém tin trong hoc tdp mén Toan & hoc sinh.

Sach la san pham tam huyét cla tap thé tac gia - nhing
nha gido, nha khoa hoc giau kinh nghiém trong gido duc
phé théng.
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